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Abstract: Over a period of seven months (August 2017—February 2018), the Special Issue dedicated to 
“Neutrosophic Information Theory and Applications” by the “Information” journal (ISSN 2078-2489), 
located in Basel, Switzerland, was a success. The Guest Editors, Prof. Dr. Florentin Smarandache 
from the University of New Mexico (USA) and Prof. Dr. Jun Ye from the Shaoxing University (China), 
were happy to select—helped by a team of neutrosophic reviewers from around the world, and by 
the “Information” journal editors themselves—and publish twelve important neutrosophic papers, 
authored by 27 authors and coauthors. There were a variety of neutrosophic topics studied and used 
by the authors and coauthors in Multi-Criteria (or Multi-Attribute and/or Group) Decision-Making, 
including Cross Entropy-Based MAGDM, Neutrosophic Hesitant Fuzzy Prioritized Aggregation 
Operators, Biparametric Distance Measures, Pattern Recognition and Medical Diagnosis, Intuitionistic 
Neutrosophic Graph, NC-TODIM-Based MAGDM, Neutrosophic Cubic Set, VIKOR Method, 
Neutrosophic Multiple Attribute Group Decision-Making, Competition Graphs, Intuitionistic 
Neutrosophic Environment, Neutrosophic Commutative N-Ideals, Neutrosophic N-Structures 
Applied to BCK/BCI-Algebras, Neutrosophic Similarity Score, Weighted Histogram, Robust 
Mean-Shift Tracking, and Linguistic Neutrosophic Cubic Numbers. 





Neutrosophic logic, symbolic logic, set, probability, statistics, etc., are, respectively, generalizations 
of fuzzy and intuitionistic fuzzy logic and set, classical and imprecise probability, classical statistics, 
and so on. Neutrosophic logic, symbol logic, and set are gaining significant attention in solving many 
real-life problems that involve uncertainty, impreciseness, vagueness, incompleteness, inconsistency, 
and indeterminacy. A number of new neutrosophic theories have been proposed and have been 
applied in computational intelligence, multiple-attribute decision making, image processing, medical 
diagnosis, fault diagnosis, optimization design, etc. This Special Issue gathers original research papers 
that report on the state of the art, as well as on recent advancements in neutrosophic information 
theory in soft computing, artificial intelligence, big and small data mining, decision-making problems, 
pattern recognition, information processing, image processing, and many other practical achievements. 

In the first chapter (NS-Cross Entropy-Based MAGDM under Single-Valued Neutrosophic Set 
Environment), the authors Surapati Pramanik, Shyamal Dalapati, Shariful Alam, Florentin Smarandache, 
Tapan Kumar Roy propose a new cross entropy measure under a single-valued neutrosophic set (SVNS) 
environment, namely NS-cross entropy, and prove its basic properties. Additionally, they define 
the weighted NS-cross entropy measure, investigate its basic properties, and develop a novel 
multi-attribute group decision-making (MAGDM) strategy that is free from the drawbacks of 
asymmetrical behavior and undefined phenomena. It is capable of dealing with an unknown weight of 
attributes and an unknown weight of decision-makers. Finally, a numerical example of multi-attribute 
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group decision-making problem of investment potential is solved to show the feasibility, validity and 
efficiency of the proposed decision-making strategy. 

Single-valued neutrosophic hesitant fuzzy set (SVNHES) is a combination of a single-valued 
neutrosophic set and a hesitant fuzzy set, and its aggregation tools play an important role in the 
multiple criteria decision-making (MCDM) process. The second paper (Generalized Single-Valued 
Neutrosophic Hesitant Fuzzy Prioritized Aggregation Operators and Their Applications to Multiple Criteria 
Decision-Making) investigates MCDM problems in which the criteria under SVNHF environment 
are in different priority levels. First, the generalized single-valued neutrosophic hesitant fuzzy 
prioritized weighted average operator and generalized single-valued neutrosophic hesitant fuzzy 
prioritized weighted geometric operator are developed based on the prioritized average operator. 
Second, some desirable properties and special cases of the proposed operators are discussed in 
detail. Third, an approach combining the proposed operators and the score function of single-valued 
neutrosophic hesitant fuzzy element is constructed to solve MCDM problems. Finally, the authors Rui 
Wang, Yanlai Li provide the example of investment selection to illustrate the validity and rationality of 
the proposed method. 

Single-valued neutrosophic sets (SVNSs) handling the uncertainties characterized by truth, 
indeterminacy, and falsity membership degrees are a more flexible way of capturing uncertainty. 
In the third paper (Some New Biparametric Distance Measures on Single-Valued Neutrosophic Sets with 
Applications to Pattern Recognition and Medical Diagnosis), the authors Harish, Garg and Nancy propose 
some new types of distance measures, overcoming the shortcomings of the existing measures, for 
SVNSs with two parameters along with their proofs. The various desirable relations between the 
proposed measures are also derived. A comparison between the proposed and existing measures is 
performed in terms of counter-intuitive cases for showing its validity. The proposed measures are 
illustrated with case studies of pattern recognition, as well as medical diagnoses, along with the effect 
of the different parameters on the ordering of the objects. 

A graph structure is a generalization of simple graphs. Graph structures are very useful 
tools for the study of different domains of computational intelligence and computer science. In the 
fourth research paper, Certain Concepts in Intuitionistic Neutrosophic Graph Structures, the authors 
Muhammad Akram and Muzzamal Sitara introduce certain notions of intuitionistic neutrosophic graph 
structures, illustrating these notions with several examples. They investigate some related properties 
of intuitionistic neutrosophic graph structures, and also present an application of intuitionistic 
neutrosophic graph structures. 

A neutrosophic cubic set is the hybridization of the concept of a neutrosophic set and an interval 
neutrosophic set. A neutrosophic cubic set has the capacity to express the hybrid information of 
both the interval neutrosophic set and the single valued neutrosophic set simultaneously. Since the 
neutroaophic cubic sets have only recently been defined, not much research on the operations and 
applications of neutrosophic cubic sets is currently available in the literature. In the fifth paper, 
NC-TODIM-Based MAGDM under a Neutrosophic Cubic Set Environment, the authors Surapati Pramanik, 
Shyamal Dalapati, Shariful Alam and Tapan Kumar Roy propose score and accuracy functions for 
neutrosophic cubic sets and prove their basic properties. They also develop a strategy for ranking 
of neutrosophic cubic numbers based on the score and accuracy functions. The authors firstly 
develop a TODIM (Tomada de decisao interativa e multicritévio) in the neutrosophic cubic set (NC) 
environment, which is called the NC-TODIM. They establish a new NC-TODIM strategy for solving 
multi-attribute group decision-making (MAGDM) problems in neutrosophic cubic set environments. 
They illustrate the proposed NC-TODIM strategy for solving a multi-attribute group decision-making 
problem to show the applicability and effectiveness of the developed strategy. They also conduct 
sensitivity analysis to show the impact of the ranking order of the alternatives on the different values 
of the attenuation factor of losses for multi-attribute group decision-making strategies. 

In the sixth paper, VIKOR Method for Interval Neutrosophic Multiple Attribute Group Decision-Making, 
the authors Yu-Han Huang, Gui-Wu Wei and Cun Wei extend the VIKOR method to multiple-attribute 
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group decision-making (MAGDM) with interval neutrosophic numbers (INNs). Firstly, the basic 
concepts of INNs are briefly presented. The method first aggregates all individual decision-makers’ 
assessment information based on an interval neutrosophic weighted averaging (INWA) operator, 
and then employs the extended classical VIKOR method to solve MAGDM problems with INNs. 
The validity and stability of this method are verified by example analysis and sensitivity analysis, 
and its superiority is illustrated by a comparison with the existing methods. 

The concept of intuitionistic neutrosophic sets provides an additional possibility for representing 
imprecise, uncertain, inconsistent and incomplete information that exists in real situations. The seventh 
research article (Certain Competition Graphs Based on Intuitionistic Neutrosophic Environment) presents 
the notion of intuitionistic neutrosophic competition graphs. Then, the authors Muhammad Akram 
and Maryam Nasir discuss p-competition intuitionistic neutrosophic graphs and m-step intuitionistic 
neutrosophic competition graphs. Further, applications of intuitionistic neutrosophic competition 
graphs in ecosystem and career competition are described. 

The notion of a neutrosophic commutative N-ideal in BCK-algebras is introduced in the eighth 
paper (Neutrosophic Commutative N-Ideals in BCK-Algebras), and several properties are investigated. 
Relations between a neutrosophic N-ideal and a neutrosophic commutative N-ideal are discussed 
by the authors Seok-Zun Song, Florentin Smarandache, and Young Bae Jun. Characterizations of 
a neutrosophic commutative N-ideal are considered. 

Neutrosophic N-Structures Applied to BCK/BCI-Algebras is the title of the ninth paper. The notions of 
a neutrosophic N-subalgebra and a (closed) neutrosophic N-ideal in a BCK/BCI-algebra are introduced 
by authors Young Bae Jun, Florentin Smarandache and Hashem Bordbar, and several related properties 
are investigated. Characterizations of a neutrosophic N-subalgebra and a neutrosophic N-ideal are 
considered, and relations between a neutrosophic N-subalgebra and a neutrosophic N-ideal are stated. 
The conditions for a neutrosophic N-ideal being a closed neutrosophic N-ideal are provided. 

Recently, TODIM has been used to solve multiple attribute decision making (MADM) problems. 
Single-valued neutrosophic sets (SVNSs) are useful tools for depicting the uncertainty of the MADM. 
In the tenth paper, TODIM Method for Single-Valued Neutrosophic Multiple Attribute Decision Making, 
Dong-Sheng Xu, Cun Wei and Gui-Wu Wei extend the TODIM method to the MADM with the 
single-valued neutrosophic numbers (SVNNs). Firstly, the definition, comparison, and distance of 
SVNNs are briefly presented, and the steps of the classical TODIM method for MADM problems 
are introduced. Then, an extended classical TODIM method is proposed for dealing with MADM 
problems with SVNNs, its significant characteristic being that it can fully consider the decision makers’ 
bounded rationality, which is a real factor in decision-making. Furthermore, the authors extend the 
proposed model to interval neutrosophic sets (INSs). Finally, a numerical example is proposed. 

Visual object tracking is a critical task in computer vision. Challenging things always exist when 
an object needs to be tracked. For instance, background clutter is one of the most challenging problems. 
The mean-shift tracker is quite popular because of its efficiency and performance under a range of 
conditions. However, the challenge of background clutter also disturbs its performance. In the eleventh 
article, Neutrosophic Similarity Score Based Weighted Histogram for Robust Mean-Shift Tracking, the authors 
Keli Hu, En Fan, Jun Ye, Changxing Fan, Shigen Shen and Yuzhang Gu propose a novel weighted 
histogram based on neutrosophic similarity score to help the mean-shift tracker discriminate the 
target from the background. The authors utilize the single-valued neutrosophic set (SVNS), which is 
a subclass of NS, to improve the mean-shift tracker. First, two kinds of criteria are considered—object 
feature similarity and background feature similarity—and each bin of the weight histogram is 
represented in the SVNS domain via three membership functions: T(Truth), I(indeterminacy), 
and F(Falsity). Second, the neutrosophic similarity score function is introduced to fuse those two 
criteria and to build the final weighted histogram. Finally, a novel neutrosophic weighted mean-shift 
tracker is proposed. The proposed tracker is compared with several mean-shift-based trackers on 
a dataset of 61 public sequences. The results reveal that this method outperforms other trackers, 
especially when confronting background clutter. 
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To describe both certain linguistic neutrosophic information and uncertain linguistic 
neutrosophic information simultaneously in the real world, Jun Ye proposes in the twelfth paper 
(Linguistic Neutrosophic Cubic Numbers and Their Multiple Attribute Decision-Making Method) the concept 
of a linguistic neutrosophic cubic number (LNCN), including an internal LNCN and external 
LNCN. In LNCN, its uncertain linguistic neutrosophic number consists of the truth, indeterminacy, 
and falsity uncertain linguistic variables, and its linguistic neutrosophic number consists of the truth, 
indeterminacy, and falsity linguistic variables to express their hybrid information. Then, the author 
presents the operational laws of LNCNs and the score, accuracy, and certain functions of LNCN for 
comparing /ranking LNCNs. Next, the author proposes a LNCN weighted arithmetic averaging 
(LNCNWAA) operator and a LNCN weighted geometric averaging (LNCNWGA) operator to 
aggregate linguistic neutrosophic cubic information and discuss their properties. Further, a multiple 
attribute decision-making method based on the LNCNWAA or LNCNWGA operator is developed 
under a linguistic neutrosophic cubic environment. Finally, an illustrative example is provided to 
indicate the application of the developed method. 


@) © 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access 
article distributed under the terms and conditions of the Creative Commons Attribution 
BY 


(CC BY) license (http: //creativecommons.org/licenses/by/4.0/). 





01010 


01010 information (moPt, 


01010 


Article 
NS-Cross Entropy-Based MAGDM under 
Single-Valued Neutrosophic Set Environment 


Surapati Pramanik !*©, Shyamal Dalapati 2, Shariful Alam 2, Florentin Smarandache 3? © 
and Tapan Kumar Roy ” 


1 Department of Mathematics, Nandalal Ghosh B.T. College, Panpur, P.O.-Narayanpur, 


District-North 24 Parganas, Bhatpara 743126, West Bengal, India 

Department of Mathematics, Indian Institute of Engineering Science and Technology, Shibpur, 

P.O.-Botanic Garden, Howrah 711103, West Bengal, India; shyamal.rs2015@math.iiests.ac.in (S.D.); 

salam@math.iiests.ac.in (S.A.); tkroy@math.iiests.ac.in (T.K.R.) 

3 Department of Mathematics & Science, University of New Mexico, 705 Gurley Ave., Gallup, NM 87301, USA; 
smarand@unm.edu 

* Correspondence: surapati.math@gmail.com; Tel.: +91-9477035544 


Received: 29 December 2017; Accepted: 6 February 2018; Published: 9 February 2018 


Abstract: A single-valued neutrosophic set has king power to express uncertainty characterized by 
indeterminacy, inconsistency and incompleteness. Most of the existing single-valued neutrosophic 
cross entropy bears an asymmetrical behavior and produces an undefined phenomenon in some 
situations. In order to deal with these disadvantages, we propose a new cross entropy measure under 
a single-valued neutrosophic set (SVNS) environment, namely NS-cross entropy, and prove its basic 
properties. Also we define weighted NS-cross entropy measure and investigate its basic properties. 
We develop a novel multi-attribute group decision-making (MAGDM) strategy that is free from the 
drawback of asymmetrical behavior and undefined phenomena. It is capable of dealing with an 
unknown weight of attributes and an unknown weight of decision-makers. Finally, a numerical 
example of multi-attribute group decision-making problem of investment potential is solved to show 
the feasibility, validity and efficiency of the proposed decision-making strategy. 


Keywords: neutrosophic set; single-valued neutrosophic set; NS-cross entropy measure; multi-attribute 
group decision-making 





1. Introduction 


To tackle the uncertainty and modeling of real and scientific problems, Zadeh [1] first introduced 
the fuzzy set by defining membership measure in 1965. Bellman and Zadeh [2] contributed important 
research on fuzzy decision-making using max and min operators. Atanassov [3] established the 
intuitionistic fuzzy set (IFS) in 1986 by adding non-membership measure as an independent component 
to the fuzzy set. Theoretical and practical applications of IPSs in multi-criteria decision-making 
(MCDM) have been reported in the literature [4-12]. Zadeh [13] introduced entropy measure in the 
fuzzy environment. Burillo and Bustince [14] proposed distance measure between IFSs and offered an 
axiomatic definition of entropy measure. In the IFS environment, Szmidt and Kacprzyk [15] proposed 
a new entropy measure based on geometric interpretation of IFS. Wei et al. [16] developed an entropy 
measure for interval-valued intuitionistic fuzzy set (IVIFS) and presented its applications in pattern 
recognition and MCDM. Li [17] presented a new multi-attribute decision-making (MADM) strategy 
combining entropy and Technique for Order Preference by Similarity to Ideal Solution (TOPSIS) in 
an IVIFS environment. Shang and Jiang [18] introduced the cross entropy in the fuzzy environment. 
Vlachos and Sergiadis [19] presented intuitionistic fuzzy cross entropy by extending fuzzy cross 
entropy [18]. Ye [20] defined a new cross entropy under an IVIFS environment and presented an 
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optimal decision-making strategy. Xia and Xu [21] put forward a new entropy and a cross entropy and 
employed them for multi-attribute criteria group decision-making (MAGDM) strategy under an IFS 
environment. Tong and Yu [22] defined cross entropy under an IVIFS environment and applied it to 
MADM problems. 

The study of uncertainty took a new direction after the publication of the neutrosophic set 
(NS) [23] and single-valued neutrosophic set (SVNS) [24]. SVNS appeals more to researchers for 
its applicability in decision-making [25-54], conflict resolution [55], educational problems [56,57], 
image processing [58-60], cluster analysis [61,62], social problems [63,64], etc. The research on 
SVNS gained momentum after the inception of the international journal “Neutrosophic Sets and 
Systems”. Combining with the neutrosophic set, a number of hybrid neutrosophic sets such 
as the neutrosophic soft set [65-72], the neutrosophic soft expert set [73-75], the neutrosophic 
complex set [76], the rough neutrosophic set [77-86], the rough neutrosophic tri complex set [87], 
the neutrosophic rough hyper complex set [88], the neutrosophic hesitant fuzzy sets /multi-valued 
neutrosophic set [89-97], the bipolar neutrosophic set [98-103], the rough bipolar neutrosophic set [104], 
the neutrosophic cubic set [105-113], and the neutrosophic cubic soft set [114,115] has been reported 
in the literature. Wang et al. [116] defined the interval neutrosophic set (INS). Different interval 
neutrosophic hybrid sets and their theoretical development and applications have been reported 
in the literature, such as the interval-valued neutrosophic soft set [117], the interval neutrosophic 
complex set [118], the interval neutrosophic rough set [119-121], and the interval neutrosophic hesitant 
fuzzy set [122]. Other extensions of neutrosophic sets, such as trapezoidal neutrosophic sets [123,124], 
normal neutrosophic sets [125], single-valued neutrosophic linguistic sets [126], interval neutrosophic 
linguistic sets [127,128], simplified neutrosophic linguistic sets [129], single-valued neutrosophic 
trapezoid linguistic sets [130], interval neutrosophic uncertain linguistic sets [131-133], neutrosophic 
refined sets [134-139], linguistic refined neutrosophic sets [140] bipolar neutrosophic refined sets [141], 
and dynamic single-valued neutrosophic multi-sets [142] have been proposed to enrich the study of 
neutrosophics. So the field of neutrosophic study has been steadily developing. 

Majumdar and Samanta [143] defined an entropy measure and presented an MCDM strategy 
under SVNS environment. Ye [144] proposed cross entropy measure under the single-valued 
neutrosophic set environment, which is not symmetric straight forward and bears undefined 
phenomena. To overcome the asymmetrical behavior of the cross entropy measure, Ye [144] used a 
symmetric discrimination information measure for single-valued neutrosophic sets. Ye [145] defined 
cross entropy measures for SVNSs to overcome the drawback of undefined phenomena of the cross 
entropy measure [144] and proposed a MCDM strategy. 

The aforementioned applications of cross entropy [144,145] can be effective in dealing with 
neutrosophic MADM problems. However, they also bear some limitations, which are outlined below: 


i. The strategies [144,145] are capable of solving neutrosophic MADM problems that require the 
criterion weights to be completely known. However, it can be difficult and subjective to offer 
exact criterion weight information due to neutrosophic nature of decision-making situations. 

ii. The strategies [144,145] have a single decision-making structure, and not enough attention is paid 
to improving robustness when processing the assessment information. 

iii. The strategies [144,145] cannot deal with the unknown weight of the decision-makers. 


Research gap: 


MAGDM strategy based on cross entropy measure with unknown weight of attributes and 
unknown weight of decision-makers. 
This study answers the following research questions: 


i. Is it possible to define a new cross entropy measure that is free from asymmetrical phenomena 
and undefined behavior? 
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ii. Is it possible to define a new weighted cross entropy measure that is free from the asymmetrical 
phenomena and undefined behavior? 

iii. Is it possible to develop anew MAGDM strategy based on the proposed cross entropy measure 
in single-valued neutrosophic set environment, which is free from the asymmetrical phenomena 
and undefined behavior? 

iv. Is it possible to develop anew MAGDM strategy based on the proposed weighted cross entropy 
measure in the single-valued neutrosophic set environment that is free from the asymmetrical 
phenomena and undefined behavior? 

v. How do we assign unknown weight of attributes? 

vi. How do we assign unknown weight of decision-makers? 


Motivation: 


The above-mentioned analysis describes the motivation behind proposing a comprehensive 
NS-cross entropy-based strategy for tackling MAGDM under the neutrosophic environment. 
This study develops a novel NS-cross entropy-based MAGDM strategy that can deal with multiple 
decision-makers and unknown weight of attributes and unknown weight of decision-makers and free 
from the drawbacks that exist in [144,145]. 

The objectives of the paper are: 


1. To define a new cross entropy measure and prove its basic properties, which are free from 
asymmetrical phenomena and undefined behavior. 

2. To define a new weighted cross measure and prove its basic properties, which are free from 
asymmetrical phenomena and undefined behavior. 

3. To develop a new MAGDM strategy based on weighted cross entropy measure under 
single-valued neutrosophic set environment. 

4. To develop a technique to incorporate unknown weight of attributes and unknown weight 
of decision-makers in the proposed NS-cross entropy-based MAGDM under single-valued 
neutrosophic environment. 


To fill the research gap, we propose NS-cross entropy-based MAGDM, which is capable of dealing 
with multiple decision-makers with unknown weight of the decision-makers and unknown weight of 
the attributes. 

The main contributions of this paper are summarized below: 


1. We define a new NS-cross entropy measure and prove its basic properties. It is straightforward 
symmetric and it has no undefined behavior. 

2. We define a new weighted NS-cross entropy measure in the single-valued neutrosophic set 
environment and prove its basic properties. It is straightforward symmetric and it has no 
undefined behavior. 

3. In this paper, we develop a new MAGDM strategy based on weighted NS cross entropy 
to solve MAGDM problems with unknown weight of the attributes and unknown weight 
of decision-makers. 

4. Techniques to determine unknown weight of attributes and unknown weight of decisions makers 
are proposed in the study. 


The rest of the paper is presented as follows: Section 2 describes some concepts of SVNS. 
In Section 3 we propose a new cross entropy measure between two SVNS and investigate its properties. 
In Section 4, we develop a novel MAGDM strategy based on the proposed NS-cross entropy with 
SVNS information. In Section 5 an illustrative example is solved to demonstrate the applicability and 
efficiency of the developed MAGDM strategy under SVNS environment. In Section 6 we present 
comparative study and discussion. Section 7 offers conclusions and the future scope of research. 
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2. Preliminaries 


This section presents a short list of mostly known definitions pertaining to this paper. 


Definition 1 [23] NS. Let U be a space of points (objects) with a generic element in U denoted by u, i.e., u € U. 
A neutrosophic set A in U is characterized by truth-membership measure T 4 (u), indeterminacy-membership 
measure I,(u) and falsity-membership measure F4(u), where T,(u), La(u), Fa(u) are the measures from U 
to]~ 0,1* [i.e., Ta(u), I4(u), Fa(u):U-]~ 0, 1*[ NS can be expressed as A = {<u;(T,(u), I4(u), Fa(u))>: 
Vu EU}. Since Ta(u), I4(u), F4(u) are the subsets of ]~ 0, 1* [there the sum (T,(u) + I4(u) + Fa(u)) lies 
between ~0 and 3*. 


Example 1. Suppose that U = {uy1, uz, U3, ...} be the universal set. Let R, be any neutrosophic set in U. 
Then R, expressed as Ry = {<uy; (0.6, 0.3, 0.4)>: uy € Ul}. 


Definition 2 [24] SVNS. Assume that U be a space of points (objects) with generic elements u € U. ASVNS 
H in U is characterized by a truth-membership measure Ty(u), an indeterminacy-membership measure I(u), 
and a falsity-membership measure Fy,(u), where Ty(u), Iy(u), Fy(u) € [0, 1] for each point u in U. Therefore, 
a SVNS A can be expressed as H = {u, (Ty (uw), I y (wu), Fy (u)) | Vu € Uz}, whereas, the sum of Ty(w), Iy(u) 
and Fy,(u) satisfy the condition 0 < Ty(u) + Ig(u) + Fa(w) < 3 and H(u) = <(Ty (wv), Ty (uw), Fr (u)> calla 
single-valued neutrosophic number (SVNN). 


Example 2. Suppose that U = {uy,, u2, U3, ...} be the universal set. A SVNS H in U can be expressed as: 
H= {uy, (0.7, 0.3, 0.5) | uy € U} and SVNN presented H = <0.7, 0.3, 0.5>. 


Definition 3 [24] Inclusion of SVNSs. The inclusion of any two SVNS sets Hy and Hp in U is denoted by 
Hy C Hp and defined as follows: 


Hy C Hp, Ty, (u) < Tu, (4), In, (u) = In, (u), Fu, (u) = Fu, (u) iff forall u ¢€ U. 


Example 3. Let H; and H be any two SVNNs in U presented as follows: Hz = <(0.7, 0.3, 0.5)> and 
A = <(0.8, 0.2, 0.4)> for all u € U. Using the property of inclusion of two SVNNs, we conclude that Hz C Hp. 


Definition 4 [24] Equality of two SVNSs. The equality of any two SVNS Hy, and Hp in U denoted by 
Hz = Hz and defined as follows: 


Ty, (“) = Tu, (“), In, (u) = In, (u) and Fy, (u) = Fu, (u) for all u € U. 


Definition 5 Complement of any SVNSs. The complement of any SVNS H in U denoted by H° and defined 
as follows: 





He = {u, 1—Ty,1—Iy, 1— Fy | u € U}. 


Example 4. Let H be any SVNN in U presented as follows: H = < (0.7, 0.3, 0.5) >. Then compliment of H is 
obtained as H* = <(0.3, 0.7, 0.5)>. 


Definition 6 [24] Union. The union of two single-valued neutrosophic sets Hy and Hp is a neutrosophic set 
3 (say) written as 

H3 = HUH». 

Ty, (u) = max {Ty, (uv), TH, (u)}, Txy,(u) = min {Ipy, (u), In, (u)}, Fu, (u) = min {Fy (u), Fy, (u)}, Vu € U. 


Information 2018, 9,37 5 of 21 


Example 5. Let H; and Hp be two SVNSs in U presented as follows: 
Hy = <(0.6, 0.3, 0.4)> and Hp = <(0.7, 0.3, 0.6)>. Then union of them is presented as: 
Hy U Hp =< (0.7,0.3,0.4) >. 


Definition 7 [24] Intersection. The intersection of two single-valued neutrosophic sets H; and Hp denoted by 
Hg and defined as 


Ay =H, Hp 
Ty,(u) = min {Ty, (u), TH, (u)}, In, (u) = max{Iy, (u), Iq, (u)} 
Fry, (u) = max {Fr (u), Fu, (u)}, Vu € U. 
Example 6. Let H; and Hp be two SVNSs in U presented as follows: 
Hy = <(0.6, 0.3, 0.4)> and Hp = <(0.7, 0.3, 0.6)>. 
Then intersection of Hz and Hp is presented as follows: 
AyNH2 = <(0.6, 0.3, 0.6)> 


3. NS-Cross Entropy Measure 
In this section, we define a new single-valued neutrosophic cross-entropy measure for measuring 


the deviation of single-valued neutrosophic variables from an a priori one. 


Definition 8 NS-cross entropy measure. Let H; and H2 be any two SVNSs in U ={ uy, uz, U3, ..., Un}. 
Then, the single-valued cross-entropy of H; and Hp is denoted by CEns (Hy, H2) and defined as follows: 















































n 2 |Tx, (uj)—Tu, (ui 2\(1—T},, (ui))-(1—-Tu, (ui) 
CEns (Hj, H2) = 5 by ( | H, ( : Hy ( )| : + | Ay - Hy ; 
p= 1\ | 14] TH, (w+ 1+ [Ty (u)| ya Ty, (ui)) ri+a Ty, (ui) 
2) tn, (u)—Mg ud) 2| (1—Iyy, (wi)) —(1=In, (us) | a) 
J 14 |e, (ui) [+14 [fe (|? vila I, (ui) /+la I, (ui))| 











2| Fy (ti) —Frty (ui)| _ 2|(1—F py, (ui) — 1—Fi (ui) 
(1+ | Fey (ui) [+14 [Fe (i) 7 ya Fy, (u)| +y/14|a Fy, (ui) 








i 


Example 7. Let Hz and Hp be two SVNSs in U, which are given by Hy = {u, (0.7, 0.3, 0.4)| u € U} and 
Hy = {u, (0.6, 0.4, 0.2)| u € Uj}. Using Equation (1), the cross entropy value of Hz and Hp is obtained as 
CEns(H,, H2) = 0.707. 











Theorem 1. Single-valued neutrosophic cross entropy CEns(H 1, Hz) for any two SVNSs Hy, Hy, satisfies 
the following properties: 


i. CEyg(H,, Hz) > 0. 

ii, CEns(H,, Ho) = 0 if and only if Ty,(ui;) = Ty,(ui), Inui) = In,(ui), Fu,(ui) = 
Fry, (ui), Vu; € U.z 

iii, CENs(H,, Hz) = CEng (HS, HS) 

iv. CEng (Hi, Hz) = CEns (H2, H1) 
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Proof. (i) For all values of u; ; (u;)| = (u;j)| > 0, |TH, (ui) -—Tu,(ui)| = 9, 
Vit |Ta@)? > 0 V1+lTHlu)? > 0, |a-Ty(w))| > 0 |d-Te))] > 0, 
2 2 
Ja Ty,(u)) - A TH(u))] 201+ [0TH wan] 20. f+ | —Tawen)f 2 
ia 2|Ty, (ui) Tu, (ui)| | 2|(1—Ty, (ui) )— (1TH (ui) = 
"Y /t+| Tin (us)? + y/1+| Tae (1)? yi+|a—Ty, (H)) “414 |a—Tyy(u)) 7 
u;)— Uu; 2) (1-I uj; ))— 1-1 Uj 
Similarly 2| In, ( Dlig| ‘| 4 |(1=Zyy, ( ) (1=Iy, (u;))| a ‘ 
1+ [lin (m+ V/144] fn (| [1+|Q—ty (a) +y/1+| arn, (0) 








2| Fut, (ui)—Fi (ai) | 2 |(1-Fy, (ui) —(1—Fay (u))| 
1+ [Fu (ui) +14 Fey (wi)? y[t+|Q—Fx, (u)| +/+ [0—Fx (ua) 
Therefore, CEns (H,, Hz) > 0. 
Hence complete the proof. 


> 0. 














2 [Tiny (wi)—Ta, (wi)| 2 |(1—Ty, (u)))—A—Tr (11) 














| = 0, Ty, (ui) = TH, (ui), 
































Vit Ti, a) P14 [Tae (1+a-T, on) +yr+|a—TH, con)? 

2 |i, (us) Ley (a) | 2 |(1=Iy, (ui) -A-In, (ui))| ENG tea ate dete 
ane le [1+|a—ta, on) + t+|0—tu, Cano? ea aaa 

2 | Fun, (ui) Fu, (ui)| 2 |(1—Fy, (wi)) — (IF (ui) See ee 
Lye [u+|a—Fx, (u)| + yutfa- Fy (ui))| i ee 





Therefore, CEns(H 1, Hp) = 0, iff Tu, (uj) = = TH, (u i), Ty, (u j= = Ty, (u i), Fy, (u i) = F(t); 
Vu; € Uz 

Hence complete the proof. 
(iii) Using Definition 5, we obtain the following expression 


CEns (HS, HS) = ; 7 ([ 2 |(1=Ty, (wi) —-TH, (wi))| | 2 |TH, (ui)—TH, (ui) | | | 


j=l 14|—Ty, (ud) | +/+ 0-Tr, od) 1+ | Tey (us) [+14 [Tr (us) [7 
2|(1=Iry, (ui) In, (ui))| | 2| Tir, (ui) — Tit (| 
(i+a-ty (u;)) 4 fa+|a—m caf’ f+ |feay (us) [+14 [fee (7 


























2|(1—F ry, (ui) —(1—Fit (u))| | 2| Fir, (wi)—Fu, (w:)| ) 
yie|a-Fu, caf +4 1-Fy,(ui))| 1+ | Fea, (ai) | +/+ Fa, (us) 









































=a i 2|T i, (wi) Try (o4)| Ty, (u))—(0—Ta (u))| | 
1 \ | 1+] Tay (ur) P41 | Tr (ui)? (140-7, a) +yt+|a—tn, caf 
2| ez, (ui) —Iig, (ui) | | 2|(1— Ty, (ui)) — (=I, (ui) | 
1+] tay (ud) P+ 14 [I 0)? y[t+|—tun,(eo)| 4/14 1-Iy,(ui))| 
2| Fi, (ui) Fa, (ui)| 2|(1—F yy, (a) — (1—F a (u))| ) “et ts 
La i[t+|Q—Fx (ud) +f 1+] Fxg) | ee ae 





Therefore, CEs(H,, Hz) = CEns(HS, HS). 

Hence complete the proof. 
(iv) Since, — |Tu, (wi) — Tx, (ui)| = |TH, (ui) — TH, (ui) 
[ZH (ui) — Tn, (ui) |, [Fa (ui) — Fa, (ui)| = |Fa, (ui) — Fu, (ui) 
|(1 — Tr, (wi)) — (1 - Tx, (ui), 





, [Li1, ( uj) — Tr, (ui) | = 
(1—Ty, (ui) — (1 Try (us) 
(1 — Tis, (i)) — (1 — Ting (s))| = |= Teg) — 0 Tey (41) 














y y 
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, then, 1+ |T, (ui) |? + 





[= Fay) = 0 — Fax ))| = [= Fag (ui)) - 1 = Fig (1) 


























14+ |TH,(uj)|? = 14+ |TH ud? + |TH, (ui)? + 1+ rate DP, 1+ ln? + 4/14 |In,(u)|? = 
2 |? 2 
1+ [fa (uP + 14 [In oe (u;) = u)[? = Y1+|Fu(a)/ 
2 
1+ |Fu, (ui) |’, (1+ |a—T,(u0)| + fron (1 — Ty, (u = /14+|(-Tx, (ui) )/? 














V1+|Q-TH uP, V1+10— Iau)? + eee y1+|@— Iau)? 
V1+ |= tay (as)? Vit |a—Fa(u)) + 1+ |A—F())P? = 1+ | =F)? 


1+ |(1 — Fa, (ui) 7, ¥ wy € UL 
Therefore, CEns(H,, Hp) = CEns (Ho, H}). 
Hence complete the proof. 

















+ + + + 
































Definition 9 Weighted NS-cross entropy measure. We consider the weight w; (i = 1, 2, ..., n) for the 
n 
element u; (i = 1, 2, .., n) with the conditions w; € (0, 1] and Y w; = 1. 
i=1 


Then the weighted cross entropy between SVNSs H, and Hp can be defined as follows: 




















1 Tey (ui: 2 |(1—Ty, (us) ATi (a 
CEWs (Hi, Hz) = ue ; 2 |TH, (ui) —T, (ui) 4 | ane (1-Tyy (u, »| ae 
i=1 V/14|Tn, (ui) | +14] Ty (ui) | yi |a—ty,(ua)| +yf14 |My (ua)| 












































(2) 
2[hig()—ligtd| |(0=tyy,(ui)) —A=tn, (us) 2 [Fn (u)—Fin(a)| |(0—Fyy (ui))—(1—Fin, (ui) a 
Vit [ny (ui) Prt ]tn, (ol? y+la =I, (up) | +14 [Qtr (ed) Vile, (w+ y+ [Fg |” ys 15 Fay, (ui ay|'+ +4 1— Fup ( uj) 


Theorem 2. Single-valued neutrosophic weighted NS-cross-entropy (defined in Equation (2)) satisfies the 
following properties: 


i. CEW, (H,, Hz) > 0. 

ii. CENs (H,, Hp) = 0, if and only if TH, (ui) = TH, (ui) Ty, (ui) = = Ty, (u i), Fy, (u i) = Pix (3), 
Vu; € U.z 

iti. CEN (Hy, Ha) = CEs (Hf, HS) 

iv. CE. (H,, Hy) = CEs (H,, Hi) 


Proof. (i). For all values of u; y | Dee ay |) SO. | Ta a (uj) — TH, (uj)| > 0, 
Vit|Ta)? > 0 V1+\TH(u)P > 0 [A-Ty(u))] = 0 |A-Te(u))| > 0, 
jaa ~ Ty, (ui)) — (1 — Tr, (ui))| > 0, jit l(a —Ty,(u:))| > 0, jit jaa — Ty, (uj) r > 0, then, 
| 2 | (u)—Tay (|, [AT ag ()) —(1—Tr 
Vit [tay oof +14 wl  fra|a—ty, (wl +/+ |a—Tagan)) 
2 |i, (us) —In, (u,)| 2 |(1=Iy, (ui))-(1—In, (ui))| 
1+ [ey (wi) [+14 [ta P (i+|a-ty, (H)) “414 |Q—tng(u)) 
2 | Fi, (wi)—Fia, (us)| | 2.|(1—F yy, (ui))— (Fry (u:))| 
Vit Fey (ui) P+ y+ Fi (us) /u+la—Fay (u))| + yre|a—Fu, cu) 
Since w; € [0, 1] and bs w; = 1, therefore, CEX{s (H,, Hz) > 0. 









































Similarly, 

















=1 
Hence complete the proof. 
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2 [Ty (wi)—TH, (wi)| _ 2 |Q-Ty, 4s) - Tr (u))| 
f+ | Ta, (ui) [++ [Tay (|? it 1=Ty, (a) ty t+ | 0TH, 
| 2 lie, (ate (|, 2 [tn d= 1 try (| 

J1+|tn, (ui) Py 14+] P vi (1-Iy, (ui 4 fre|a—ncaf 
| 2 [Fig (tt) Fig 2 |(1—Fy (u4)) (Fi (tu) 
1+ [Fa (wi) +14 [Fay (us) jt (1-F yy, (0 *yft+|a—Fygua)| 
and w; € [0, 1], Ew = 1, w; > 0. Therefore, CE, (Hy, Hy) = 0 iff Ty,(u;) = Tu,(wi), 


i=1 
Tx, (uj) = TH (uj), Fr, (ui) = Fry (uj), Vu; € Uz 
Hence complete the proof. 
(iii) Using Definition 5, we obtain the following expression 








(ii) Since, | 1 =0, & Ty, (ui) = Tx, (ui), 
) 











wa 


| = 0, &Iy,(ui) = In, (ui), 





= 











= 0, < F x, (ui) = Fy, (ui) 

















wa 


nm 2.|(1-Ty, (ui))— A—Try (ui))| 2 |Ty, (ui) —THy (u)| 
CEW (HS, HS) — Jt y wf 1 2 1 2 
ets 3; ie prelate, cn) +yu4|a- Typ(ui))| VEE (Tan (ud +y 1 Taz (| 
|(1= Typ, (us) = A= Tny (ui) 2 |e, (ui) Lin, (1) 
[t+ Q—tiy (yf y+ Qt, 0d) 


2 14 |fe, (uP +14 [I (| 
2 |(1—Fy, ())) Fu (a)) 


2 Fa, (ui) Fa, (wi) ) 
Le “4/14 |0—F i, (u)) : V+ |i (ui) P4914 [Fri (ui)? 













































































Hy iw wf 2 |T, (wi)—Ta, (wi)| | 2 |(1—Ty, (i))—A—Try (ui) | 
=I (1+ | Tay (ui) + 1+ [Te (4)? reat, (ud) “ays fa—tH, (a) 
2 [Ln, (ui)—Iny (ui)| 2 |(1=Iyp, (wi)) —(1 Ing (i))| 
(14 [fy (us)? +14 [tee () jit (1-Ty, (u)) *syft+|a—tn, (uf? 
2 [Fa Fast 2 |(1—Fy, (ui)) —(1—Fa (ui) ) _ CRY, (Hh, H 
, He) 
24 4/14 | Fi, (ui) |? i[t+|a—Fy, (ud) +f + [OF (ua) ak 


Therefore, CEs (Hi, H2) = CEN, (Hj, H5). 
Hence complete the proof. 




























































































(iv) Since |Ty, (ui) — Tu, (ui)| = |TH, (i) — TH, (wi)|, |Ln, (ui) — In, (ui)| = Ln, (ui) — In, (us), 
Fi (ui)—Fi(u)| = Figs) Fin), [A —T yy ()) -—-Tru))]| = 
|(1 = TH, (ui) — 1— TH, (ui))|, [1 — Le, (us)) — A Teg(u))] = [1 — Tez, (us)) — = Ti, (us), 
[= Fag (W) = Fil ))| = |0-Fa(u =O — Fin uh we obtain \/1+|Ti,(ui)|° + 

14|Ta(u)[? = 14+ [Ted SS 7 af1+|ln(u)?> + 14 [leg ui)? = 

1+ Iu, (ui)? Sears i Ee ; aati u,)| |? = 14 |Fa tu)? + 

1+ |Fu, (ui)|’, es free (1 — Ty, (u = i+ |(-Tiy (ui) [> + 
V14 | — TH (ui), 1+ | — ty (ud)/? + ere = 1+ |(-In(u))P + 
V1+|0=In,(«)/?, y1+|a—Faun)) + V1+|@—Fu(u))P = y1+|0— F(a)? + 
1+ (1 — Fr, (ui)) 2 uj € Uand w; € (0, 1], i= 1. 

i=1 


1= 
Therefore, CEs (Hi, H2) = CEXg (H2, H1). 
Hence complete the proof. 
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4. MAGDM Strategy Using Proposed Ns-Cross Entropy Measure under SVNS Environment 
In this section, we develop a new MAGDM strategy using the proposed NS-cross entropy measure. 
Description of the MAGDM Problem 


Assume that A = {Aj, Az, A3,..., Am} and G = {G,, G2, G3, ..., Gn} be the discrete set 
of alternatives and attributes respectively and W = {wy, wo, w3, ..., Wn} be the weight vector of 
nt 
attributes G,(j=1,2,3,...,n), where wj > Oand Y w; = 1. Assume that E = (Bip Ea, Bap ccug Bet 
j=l 
be the set of decision-makers who are employed to evaluate the alternatives. The weight vector 
of the decision-makers E;, (k = 1,2,3,...,0) is A = {A1, Az, Az, ..-, Ap} (where, A, > 0 and 

p 
Ax = 1), which can be determined according to the decision-makers’ expertise, judgment quality 


k=1 
and domain knowledge. 


Now, we describe the steps of the proposed MAGDM strategy (see Figure 1) using NS-cross 
entropy measure. 
MAGDM Strategy Using Ns-Cross Entropy Measure 


Step 1. Formulate the decision matrices 


For MAGDM with SVNSs information, the rating values of the alternatives A; (i = 1, 2, 3, ..., m) 
based on the attribute G; (j =1, 2, 3, ..., n) provided by the k-th decision-maker can be expressed in 
terms of SVNNas ai, =< Th, Ik, FE > (= 1,2,3,...,m;j=1,2,3,...,n;k=1,2,3,...,p). We present 
these rating values of alternatives provided by the decision-makers in matrix form as follows: 


Gi G .... Gh 
k k k 
: Ay 4, 44 = Mn 
M™= | Az 4 4, 499 (3) 
Am Amy n2 Ann 


Step 2. Formulate priori/ideal decision matrix 


In the MAGDM, the a priori decision matrix has been used to select the best alternatives among 
the set of collected feasible alternatives. In the decision-making situation, we use the following decision 
matrix as a priori decision matrix. 


Gi G .... Gh 
* * * 
Ay 4, 4G «-.» 4, 
— * * * 
P=] Ar 4, 4% 15y (4) 
* * * 
Am Any 4m s+» Amn 


where, a;,; =< max (TK), min (If), min (Ff) >) corresponding to benefit attributes and a*. =< 
1 1 1 


ij ij 
min (TK), max (1j;),max (FE) > corresponding to cost attributes, and (i= 1, 2,3,...,m;j=1,2,3,..., 


n;k=1,2,3,..., 0). 
Step 3. Determinate the weights of decision-makers 


To find the decision-makers’ weights we introduce a model based on the NS-cross entropy 
measure. The collective NS-cross entropy measure between Mk and P (Ideal matrix) is defined 


as follows: 
m 


CE{s(M*, P) = “ CEns (M‘(A;), P(Ai)) (5) 
=| 


1 


Information 2018, 9, 37 


where, CEys(MM(Ai), P(Ai)) = E CEns(Mi(Ai(Gj)), P(A,(G;))) 


Thus, we can introduce the following weight model of the decision-makers: 


(1+ CENs(M*‘, P)) 





AK = 


3 (1+ CERs(MA, P)) 


e 
where,0 <Ax <land Y) Ax =1 fork =1,2,3,...,9. 
k=1 


Multi attribute group decision making problem 


Formation of decision matrix provided 
by decision makers 
Formation of ideal decision matrix 
















Determination of the weights of 
decision maker 


| 


Formation of weighted aggregated /“ 


decision matrix 


) 


Determination of the weight of 
attributes 


| 


Calculation of weighted NS- cross SSS 


entropy measure 


Rank the priority 
Selection of the best alternative 





















Figure 1. Decision-making procedure of the proposed MAGDM strategy. 
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Step 4. Formulate the weighted aggregated decision matrix 


For obtaining one group decision, we aggregate all the individual decision matrices (M*) to 
an aggregated decision matrix (M) using single valued neutrosophic weighted averaging (GVNWA) 
operator ([51]) as follows: 


aij = SVNSWA)( a} in Uy i, = ap) = (Arai @ Agay B Agay, Q. - BApah) = 


pe p pe r (7) 
a de> Fd 1, HG mem OME hae 
k=1 k=1 k=1 
Therefore, the aggregated decision matrix is defined as follows: 

G; G .... Gy 

Ay aq aj2 wes ain 
M=]| Az an ag Aan (8) 

Am mi m2 ++» Amn 


where, aij =< Tij, lij, Fi >,@=1,2,3,...,m;j=1,2,3,...,n;k=1,2,3,..., 9). 
Step 5. Determinate the weight of attributes 


To find the attributes weight we introduce a model based on the NS-cross entropy measure. 
The collective NS-cross entropy measure between M (Weighted aggregated decision matrix) and P 
(Ideal matrix) for each attribute is defined by 


CEy(M, P) DCE ns (M( A;(G;)), P(Ai(G;))) (9) 


where, i=1,2,3,...,m;7=1,2,3,...,n 
Thus, we defined a weight model for attributes as follows: 


(1+ CE\s(M, P)) 


x(t + CEhg(M, P)) 





(10) 


n 
where, 0 < w; < 1 and L w= 1 for j=1,2,3,...,n 
j=l 


Step 6. Calculate the weighted NS-cross entropy measure 


Using Equation (2), we calculate weighted cross entropy value between weighted aggregated 
matrix and priori matrix. The cross entropy values can be presented in matrix form as follows: 


CENs (A1) 
CENs (Az) 

OS | cute seeaieucase (11) 
CEXs (Am) 


Step 7. Rank the priority 


Smaller value of the cross entropy reflects that an alternative is closer to the ideal alternative. 
Therefore, the preference priority order of all the alternatives can be determined according to the 
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increasing order of the cross entropy values CENs (Aj) G@=1,2,3,...,m). Smallest cross entropy value 
indicates the best alternative and greatest cross entropy value indicates the worst alternative. 


Step 8. Select the best alternative 


From the preference rank order (from step 7), we select the best alternative. 


5. Illustrative Example 


In this section, we solve an illustrative example adapted from [12] of MAGDM problems to reflect 
the feasibility, applicability and efficiency of the proposed strategy under the SVNS environment. 

Now, we use the example [12] for cultivation and analysis. A venture capital firm intends to make 
evaluation and selection of five enterprises with the investment potential: 


(1) Automobile company (Aj) 
(2) Military manufacturing enterprise (Az) 
(3) TV media company (A3) 
(4) Food enterprises (A4) 
(5) Computer software company (As) 
On the basis of four attributes namely: 
(1) Social and political factor (G1) 
(2) The environmental factor (G2) 
(3) Investment risk factor (G3) 
(4) The enterprise growth factor (G4). 


The investment firm makes a panel of three decision-makers. 
The steps of decision-making strategy (4.1.1.) to rank alternatives are presented as follows: 


Step: 1. Formulate the decision matrices 


We represent the rating values of alternatives A; (i = 1, 2,3, 4, 5) with respects to the attributes Gj 
(j = 1, 2,3, 4) provided by the decision-makers EF; (k = 1, 2, 3) in matrix form as follows: 
Decision matrix for E; decision-maker 


Gy Go G3 G4 
A, (0.9,0.5, 0.4)  (0.7,0.4, 0.4) (0.7, 0.3,0.4)  (0.5,0.4,0.9) 
1 Az (0.7,0.2,0.3) (0.8, 0.4, 0.3) (0.9, 0.6, 0.5) (0.9, 0.1, 0.3) 
M = (12) 
A3 (0.8, 0.4,0.4) (0.7, 0.4, 0.2) (0.9, 0.7, 0.6) (0.7, 0.3, 0.3) 
Aq (0.5, 0.8, 0.7) (0.6, 0.3, 0.4) (0.7, 0.2, 0.5) (0.5, 0.4, 0.7) 
As (0.8, 0.4,0.3) (0.5, 0.4,0.5) (0.6, 0.4, 0.4) (0.9, 0.7, 0.5) 
Decision matrix for Ey decision-maker 
Gy Go G3 G4 
A, (0.7, 0.2, 0.3) (0.5, 0.4,0.5) (0.9, 0.4, 0.5) (0.6, 0.5, 0.3) 
2 Az (0.7, 0.4, 0.4) (0.7, 0.3, 0.4) (0.7, 0.3, 0.4) (0.6, 0.4, 0.3) 
M2= (13) 
A3 (0.6, 0.4,0.4) (0.5, 0.3,0.5) (0.9, 0.5, 0.4) (0.6, 0.5, 0.6) 
Aq (0.7, 0.5, 0.3) (0.6, 0.3, 0.6) (0.7, 0.4, 0.4) (0.8, 0.5, 0.4) 
As (0.9,0.4, 0.3) (0.6,0.4,0.5) (0.8, 0.5, 0.6) (0.5, 0.4, 0.5) 
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Decision matrix for E3 decision-maker 


Gy Gp G3 Gq 
A, (0.7, 0.2, 0.5) (0.6, 0.4, 0.4) (0.7, 0.4, 0.5) (0.9, 0.4, 0.3) 
3 Ag (0.6, 0.5,0.5) (0.9, 0.3, 0.4) (0.7, 0.4, 0.3) (0.8, 0.4, 0.5) 
M3- (14) 
A3 (0.8, 0.3, 0.5) (0.9, 0.3, 0.4) (0.8, 0.3, 0.4) (0.7, 0.3, 0.4) 
Aq (0.9, 0.3, 0.4) (0.6, 0.3, 0.4) (0.5, 0.2, 0.4) (0.7, 0.3, 0.5) 
As (0.8, 0.3, 0.3) (0.6, 0.4, 0.3) (0.6, 0.3, 0.4) (0.7, 0.3, 0.5) 
Step: 2. Formulate priori/ideal decision matrix 
A priori/ideal decision matrix Please provide a sharper picture 
G, G2 Gs G4 
A, (0.9, 0.2, 0.3) (0.7, 0.4, 0.4) (0.9, 0.3, 0.4) (0.9, 0.4, 0.3) 
Ag (0.7, 0.2, 0.3) (0.9, 0.3, 0.3) (0.9, 0.3, 0.3) (0.9, 0.1, 0.3) 
PS (15) 
A3 (0.8, 0.3, 0.4) (0.9, 0.3, 0.2) (0.9, 0.3, 0.4) (0.7, 0.3, 0.3) 
Aq (0.9, 0.3, 0.3) (0.6, 0.3, 0.4) (0.7, 0.2, 0.4) (0.7, 0.3, 0.4) 
As (0.9, 0.3, 0.3) (0.6, 0.4, 0.3) (0.8, 0.3, 0.4) (0.9, 0.3, 0.5) 


Step: 3. Determine the weight of decision-makers 


By using Equations (5) and (6), we determine the weights of the three decision-makers as follows: 


(1 + 1.2) 
3.37 


07) 


(1+ 0.9) 
3.37 


= “337 


0.33, Ap = ~ 0.25, Ay = ~ 0.42. 


Step: 4. Formulate the weighted aggregated decision matrix 
Using Equation (7) the weighted aggregated decision matrix is presented as follows: 


Weighted Aggregated decision matrix 


Gy Go G3 G4 
A; (0.8,0.3, 0.4) (0.6, 0.4, 0.4) (0.8,0.4,0.4)  (0.7,0.4, 0.5) 


Az (0.7, 0.3,0.4) (0.8, 0.3, 0.4) (0.8, 0.4, 0.4) (0.8, 0.2, 0.3) 
M=— (16) 
Az (0.8, 0.4, 0.4) (0.8,0.3, 0.3) (0.9, 0.5, 0.5) (0.7, 0.3, 0.4) 
Aq (0.7,0.5, 0.5) (0.6, 0.3, 0.4) (0.6, 0.2,0.4) (0.7, 0.4, 0.5) 
As (0.8, 0.4, 0.4) (0.6, 0.4, 0.4) (0.7, 0.4, 0.4) (0.8, 0.5, 0.5) 
Step: 5. Determinate the weight of the attributes 
By using Equations (9) and (10), we determine the weights of the four attribute as follows: 
2, he26) ~ Che Osh) 5 J. SLs O20)» 2: = sO): 2 
Ww, = 55 0.16, w2 = 55 = 0.37, w3 = 55 = 0.20, w4 = 55 = 0.27. 


Step: 6. Calculate the weighted SVNS cross entropy matrix 


Using Equation (2) and weights of attributes, we calculate the weighted NS-cross entropy values 
between ideal matrix and weighted aggregated decision matrix. 
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0.195 
0.198 

NSmMe, = | 0.168 (17) 
0.151 
0.184 


Step: 7. Rank the priority 


The cross entropy values of alternatives are arranged in increasing order as follows: 
0.151 < 0.168 < 0.184 < 0.195 < 0.198. 
Alternatives are then preference ranked as follows: 


Ag > A3>A5 >A, > Ad. 


Step: 8. Select the best alternative 


From step 7, we identify Ay is the best alternative. Hence, Food enterprises (A4) is the best 
alternative for investment. 

In Figure 2, we draw a bar diagram to represent the cross entropy values of alternatives which 
shows that Ay is the best alternative according our proposed strategy. 

In Figure 3, we represent the relation between cross entropy values and acceptance values of 
alternatives. The range of acceptance level for five alternatives is taken by five points. The high 
acceptance level of alternatives indicates the best alternative for acceptance and low acceptance level 
of alternative indicates the poor acceptance alternative. 

We see from Figure 3 that alternative A, has the smallest cross entropy value and the highest 
acceptance level. Therefore Ay is the best alternative for acceptance. Figure 3 indicates that alternative 
Ag has highest cross entropy value and lowest acceptance value that means Az is the worst alternative. 
Finally, we conclude that the relation between cross entropy values and acceptance value of alternatives 
is opposite in nature. 


0.20 


o o 
a a 
o a 


Weighted SN-cross entropy values 
8 





0.00 


Al A2 A3 A4 A5 
Alternatives 


Figure 2. Bar diagram of alternatives versus weighted NS-cross entropy values of alternatives. 
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Figure 3. Relation between weighted NS-cross entropy values and acceptance level line of alternatives. 


6. Comparative Study and Discussion 


In literature only two MADM strategies [144,145] have been proposed. No MADGM strategy 
is available. So the proposed MAGDM is novel and non-comparable with the existing cross entropy 
under SVNS for numerical example. 


i. The MADM strategies [144,145] are not applicable for MAGDM problems. The proposed 
MAGDM strategy is free from such drawbacks. 

ii. Ye [144] proposed cross entropy that does not satisfy the symmetrical property straightforward 
and is undefined for some situations but the proposed strategy satisfies symmetric property and 
is free from undefined phenomenon. 

iii. The strategies [144,145] cannot deal with the unknown weight of the attributes whereas the 
proposed MADGM strategy can deal with the unknown weight of the attributes 

iv. The strategies [144,145] are not suitable for dealing with the unknown weight of decision-makers, 
whereas the essence of the proposed NS-cross entropy-based MAGDM is that it is capable of 
dealing with the unknown weight of the decision-makers. 


7. Conclusions 


In this paper, we have defined a novel cross entropy measure in SVNS environment. The proposed 
cross entropy measure in SVNS environment is free from the drawbacks of asymmetrical behavior 
and undefined phenomena. It is capable of dealing with the unknown weight of attributes and the 
unknown weight of decision-makers. We have proved the basic properties of the NS-cross entropy 
measure. We also defined weighted NS-cross entropy measure and proved its basic properties. Based 
on the weighted NS-cross entropy measure, we have developed a novel MAGDM strategy to solve 
neutrosophic multi-attribute group decision-making problems. We have at first proposed a novel 
MAGDM strategy based on NS-cross entropy measure with technique to determine the unknown 
weight of attributes and the unknown weight of decision-makers. Other existing cross entropy 
measures [144,145] can deal only with the MADM problem with single decision-maker and known 
weight of the attributes. So in general, our proposed NS-cross entropy-based MAGDM strategy is not 
comparable with the existing cross-entropy-based MADM strategies [144,145] under the single-valued 
neutrosophic environment. Finally, we solve a MAGDM problem to show the feasibility, applicability 
and efficiency of the proposed MAGDM strategy. The proposed NS-cross entropy-based MAGDM 
can be applied in teacher selection, pattern recognition, weaver selection, medical treatment selection 
options, and other practical problems. In future study, the proposed NS-cross entropy-based MAGDM 
strategy can be also extended to the interval neutrosophic set environment. 


Information 2018, 9,37 16 of 21 


Acknowledgments: The authors are very grateful to the anonymous reviewers for their insightful and constructive 
comments and suggestions that have led to an improved version of this paper. 


Author Contributions: Surapati Pramanik conceived and designed the problem; Surapati Pramanik and Shyamal 
Dalapati solved the problem; Surapati Pramanik, Shariful Alam, Florentin Smarandache and Tapan Kumar Roy 
analyzed the results; Surapati Pramanik and Shyamal Dalapati wrote the paper. 


Conflicts of Interest: The authors declare no conflicts of interest. 


References 

1. Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338-356. [CrossRef] 

2. Bellman, R.; Zadeh, L.A. Decision-making in A fuzzy environment. Manag. Sci. 1970, 17, 141-164. [CrossRef] 
3.  Atanassov, K.T. Intuitionistic fuzzy sets. Fuzzy Sets Syst. 1986, 20, 87-96. [CrossRef] 

4. Pramanik, S.; Mukhopadhyaya, D. Grey relational analysis-based intuitionistic fuzzy multi-criteria group 


10. 


11. 


12. 


13. 
14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


22. 


23% 


decision-making approach for teacher selection in higher education. Int. J. Comput. Appl. 2011, 34, 21-29. 
[CrossRef] 

Mondal, K.; Pramanik, S. Intuitionistic fuzzy multi criteria group decision making approach to quality-brick 
selection problem. J. Appl. Quant. Methods 2014, 9, 35-50. 

Dey, P.P.; Pramanik, S.; Giri, B.C. Multi-criteria group decision making in intuitionistic fuzzy environment based 
on grey relational analysis for weaver selection in Khadi institution. J. Appl. Quant. Methods 2015, 10, 1-14. 

Ye, J. Multicriteria fuzzy decision-making method based on the intuitionistic fuzzy cross-entropy. 
In Proceedings of the International Conference on Intelligent Human-Machine Systems and Cybernetics, 
Hangzhou, China, 26-27 August 2009; Volume 1, pp. 59-61. 

Chen, S.M.; Chang, C.H. A novel similarity measure between Atanassov’s intuitionistic fuzzy sets based on 
transformation techniques with applications to pattern recognition. Inf. Sci. 2015, 291, 96-114. [CrossRef] 
Chen, S.M.; Cheng, S.H.; Chiou, C.H. Fuzzy multi-attribute group decision making based on intuitionistic 
fuzzy sets and evidential reasoning methodology. Inf. Fusion 2016, 27, 215-227. [CrossRef] 

Wang, J.Q.; Han, Z.Q.; Zhang, H.Y. Multi-criteria group decision making method based on intuitionistic 
interval fuzzy information. Group Decis. Negot. 2014, 23, 715-733. [CrossRef] 

Yue, Z.L. TOPSIS-based group decision-making methodology in intuitionistic fuzzy setting. Inf. Sci. 2014, 
277, 141-153. [CrossRef] 

He, X.; Liu, W.F. An intuitionistic fuzzy multi-attribute decision-making method with preference on 
alternatives. Oper. Res. Manag. Sci. 2013, 22, 36-40. 

Zadeh, L.A. Probability Measures of Fuzzy Events. J. Math. Anal. Appl. 1968, 23, 421-427. [CrossRef] 
Burillo, P.; Bustince, H. Entropy on intuitionistic fuzzy sets and on interval-valued fuzzy sets. Fuzzy Sets Systs. 
1996, 78, 305-316. [CrossRef] 

Szmidt, E.; Kacprzyk, J. Entropy for intuitionistic fuzzy sets. Fuzzy Sets Syst. 2001, 118, 467-477. [CrossRef] 
Wei, C.P.; Wang, P.; Zhang, Y.Z. Entropy, similarity measure of interval-valued intuitionistic fuzzy sets and 
their applications. Inf. Sci. 2011, 181, 4273-4286. [CrossRef] 

Li, X.Y. Interval-valued intuitionistic fuzzy continuous cross entropy and its application in multi-attribute 
decision-making. Comput. Eng. Appl. 2013, 49, 234-237. 

Shang, X.G.; Jiang, W.S. A note on fuzzy information measures. Pattern Recognit. Lett. 1997, 18, 425-432. 
[CrossRef] 

Vlachos, I.K.; Sergiadis, G.D. Intuitionistic fuzzy information applications to pattern recognition. 
Pattern Recognit. Lett. 2007, 28, 197-206. [CrossRef] 

Ye, J. Fuzzy cross entropy of interval-valued intuitionistic fuzzy sets and its optimal decision-making method 
based on the weights of alternatives. Expert Syst. Appl. 2011, 38, 6179-6183. [CrossRef] 

Xia, M.M.; Xu, Z.S. Entropy/cross entropy-based group decision making under intuitionistic fuzzy 
environment. Inf. Fusion 2012, 13, 31-47. [CrossRef] 

Tong, X.; Yu, L. A novel MADM approach based on fuzzy cross entropy with interval-valued intuitionistic 
fuzzy sets. Math. Probl. Eng. 2015, 2015, 965040. [CrossRef] 

Smarandache, F. Neutrosophy, Neutrosophic Probability, Set, and Logic, 4th ed.; American Research Press: 
Rehoboth, DE, USA, 1998. 


Information 2018, 9, 37 17 of 21 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


Wang, H.; Smarandache, F.; Zhang, Y.Q.; Sunderraman, R. Single valued neutrosophic sets. Multispace Multistruct. 
2010, 4, 410-413. 

Pramanik, S.; Biswas, P.; Giri, B.C. Hybrid vector similarity measures and their applications to multi-attribute 
decision making under neutrosophic environment. Neural Comput. Appl. 2017, 28, 1163-1176. [CrossRef] 
Biswas, P.; Pramanik, S.; Giri, B.C. Entropy based grey relational analysis method for multi-attribute decision 
making under single valued neutrosophic assessments. Neutrosoph. Sets Syst. 2014, 2, 102-110. 

Biswas, P.; Pramanik, S.; Giri, B.C. A new methodology for neutrosophic multi-attribute decision making 
with unknown weight information. Neutrosoph. Sets Syst. 2014, 3, 42-52. 

Biswas, P.; Pramanik, S.; Giri, B.C. TOPSIS method for multi-attribute group decision-making under single 
valued neutrosophic environment. Neural Comput. Appl. 2016, 27, 727-737. [CrossRef] 

Biswas, P.; Pramanik, S.; Giri, B.C. Aggregation of triangular fuzzy neutrosophic set information and its 
application to multi-attribute decision making. Neutrosoph. Sets Syst. 2016, 12, 20-40. 

Biswas, P.; Pramanik, S.; Giri, B.C. Value and ambiguity index based ranking method of single-valued trapezoidal 
neutrosophic numbers and its application to multi-attribute decision making. Neutrosoph. Sets Syst. 2016, 12, 
127-138. 

Biswas, P.; Pramanik, S.; Giri, B.C. Multi-attribute group decision making based on expected value of 
neutrosophic trapezoidal numbers. In New Trends in Neutrosophic Theory and Applications; Smarandache, F., 
Pramanik, S., Eds.; Pons Editions: Brussels, Belgium; Volume II, in press. 

Biswas, P.; Pramanik, S.; Giri, B.C. Non-linear programming approach for single-valued neutrosophic TOPSIS 
method. New Math. Nat. Comput. 2017, in press. 

Deli, I.; Subas, Y. A ranking method of single valued neutrosophic numbers and its applications to 
multi-attribute decision making problems. Int. J. Mach. Learn. Cybern. 2017, 8, 1309-1322. [CrossRef] 

Ji, P.; Wang, J.Q.; Zhang, H.Y. Frank prioritized Bonferroni mean operator with single-valued neutrosophic 
sets and its application in selecting third-party logistics providers. Neural Comput. Appl. 2016. [CrossRef] 
Kharal, A. A neutrosophic multi-criteria decision making method. New Math. Nat. Comput. 2014, 10, 143-162. 
[CrossRef] 

Liang, R.X.; Wang, J.Q.; Li, L. Multi-criteria group decision making method based on interdependent inputs 
of single valued trapezoidal neutrosophic information. Neural Comput. Appl. 2016, 1-20. [CrossRef] 

Liang, R.X.; Wang, J.Q.; Zhang, H.Y. A multi-criteria decision-making method based on single-valued 
trapezoidal neutrosophic preference relations with complete weight information. Neural Comput. Appl. 2017, 
1-16. [CrossRef] 

Liu, P.; Chu, Y.; Li, Y.; Chen, Y. Some generalized neutrosophic number Hamacher aggregation operators 
and their application to group decision making. Int. J. Fuzzy Syst. 2014, 16, 242-255. 

Liu, P.D.; Li, H.G. Multiple attribute decision-making method based on some normal neutrosophic Bonferroni 
mean operators. Neural Comput. Appl. 2017, 28, 179-194. [CrossRef] 

Liu, P.; Wang, Y. Multiple attribute decision-making method based on single-valued neutrosophic normalized 
weighted Bonferroni mean. Neural Comput. Appl. 2014, 25, 2001-2010. [CrossRef] 

Peng, J.J.; Wang, J.Q.; Wang, J.; Zhang, H.Y.; Chen, X.H. Simplified neutrosophic sets and their applications 
in multi-criteria group decision-making problems. Int. J. Syst. Sci. 2016, 47, 2342-2358. [CrossRef] 

Peng, J.; Wang, J.; Zhang, H.; Chen, X. An outranking approach for multi-criteria decision-making problems 
with simplified neutrosophic sets. Appl. Soft Comput. 2014, 25, 336-346. [CrossRef] 

Zavadskas, E.K.; Bausys, R.; Lazauskas, M. Sustainable assessment of alternative sites for the construction of 
a waste incineration plant by applying WASPAS method with single-valued neutrosophic set. Sustainability 
2015, 7, 15923-15936. [CrossRef] 

Pramanik, S.; Dalapati, S.; Roy, T.K. Logistics center location selection approach based on neutrosophic 
multi-criteria decision making. In New Trends in Neutrosophic Theory and Applications; Smarandache, F., 
Pramanik, S., Eds.; Pons Editions: Brussels, Belgium, 2016; Volume 1, pp. 161-174. 

Sahin, R.; Karabacak, M. A multi attribute decision making method based on inclusion measure for interval 
neutrosophic sets. Int. J. Eng. Appl. Sci. 2014, 2, 13-15. 

Sahin, R.; Kucuk, A. Subsethood measure for single valued neutrosophic sets. J. Intell. Fuzzy Syst. 2015, 29, 
525-530. [CrossRef] 

Sahin, R.; Liu, P. Maximizing deviation method for neutrosophic multiple attribute decision making with 
incomplete weight information. Neural Comput. Appl. 2016, 27, 2017-2029. [CrossRef] 


Information 2018, 9,37 18 of 21 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 
66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 
74. 


Sodenkamp, M. Models, Strategies and Applications of Group Multiple-Criteria Decision Analysis in 
Complex and Uncertain Systems. Ph.D. Dissertation, University of Paderborn, Paderborn, Germany, 2013. 
Ye, J. Multicriteria decision-making method using the correlation coefficient under single-valued 
neutrosophic environment. Int. J. Gen. Syst. 2013, 42, 386-394. [CrossRef] 

Jiang, W.; Shou, Y. A Novel single-valued neutrosophic set similarity measure and its application in multi 
criteria decision-making. Symmetry 2017, 9, 127. [CrossRef] 

Ye, J. A multi criteria decision-making method using aggregation operators for simplified neutrosophic sets. 
J. Intell. Fuzzy Syst. 2014, 26, 2459-2466. 

Xu, D.S.; Wei, C.; Wei, G.W. TODIM method for single-valued neutrosophic multiple attribute decision 
making. Information 2017, 8, 125. [CrossRef] 

Ye, J. Bidirectional projection method for multiple attribute group decision making with neutrosophic 
number. Neural Comput. Appl. 2017, 28, 1021-1029. [CrossRef] 

Ye, J. Projection and bidirectional projection measures of single valued neutrosophic sets and their 
decision—Making method for mechanical design scheme. J. Exp. Theor. Artif. Intell. 2017, 29, 731-740. 
[CrossRef] 

Pramanik, S.; Roy, T.K. Neutrosophic game theoretic approach to Indo-Pak conflict over Jammu-Kashmir. 
Neutrosoph. Sets Syst. 2014, 2, 82-101. 

Mondal, K.; Pramanik, S. Multi-criteria group decision making approach for teacher recruitment in higher 
education under simplified Neutrosophic environment. Neutrosoph. Sets Syst. 2014, 6, 28-34. 

Mondal, K.; Pramanik, S. Neutrosophic decision making model of school choice. Neutrosoph. Sets Syst. 2015, 
7, 62-68. 

Cheng, H.D.; Guo, Y. A new neutrosophic approach to image thresholding. New Math. Nat. Comput. 2008, 4, 
291-308. [CrossRef] 

Guo, Y.; Cheng, H.D. New neutrosophic approach to image segmentation. Pattern Recognit. 2009, 42, 587-595. 
[CrossRef] 

Guo, Y.; Sengur, A.; Ye, J. A novel image thresholding algorithm based on neutrosophic similarity score. 
Measurement 2014, 58, 175-186. [CrossRef] 

Ye, J. Single valued neutrosophic minimum spanning tree and its clustering method. J. Intell. Syst. 2014, 23, 
311-324. [CrossRef] 

Ye, J. Clustering strategies using distance-based similarity measures of single-valued neutrosophic sets. 
J. Intell. Syst. 2014, 23, 379-389. 

Mondal, K.; Pramanik, S. A study on problems of Hijras in West Bengal based on neutrosophic cognitive maps. 
Neutrosoph. Sets Syst. 2014, 5, 21-26. 

Pramanik, S.; Chakrabarti, S. A study on problems of construction workers in West Bengal based on 
neutrosophic cognitive maps. Int. J. Innov. Res. Sci. Eng. Technol. 2013, 2, 6387-6394. 

Maji, P.K. Neutrosophic soft set. Ann. Fuzzy Math. Inform. 2012, 5, 157-168. 

Maji, P.K. Neutrosophic soft set approach to a decision-making problem. Ann. Fuzzy Math. Inform. 2013, 3, 
313-319. 

Sahin, R.; Kucuk, A. Generalized neutrosophic soft set and its integration to decision-making problem. 
Appl. Math. Inf. Sci. 2014, 8, 2751-2759. [CrossRef] 

Dey, P.P.; Pramanik, S.; Giri, B.C. Neutrosophic soft multi-attribute decision making based on grey relational 
projection method. Neutrosoph. Sets Syst. 2016, 11, 98-106. 

Dey, P.P.; Pramanik, S.; Giri, B.C. Neutrosophic soft multi-attribute group decision making based on grey 
relational analysis method. J. New Results Sci. 2016, 10, 25-37. 

Dey, P.P.; Pramanik, S.; Giri, B.C. Generalized neutrosophic soft multi-attribute group decision making based 
on TOPSIS. Crit. Rev. 2015, 11, 41-55. 

Pramanik, S.; Dalapati, S. GRA based multi criteria decision making in generalized neutrosophic soft set 
environment. Glob. J. Eng. Sci. Res. Manag. 2016, 3, 153-169. 

Das, S.; Kumar, S.; Kar, S.; Pal, T. Group decision making using neutrosophic soft matrix: An algorithmic 
approach. J. King Saud Univ. Comput. Inf. Sci. 2017. [CrossRef] 

Sahin, M.; Alkhazaleh, S.; Ulugay, V. Neutrosophic soft expert sets. Appl. Math. 2015, 6, 116-127. [CrossRef] 
Pramanik, S.; Dey, P.P.; Giri, B.C. TOPSIS for single valued neutrosophic soft expert set based multi-attribute 
decision making problems. Neutrosoph. Sets Syst. 2015, 10, 88-95. 


Information 2018, 9,37 19 of 21 


75. 
76. 
77. 
78. 
79. 
80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


Broumi, S.; Smarandache, F. Single valued neutrosophic soft expert sets and their application in decision 
making. J. New Theory 2015, 3, 67-88. 

Ali, M.; Smarandache, F. Complex neutrosophic set. Neural Comput. Appl. 2017, 28, 1817-1831. [CrossRef] 
Broumi, S.; Smarandache, F.; Dhar, M. Rough neutrosophic sets. Ital. J. Pure Appl. Math. 2014, 32, 493-502. 
Broumi, S.; Smarandache, F.; Dhar, M. Rough neutrosophic sets. Neutrosoph. Sets Syst. 2014, 3, 60-66. 

Yang, H.L.; Zhang, C.L.; Guo, Z.L.; Liu, Y.L.; Liao, X. A hybrid model of single valued neutrosophic sets and 
rough sets: Single valued neutrosophic rough set model. Soft Comput. 2016, 21, 6253-6267. [CrossRef] 
Mondal, K.; Pramanik, S. Rough neutrosophic multi-attribute decision-making based on grey relational 
analysis. Neutrosoph. Sets Syst. 2015, 7, 8-17. 

Mondal, K.; Pramanik, S. Rough neutrosophic multi-attribute decision-making based on rough accuracy 
score function. Neutrosoph. Sets Syst. 2015, 8, 14-21. 

Mondal, K.; Pramanik, S.; Smarandache, F. Several trigonometric Hamming similarity measures of rough 
neutrosophic sets and their applications in decision making. In New Trends in Neutrosophic Theory and 
Applications; Smarandache, F., Pramanik, S., Eds.; Pons Editions: Brussels, Belgium, 2016; Volume 1, 
pp- 93-103. 

Mondal, K.; Pramanik, S.; Smarandache, F. Multi-attribute decision making based on rough neutrosophic 
variational coefficient similarity measure. Neutrosoph. Sets Syst. 2016, 13, 3-17. 

Mondal, K.; Pramanik, S.; Smarandache, F. Rough neutrosophic TOPSIS for multi-attribute group decision 
making. Neutr. Sets Syst. 2016, 13, 105-117. 

Pramanik, S.; Roy, R.; Roy, T.K.; Smarandache, F. Multi criteria decision making using correlation coefficient 
under rough neutrosophic environment. Neutrosoph. Sets Syst. 2017, 17, 29-36. 

Pramanik, S.; Roy, R.; Roy, T.K. Multi criteria decision making based on projection and bidirectional projection 
measures of rough neutrosophic sets. In New Trends in Neutrosophic Theory and Applications; Smarandache, F., 
Pramanik, S., Eds.; Pons Editions: Brussels, Belgium, 2017; Volume II. 

Mondal, K.; Pramanik, S. Tri-complex rough neutrosophic similarity measure and its application in 
multi-attribute decision making. Crit. Rev. 2015, 11, 26-40. 

Mondal, K.; Pramanik, S.; Smarandache, F. Rough neutrosophic hyper-complex set and its application to 
multi-attribute decision making. Crit. Rev. 2016, 13, 111-126. 

Wang, J.Q.; Li, X.E. TODIM method with multi-valued neutrosophic sets. Control Decis. 2015, 30, 1139-1142. 
Peng, J.J.; Wang, J.Q.; Wu, X.H.; Wang, J.; Chen, X.H. Multi-valued neutrosophic sets and power aggregation 
operators with their applications in multi-criteria group decision-making problems. Int. J. Comput. Intell. Syst. 
2015, 8, 345-363. [CrossRef] 

Peng, J.J.; Wang, J. Multi-valued neutrosophic sets and its application in multi-criteria decision-making 
problems. Neutrosoph. Sets Syst. 2015, 10, 3-17. [CrossRef] 

Ye, J. Multiple-attribute decision-making method under a single-valued neutrosophic hesitant fuzzy 
environment. J. Intell. Syst. 2015, 24, 23-36. [CrossRef] 

Sahin, R.; Liu, P. Correlation coefficient of single-valued neutrosophic hesitant fuzzy sets and its applications 
in decision making. Neural Comput Appl. 2017, 28, 1387-1395. [CrossRef] 

Liu, P.; Zhang, L. The extended VIKOR method for multiple criteria decision making problem based on 
neutrosophic hesitant fuzzy set. arXiv, 2015, arXiv:1512.0139. 

Biswas, P.; Pramanik, S.; Giri, B.C. Some distance measures of single valued neutrosophic hesitant fuzzy 
sets and their applications to multiple attribute decision making. In New Trends in Neutrosophic Theory and 
Applications; Smarandache, F., Pramanik, S., Eds.; Pons Editions: Brussels, Belgium, 2016; pp. 55-63. 
Biswas, P.; Pramanik, S.; Giri, B.C. GRA method of multiple attribute decision making with single 
valued neutrosophic hesitant fuzzy set information. In New Trends in Neutrosophic Theory and Applications; 
Smarandache, F., Pramanik, S., Eds.; Pons Editions: Brussels, Belgium, 2016; pp. 55-63. 

Sahin, R.; Liu, P. Distance and similarity measure for multiple attribute with single-valued neutrosophic 
hesitant fuzzy information. In New Trends in Neutrosophic Theory and Applications; Smarandache, F., 
Pramanik, S., Eds.; Pons Editions: Brussels, Belgium, 2016; pp. 35-54. 

Deli, I.; Ali, M.; Smarandache, F. Bipolar neutrosophic sets and their applications based on multi criteria 
decision making problems. In Proceedings of the 2015 International Conference on Advanced Mechatronic 
Systems (ICAMechS), Beijing, China, 22-24 August 2015; pp. 249-254. [CrossRef] 


Information 2018, 9, 37 20 of 21 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 
120. 


121. 


122. 


123. 


Dey, P.P.; Pramanik, S.; Giri, B.C. TOPSIS for solving multi-attribute decision making problems under 
bi-polar neutrosophic environment. In New Trends in Neutrosophic Theory and Applications; Smarandache, F., 
Pramanik, S., Eds.; Pons Editions: Brussels, Belgium, 2016; pp. 65-77. 

Pramanik, S.; Dey, P.P.; Giri, B.C.; Smarandache, F. Bipolar neutrosophic projection based models for solving 
multi-attribute decision making problems. Neutrosoph. Sets Syst. 2017, 15, 70-79. 

Ulucay, V.; Deli, I.; Sahin, M. Similarity measures of bipolar neutrosophic sets and their application to 
multiple criteria decision making. Neural Comput. Appl. 2016, 1-10. [CrossRef] 

Sahin, M.; Deli, I; Ulucay, V. Jaccard vector similarity measure of bipolar neutrosophic set based on 
multi-criteria decision making. In Proceedings of the International Conference on Natural Science and 
Engineering (ICNASE’16), Kilis, Turkey, 19-20 March 2016. 

Deli, I.; Subas, Y.A. Multiple criteria decision making method on single valued bipolar neutrosophic set based 
on correlation coefficient similarity measure. In Proceedings of the International Conference on Mathematics 
and Mathematics Education (ICMME 2016), Elazg, Turkey, 12-14 May 2016. 

Ali, M.; Deli, I.; Smarandache, F. The theory of neutrosophic cubic sets and their applications in pattern 
recognition. J. Intell. Fuzzy Syst. 2016, 30, 1957-1963. [CrossRef] 

Jun, Y.B.; Smarandache, F.; Kim, C.S. Neutrosophic cubic sets. New Math. Nat. Comput. 2017, 13, 41-54. 
[CrossRef] 

Banerjee, D.; Giri, B.C.; Pramanik, S.; Smarandache, F. GRA for multi attribute decision making in 
neutrosophic cubic set environment. Neutrosoph. Sets Syst. 2017, 15, 60-69. 

Pramanik, S.; Dalapati, S.; Alam, S.; Roy, T.K. NC-TODIM-based MAGDM under a neutrosophic cubic set 
environment. Information 2017, 8, 149. [CrossRef] 

Pramanik, S.; Dalapati, S.; Alam, S.; Roy, T.K.; Smarandache, F. Neutrosophic cubic MCGDM method based 
on similarity measure. Neutrosoph. Sets Syst. 2017, 16, 44-56. 

Lu, Z.; Ye, J. Cosine measures of neutrosophic cubic sets for multiple attribute decision-making. Symmetry 
2017, 9,121. 

Pramanik, S.; Dey, P.P.; Giri, B.C.; Smarandache, F. An Extended TOPSIS for Multi-Attribute Decision Making 
Problems with Neutrosophic Cubic Information. Neutrosoph. Sets Syst. 2017, 17, 20-28. 

Zhan, J.; Khan, M.; Gulistan, M. Applications of neutrosophic cubic sets in multi-criteria decision-making. 
Int. J. Uncertain. Quantif. 2017, 7, 377-394. [CrossRef] 

Ye, J. Linguistic neutrosophic cubic numbers and their multiple attribute decision-making method. 
Information 2017, 8, 110. [CrossRef] 

Pramanik, S.; Dalapati, S.; Alam, S.; Roy, T.K. TODIM method for group decision making under bipolar 
neutrosophic set environment. In New Trends in Neutrosophic Theory and Applications; Smarandache, F., 
Pramanik, S., Eds.; Pons Editions: Brussels, Belgium, 2017; Volume II. 

Chinnadurai, V.; Swaminathan, A.; Anu, B. Some properties of neutrosophic cubic soft set. Int. J. Comput. 
Res. Dev. 2016, 1, 113-119. 

Pramanik, S.; Dalapati, S.; Alam, S.; Roy, T.K. Some operations and properties of neutrosophic cubic soft set. 
Glob. J. Res. Rev. 2017, 4, 1-8. [CrossRef] 

Wang, H.; Smarandache, F.; Zhang, Y.Q.; Sunderraman, R. Interval Neutrosophic Sets and Logic: Theory and 
Applications in Computing; Hexis: Phoenix, AZ, USA, 2005. 

Deli, I. Interval-valued neutrosophic soft sets and its decision making. Int. J. Mach. Learn. Cybern. 2017, 
8, 665. [CrossRef] 

Ali, M.; Dat, L.Q.; Son, L.H.; Smarandache, F. Interval complex neutrosophic set: Formulation and 
applications in decision-making. Int. J. Fuzzy Syst. 2017, 1-14. [CrossRef] 

Broumi, S.; Smarandache, F. Interval neutrosophic rough set. Neutrosoph. Sets Syst. 2015, 7, 23-31. [CrossRef] 
Pramanik, S.; Mondal, K. Interval neutrosophic multi-attribute decision-making based on grey relational 
analysis. Neutrosoph. Sets Syst. 2015, 9, 13-22. [CrossRef] 

Mondal, K.; Pramanik, S. Decision making based on some similarity measures under interval rough 
neutrosophic environment. Neutrosoph. Sets Syst. 2015, 10, 46-57. [CrossRef] 

Ye, J. Correlation coefficients of interval neutrosophic hesitant fuzzy sets and its application in a multiple 
attribute decision making method. Informatica 2016, 27, 179-202. [CrossRef] 

Biswas, P.; Pramanik, S.; Giri, B.C. Cosine similarity measure based multi-attribute decision-making with 
trapezoidal fuzzy neutrosophic numbers. Neutrosoph. Sets Syst. 2015, 8, 47-57. 


Information 2018, 9, 37 21 of 21 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 


Ye, J. Trapezoidal neutrosophic set and its application to multiple attribute decision-making. Neural Comput. Appl. 
2015, 26, 1157-1166. [CrossRef] 

Liu, P.D.; Teng, F. Multiple attribute decision making method based on normal neutrosophic generalized 
weighted power averaging operator. Int. J. Mach. Learn. Cybern. 2015, 1-13. [CrossRef] 

Ye, J. An extended TOPSIS method for multiple attribute group decision making based on single valued 
neutrosophic linguistic numbers. J. Intell. Fuzzy Syst. 2015, 28, 247-255. 

Ye, J. Some aggregation operators of interval neutrosophic linguistic numbers for multiple attribute decision 
making. J. Intell. Fuzzy Syst. 2014, 27, 2231-2241. 

Ma, Y.X.; Wang, J.Q.; Wang, J.; Wu, X.H. An interval neutrosophic linguistic multi-criteria group 
decision-making method and its application in selecting medical treatment options. Neural Comput. Appl. 
2017, 28, 2745-2765. [CrossRef] 

Tian, Z.P.; Wang, J.; Zhang, H.Y.; Chen, X.H.; Wang, J.Q. Simplified neutrosophic linguistic normalized 
weighted Bonferroni mean operator and its application to multi-criteria decision making problems. Filomat 
2015, 30, 3339-3360. [CrossRef] 

Broumi, S.; Smarandache, F. Single valued neutrosophic trapezoid linguistic aggregation operators based on 
multi-attribute decision making. Bull. Pure Appl. Sci. Math. Stat. 2014, 33, 135-155. [CrossRef] 

Broumi, S.; Smarandache, F. An extended TOPSIS method for multiple attribute decision making based on 
interval neutrosophic uncertain linguistic variables. Neutrosoph. Sets Syst. 2015, 8, 22-31. 

Ye, J. Multiple attribute group decision making based on interval neutrosophic uncertain linguistic variables. 
Int. J. Mach. Learn. Cybern. 2017, 8, 837-848. [CrossRef] 

Dey, P.P.; Pramanik, S.; Giri, B.C. An extended grey relational analysis based multiple attribute decision 
making in interval neutrosophic uncertain linguistic setting. Neutrosoph. Sets Syst. 2016, 11, 21-30. 

Deli, I.; Broumi, S.; Smarandache, F. On neutrosophic refined sets and their applications in medical diagnosis. 
J. New Theory 2015, 6, 88-98. 

Broumi, S.; Deli, I. Correlation measure for neutrosophic refined sets and its application in medical diagnosis. 
Palest. J. Math. 2016, 5, 135-143. 

Pramanik, S.; Banerjee, D.; Giri, B.C. TOPSIS approach for multi attribute group decision making in 
refined neutrosophic environment. In New Trends in Neutrosophic Theory and Applications; Smarandache, F., 
Pramanik, S., Eds.; Pons Editions: Brussels, Belgium, 2016; pp. 79-91. 

Pramanik, S.; Banerjee, D.; Giri, B.C. Multi-criteria group decision making model in neutrosophic refined set 
and its application. Glob. J. Eng. Sci. Res. Manag. 2016, 3, 12-18. [CrossRef] 

Mondal, K.; Pramanik, S. Neutrosophic refined similarity measure based on tangent function and its 
application to multi-attribute decision making. J. New Theory 2015, 8, 41-50. 

Mondial, K.; Pramanik, S. Neutrosophic refined similarity measure based on cotangent function and its 
application to multi-attribute decision making. Glob. J. Adv. Res. 2015, 2, 486-494. 

Mondal, K.; Pramanik, S.; Giri, B.C. Multi-criteria group decision making based on linguistic refined 
neutrosophic strategy. In New Trends in Neutrosophic Theory and Applications; Smarandache, F., Pramanik, S., Eds.; 
Pons Editions: Brussels, Belgium; Volume II, in press. 

Subas, Y.; Deli, I. Bipolar neutrosophic refined sets and their applications in medical diagnosis. In Proceedings of 
the International Conference on Natural Science and Engineering (ICNASE’16), Kilis, Turkey, 19-20 March 2016; 
pp. 1121-1132. 

Ye, J. Correlation coefficient between dynamic single valued neutrosophic multisets and its multiple attribute 
decision-making method. Information 2017, 8, 41. [CrossRef] 

Majumdar, P.; Samanta, S.K. On similarity and entropy of neutrosophic sets. J. Intell. Fuzzy Syst. 2014, 26, 
1245-1252. 

Ye, J. Single valued neutrosophic cross-entropy for multi criteria decision making problems. Appl. Math. Model. 
2013, 38, 1170-1175. [CrossRef] 

Ye, J. Improved cross entropy measures of single valued neutrosophic sets and interval neutrosophic sets 
and their multi criteria decision making methods. Cybern. Inf. Technol. 2015, 15, 13-26. [CrossRef] 


@) © 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access 
article distributed under the terms and conditions of the Creative Commons Attribution 
BY 


(CC BY) license (http: //creativecommons.org/licenses/by/4.0/). 


01010 / ; Z 
OM) information (moPt, 
Article 


Generalized Single-Valued Neutrosophic Hesitant 
Fuzzy Prioritized Aggregation Operators and Their 
Applications to Multiple Criteria Decision-Making 


Rui Wang ??* and Yanlai Li 1? 


School of Traffic and Logistics, Southwest Jiaotong University, Chengdu 610031, China; lyl_swjtu@163.com 
Tangshan Graduate School, Southwest Jiaotong University, Tangshan 063000, China 

National Lab of Railway Transportation, Southwest Jiaotong University, Chengdu 610031, China 

* Correspondence: wryuedi@my.swjtu.edu.cn; Tel.: +86-28-8760-0165 


won 


Received: 11 December 2017; Accepted: 2 January 2018; Published: 5 January 2018 


Abstract: Single-valued neutrosophic hesitant fuzzy set (SVNHFS) is a combination of single-valued 
neutrosophic set and hesitant fuzzy set, and its aggregation tools play an important role in the 
multiple criteria decision-making (MCDM) process. This paper investigates the MCDM problems in 
which the criteria under SVNHF environment are in different priority levels. First, the generalized 
single-valued neutrosophic hesitant fuzzy prioritized weighted average operator and generalized 
single-valued neutrosophic hesitant fuzzy prioritized weighted geometric operator are developed 
based on the prioritized average operator. Second, some desirable properties and special cases of 
the proposed operators are discussed in detail. Third, an approach combined with the proposed 
operators and the score function of single-valued neutrosophic hesitant fuzzy element is constructed 
to solve MCDM problems. Finally, an example of investment selection is provided to illustrate the 
validity and rationality of the proposed method. 


Keywords: multiple criteria decision-making (MCDM); single-valued neutrosophic hesitant 
fuzzy set (GSVNHBFS); generalized single-valued neutrosophic hesitant fuzzy prioritized weighted 
average operator; generalized single-valued neutrosophic hesitant fuzzy prioritized weighted 
geometric operator 





1. Introduction 


In daily life, MCDM problems happen in many fields; decision makers determine the best one 
from several alternatives through evaluating them with respect to the corresponding criteria. Due to 
the high complexity of the social environment, the evaluation information given by decision makers is 
often uncertain, incomplete, and inconsistent. With the demand for accuracy of decision-making results 
is getting higher and higher, much research in recent years has focused on the MCDM problems under 
fuzzy environment [1]. In 1965, Zadeh [2] developed the fuzzy set (FS) theory, which is a powerful 
tool to express the fuzzy information. However, there are several obvious limitations of FS theory in 
expressing uncertain information, which are attracting widespread interest in improving FS theory. 

Atanassov [3] introduced the non-membership function to extend FS theory and proposed the 
intuitionistic fuzzy set (IFS) theory. IFS can express the membership and non-membership information 
simultaneously; the property can deal with some applications effectively, which FS cannot. For example, 
ten decision makers vote for an affair, four present agreement, three suggest different opinions, and the 
others choose to give up. The example above can be characterized by IFS, i.e., the value of membership 
is 0.4, and the value of non-membership is 0.3. However, expressing the voting information by FS 
is impossible. To describe the fuzziness of evaluation information more effective, Atanassov and 
Gargov [4] utilized the interval number to extend the membership and non-membership functions 


Information 2018, 9, 10; doi:10.3390/info9010010 www.mdpi.com/journal/information 


Information 2018, 9, 10 2 of 19 


and put forward the interval-valued intuitionistic fuzzy set (IVIFS) theory. Nevertheless, in the real 
decision-making process, only considering the membership and non-membership information is not 
comprehensive sometimes. For instance, a decision maker gives her/his evaluation on a viewpoint, 
she/he may think the positive probability is 0.5, the false probability is 0.6, and the indeterminacy 
probability is 0.2 [5]. Obviously, IFS and IVIFS theory cannot deal with this situation. Therefore, 
Smarandache [6] defined the neutrosophic set (NS), which can be regarded as a generalization of 
FS and IFS [7]. NS consists of three independent membership functions, namely, truth-membership, 
indeterminacy-membership, and falsity-membership functions. Whereas, NS theory was originally 
proposed from a philosophical point of view, and it is difficult to apply NS theory in the field of science 
and engineering. To solve this problem, Wang [8,9] defined the concepts of interval neutrosophic 
set (INS) and single-valued neutrosophic set (SVNS), which are specific cases of NS. 

Another drawback of FS is that its membership value is single; while determining the exact 
value of membership may be difficult for decision makers due to doubt. To deal with this situation, 
Torra and Narukawa [10] and Torra [11] extended the FS theory to hesitant fuzzy set (HFS) theory 
through allowing decision makers to give several different values of membership. Furthermore, 
Chen [12] defined the concept of interval-valued hesitant fuzzy set (IVHFS), in which the possible 
membership values can be expressed by interval numbers. Considering the complex information given 
by decision makers, Zhu [13] introduced the non-membership hesitancy function to propose the dual 
hesitant fuzzy set (DHFS) theory. According to the aforementioned analysis of improved FS theory 
from two directions, Ye [14] developed the single-valued neutrosophic hesitant fuzzy set (GVNHFS) 
combined with NS and HFS theory, in addition, Liu and Shi [7] extended the SVNHFS to interval 
neutrosophic hesitant fuzzy set (INHFS). Consequently, SVNHFS and INHFS not only can characterize 
the inconsistent and indeterminate information but also allow decision makers to give several possible 
values of truth-membership, indeterminacy-membership, and falsity-membership functions. 

Besides the evaluation information, aggregation tools also are important parts of MCDM process. 
Ye [14] developed the operational laws and cosine measure of single-valued neutrosophic hesitant fuzzy 
elements (SVNHFEs), and proposed the single-valued neutrosophic hesitant fuzzy weighted average 
(SVNHEFWA) operator and single-valued neutrosophic hesitant fuzzy weighted geometric (GVNHFWG) 
operator to aggregate SVNHFEs. Sahin and Liu [15] constructed the decision-making approach based 
on the correlation coefficient and weighted correlation coefficient of SVNHFEs. Biswas et al. [16] 
put forward several approaches for decision-making under SVNHF environment by using distance 
measures of SVNHFEs. Liu and Luo [17] proposed the single-valued neutrosophic hesitant fuzzy 
ordered weighted average (GVNHFOWA) operator and single-valued neutrosophic hesitant fuzzy 
hybrid weighted average (GSVNHFHWA) operator, and applied them into MCDM process. Liu and 
Zhang [18] developed the single-valued neutrosophic hesitant fuzzy Heronian mean aggregation 
operators to deal with MCDM problems. Liu and Shi [7] defined the operational laws of INHFSs and 
proposed interval neutrosophic hesitant fuzzy generalized weighted average (INHFGWA) operator, 
interval neutrosophic hesitant fuzzy generalized ordered weighted average (INHFGOWA) operator, 
and interval neutrosophic hesitant fuzzy generalized hybrid weighted average (INHFGHWA) operator. 
Ye [19] determined the ranking of alternatives combined with the correlation coefficient of INHFSs. 

The aforementioned decision-making methods are applied to the situation of the aggregated 
arguments and are in the same priority; whereas, in many real situations, criteria always have different 
priorities. For example, a mother chooses the dried milk for her baby, the criteria she considers 
are price and safety. Obviously, a prioritization ordering exists between the criteria, i.e., safety is 
much more important than price [20]. To deal with this situation, Yager [21] proposed the prioritized 
average (PA) operator to aggregate the evaluation information concerning the criteria of different 
priorities. Since the PA operator was presented, many scholars have focused on extending the 
PA operator into the fuzzy environment. For instance, Yu [20] proposed the intuitionistic fuzzy 
prioritized weighted average (IFPWA) operator and intuitionistic fuzzy prioritized weighted geometric 
(IFPWG) operator, and investigated their properties. Yu et al. [22] extended the PA operator into IVIF 
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environment and developed the interval-valued intuitionistic fuzzy prioritized weighted average 
(IVIFPWA) operator and interval-valued intuitionistic fuzzy prioritized weighted geometric (IVIFPWG) 
operator. Liu and Wang [23] studied the aggregation operator under IN environment and put forward 
the interval neutrosophic prioritized ordered weighted average (INPOWA) operator. Furthermore, 
Wei [24] extended the PA operator into hesitant fuzzy MCDM problems. Jin et al. [25] developed 
interval-valued hesitant fuzzy Einstein prioritized weighted average (IVHFEPWA) operator and the 
interval-valued hesitant fuzzy Einstein prioritized weighted geometric (IVHFEPWG) operator through 
improving the operations of IVHFSs. However, to our best knowledge, little attention has been paid to 
the prioritized aggregation operators under SVNHF environment. 

This paper proposes the aggregation operators for SVNHFEs, in which the aggregation arguments 
have different priority levels, and develops an approach for decision-making. To do this, the rest 
of this paper is organized as follows. Section 2 briefly introduces some basic concepts of SVNS, 
HFS, SVNHFS, and the PA operator. Section 3 develops the generalized single-valued neutrosophic 
hesitant fuzzy prioritized weighted average (GSVNHFPWA) operator and generalized single-valued 
neutrosophic hesitant fuzzy prioritized weighted geometric (GSVNHFPWG) operator, and investigates 
some desirable properties and special cases of the proposed operators. Section 4 constructs an approach 
for decision-making based on the proposed operators. Section 5 provides a numerical example 
to illustrate the applications and advantages of the proposed method. Section 6 summarizes the 
conclusions of this research. 


2. Preliminaries 


In this section, we briefly introduce some basic concepts, including the definitions of NS, SVNS, 
HFS, and SVNHFS. The operations of SVNHFEs and the PA operator are also presented, which are 
used in the subsequent discussion. 


2.1. The Single-Valued Neutrosophic Set 


Definition 1. Ref. [6] Let X be a universe of discourse, with a generic element in X denoted by x. 
An NS A in X is characterized by a truth-membership function T,(x), an indeterminacy-membership 
function I,(x), and a falsity-membership function Fa(x). The functions Ta(x), I4(x), and Fa(x) 
are real standard or non-standard subsets of |~0,17|, i.e., Ta(x): X ]~0,1*[, I4(x): X >]-0,17[, 
and Fa(x):X-—]~0,1+[. Thus, the sum of three aforementioned functions satisfies the condition of 
—0 < supT,4(x) + supl4(x) + supFa(x) < 37. 


NS theory was originally proposed from the angle of philosophy and can be regarded as 
a generalization of FS, IFS, and IVIFS. However, the NS is not easily used for real scientific and 
engineering decision-making problems. To solve this limitation, Wang [8] defined the concept of SVNS, 
which is a special case of NS. 


Definition 2. Ref. [5] Let X be a universe of discourse, with a generic element in X denoted by x. AnSVNS A 
is given by 
A= {(x,Ta(x),La(x),Fa(x)) x € X}, () 


where T.4(x) is the truth-membership function, I4(x) is the indeterminacy-membership function, and F (x) 
is the falsity-membership function. For each point x in X, the functions T(x), L4(x), and F,4(x) satisfy the 
conditions of T4(x),14(x),F,4(x) € [0,1] and 0 < Ta(x) + Ia(x) + Fa(x) <3. 


2.2. The Hesitant Fuzzy Set 


During the decision-making process, decision makers sometimes may be confused when 
determining the exact membership value of an element to the set because of the existing several 
possible membership values. Considering this situation, Torra and Narukawa [10] defined the concept 
of HFS. 
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Definition 3. Ref. [10] Let X be a non-empty and finite set, an HFS A on X is defined by a function h(x) 
that when applied to X returns a finite subset of [0,1], which can be expressed as 


A= {(x,ha(x))|x € X}, (2) 


where h(x) is a set of some different values in [0,1], indicating the possible membership degrees of the element 
xEXtoAd. 


2.3. The Single-Valued Neutrosophic Hesitant Fuzzy Set 
Based on the combination of SVNS and HFS, Ye [14] proposed the concept of SVNHES. 


Definition 4. Ref. [14] Let X be a non-empty and finite set,an SVNHFS N on X is expressed as 
N= {(x,i(x),i(x), f(x))|xe x}, (3) 


where t(x = {ylrvéE cay ax) = {a]o € i(x) }, and f (x = {n In € f(x )} are three sets of some 
different me in |0, 1], denoting the possible truth-membership ae possible indeterminacy-membership 
hesitant, and possible falsity-membership hesitant degrees of the element x € X to N. And they satisfy the 
conditions of y, 6, 4 © [0,1] and 0 < supy* + supd* + supy* < 3, where y* = U,<q)max{7}, 
dt =U, 


i) ymax{d}, and y* max{n} for x € X. For convenience, we call n = {i(x),i(x),F(x)} 


5€i( refx) 
isan SVNHFE, denoted by n = ity 


Definition 5. Ref. [14] Let n = {ii fh, m= {iin fi and Np = {iin fa be three SVNHFEs, A > 0, 
then the basic operations of SVNHFEs are defined as 


ny © Ny = {i ® ty, i @ in, fi @f} = J {{n + 12-72}, {6152}, fymat hs (4) 
1 €h.01 €i1 1 € fi.72€he.02 Eine fr 


fi @ fig = {i @ ty, iy ® in, fy ef} = U _{{11 92}, {51 + 52 — 6162}, {1 + 12 — my2}}; ©) 


1 €h.01 ei €fi72Eh.2 Eee 


oe wow oc ee mh, {o"}, {"} } - 
= all} 0-0") 6-0-0} , 


Definition 6. Ref. [18] Let i = {ti Lf ft be an SVNHFE, then the score function s(n) of n is given by 


1 


s(n) = pan vit uae he (1— 7) )| /s. (8) 


where |, p,q are the numbers of values in t,i, f, respectively. Obviously, the range of s(n) is limited to [0,1]. 
Definition 7. Ref. [18] Let ny = {iin fi} and Nz = {is in, fo be two SVNHFEs, then the comparison 


method of them is expressed by 


(1) If s(m1) > s(72), then ny > 2; 
(2) If s(71) < s(f2), then ny < 1; 
(3) If s(%1) = s(n2), then ny = Np. 
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2.4. The Prioritized Average Operator 


Aggregation operators play an important role in group decision-making to fusion the evaluation 
information. In view of priority relations between the criteria, Yager [21] developed the PA operator to 
solve this problem. 


Definition 8. Ref. [21] Let C = {C,C2,...,Cn} bea collection of criteria, and priority relations between the 
criteria exist which can be expressed by the ordering of Cy > Cz > C3 > +++ > Cy. That means criteria C; has 
a higher priority level than criteria Cy if j < k. The value C;(x) is the evaluation information of alternative x 
with respect to criteria C;. Thus, if 


PA(C;(x)) = Vig WiCi(*), (9) 


then the function PA is called the prioritized average (PA) operator, where w; = T;/ yA T;,Tj = To Cy (x), 
Ty =1. 


3. Generalized Single-Valued Neutrosophic Hesitant Fuzzy Prioritized Aggregation Operators 


The PA operator can effectively solve the decision-making problems that the criteria have different 
priorities; however, it can only be used in the situation where the aggregated arguments are exact values. 
Combined with the PA operator and the generalized mean operators [26], we extend the PA operator to 
deal with the decision-making problems under SVNHF environment. In this section, the GGVNHFPWA 
operator and GSVNHFPWG operator are proposed, and their properties are presented simultaneously. 
Besides, several special cases of the GSVNHFPWA operator and GSVNHFPWG operator are also 
discussed through changing the values of the parameter A. 


3.1. Generalized Single-Valued Neutrosophic Hesitant Fuzzy Prioritized Average Operator 


Definition 9. Let ii = {#j,i;,f;}(j = 1,2,-..,1) be a collection of SVNHEFEs, and let GSVNHEPWA : 
O” > ©, if 








T/A 
oe = i Te Th x 
GSVNHFPWA, (71, 7i2,...,7in) = ( Lt 6S a a nt) , (10) 


n 
n 7s n 
j=1 T; j=1 T; j=1 T; 


then the function GSVNHFPWA is called the GSVNHFPWA operator. Where T; = To s(n) (j =2,...,n), 
T; = 1,and s(n,) is the score function value of SVNHFE ng. 


According to the operational laws of SVHFEs in Definition 5, we can obtain the theorem as follows. 


Theorem 1. Let nj = Jeeta (j =1,2,...,n) bea collection of SVNHFEs, then their aggregated value by 
using the GSVNHFPWA operator is also an SVNHFE, and 


Tr r 1/A 
Tht a TO -@ 7 an 
Yin Tj Yj Tj Yan Tj 


1 \ VA  \ 1A 
n are n a 
7 steel petted Og) pA Gaye) 4, 
Fb 2 Sb neein Cb Ei 02 Ei2, On Ein Ef € fav-ln fn jl é j=l (11) 


T, V/A 


J 
z 7 n = ie rv vy T; 
1 ' iG (1—m)*)4 | 





GSVNHFPWA), (jit, 7i2,..-,7in) = ( 


where T; = Wa s(n) (j = 2,...,n),T1 = 1, and s(nx) is the score function value of SVNHFE ng. 
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Proof. We can use mathematical induction to prove the Theorem 1: 
(a) Forn=1,since 


Tr 1/A T V/A 
GSVNHFPWA } (771) = (ts) = (Fit) = fy. 
j=l *j 


Obviously, Equation (11) holds for n = 1. 
(b) Forn = 2,since 


m= Ut {rt}{1-G-a)"} {1-G-m)"fh 


1€h.O€imeft 


He aang (Ot a} (1-0 mF 


12h 02€in, mE fr 


Then 


q qt Ty 
aft = U 1-(1-7) 417) t= (1= 8)" 29 —(—m)y)Ee5 
r ; fs Y , 1) } , 1 ut 1 } , 
ren eae (1-14) (1-(1-4)’) (1—(1-m)") 
Tz Ty T2 
Je fh = U Tat (qe “yh ier Tj e2A (nes b9)* Ufa Fj 1-(1- AY Yi Tj . 
Ya Tj? oe, ( 2) ( ( ) ( ( a ) ) 





We have 
T, ~Xr Th ~r 
7 ny © Sa Ho 
nt eae 
oo Ad ag) 41 1g) (1-7) (1-H) | 
1 Eb1O1 Et € fi12 €t2,62 Ein 2 € fr 


{(G aay) (( aay) \4 (( amy) ) (( a-my) 7) \ 


Ty Ty 
5 z ceelcien and a 


11h 61 tt Efi12€b22€in ME fr 


{ (@-a-ay") 7) (0 aay) 7) 1 (1am) 7) (amr) Bb 


Thus 


1/a 

De itesscs  O = 
q 

DhiT 1 Day 7 








GSVNHFPWA, (711, 771) ( 


n€h etm €fiy2€bb2€bamehr 


1 h_\\ 1A 1 mB \\ Ia 
(e-em 9 O00)" (oe-ane)(er-oye))"} 


i.e., Equation (11) holds for n = 2. 


T Te V/A 
"7 vai 
u ' Sia re aan ) 
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(c) If Equation (11) holds for n = k, we have 








1A 
bg Ti. 29 Tye Te 
GSVNHFPWA, (711, 712, --., Tix) mw € io D i 
aa Pg cela 
 \ WA % \ Wa 
k Loy k Coy 
ae Ay Y= Ti AY jan Ti 
Te | ee eee 1-II(1-7) 7 41] 1-I1(1-(1-4)") 7 : 
V1 St V2 bares Me Eth 01 Eby 02 Cin, Ok ety € frt2 € farMk Efe j=l j=1 


r 1/A 
us AY Ue Fi 
1—f1—T1(4-(—y,)*)7 


When n = k + 1, combined with the operations of SVNHFE in Definition 5, we have 


Tx Than q 
1 Fy Ne 














Tr A. Th aA 
nt ® 7 @ a 
j=1 Tj j=1 Tj yay Fey TR 
ies = ae 
k n k a p k 7 
= YM pe eo ght (t=) 9S) (a 2-4)" (a - 2-9 be 
Fr b V2 Stay orVe Eb 1 Ch 2 Cin, Ok Cie CA 2 € far Mk ES j=l j=l j=l 
Tr41 Tr41 Tk 
n nt J n 
- UL c i= (1-7) dat Ty : (a- (1 441)") Yay ; (a — (1 = ks1)*) Ya 
et te Ok Sl Me Efe 


Ty Ty; YT, 
kad got k+1 ee kH1 ore 
= A) Uy 7 6 \A\ DFT, A\ TE 
= oe ee ee cee gg ¥4ES WG) 7 9d T(t (1 -8)") BF, TT (4 - 2 )*) 
11 E12 Cb Tet Cb 411 Ch 182 Chak Sie LN EAA Mp2 E fared Cf j=l j=l j=l 


Then 


Th 5 To 
n ny q nT. 
j=1 Tj Yat J 


1; 1/a 1/A 
k41 roy k41 A\ Sat 
Sn ts oe ek LU a. Be : 1-Th(1-4) 7" 41- (1-11 (1-@a-§)") 
WV St 12 Cbs Veen beg 101 Eh 02 Shak te EFL E fore Mk Efe j=l j=l 








GA 
ny @-:- Oa Tk 


1/A 
That xa 
f—dod 


1 1/A 
k+1 rt Voy 
1—J1- 1-(1- d 
( 1 ( (1—m) ) 


i.e., Equation (11) holds for n = k + 1, thus we can confirm Equation (11) holds for all n. The proof 
of Theorem 1 is completed. 














Some desirable properties of the GSVNHFPWA operator are presented as below. 


Theorem 2. (Idempotency) Let nj = {tin Fi} =1,2,...,n) be a collection of SVNHFEs, where 
Tj = Tha s(x) (i =2,...,n),T; = 1, and s(n) is the score function value of SVNHFE ng. [If all 
nj = {tit Fi} G = 1,2,...,n) are equal, i.e., nj =n= {fhe y,i =6,and f =n, then 


GSVNHEPWA, (71, 7i2,...,7in) = 71 = {Ei f}. (12) 
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Proof. Since nj =n= {Lif}, by Theorem 1, we have 





VNHEPWA (iit, 72, ..-Fin) = ja ~ 
GSVNHFPWA (7 7a, -/7in) (sta ‘wah Bat 


Tj 1/a 1; V/A Tj V/A 
(1- hha") 11> (1-f40-0-99) | f= (-fh6-0-n9") i 

; j=l j=l j=l 
mem \ VA Ehat \ A Eat VA 
=o A (-e-n) Jf (-¢-0-09%) | f= (--0-09*) i 
yEtLoeinef 


Sie Ay eee bias ( — oy hh U f(r} {oh ia aaa (E7f. 


VELoei nef 











Then, the proof of Theorem 2 is completed. 





Theorem 3. (Boundedness) Let nj = {vii fi} =1,2,...,n) be a collection of SVNHFEs, where 
Tj = Tha $7) (i =2,.yn) l=, and s(n) is the score function value of SVNHFE in. 
And let i = ({y-}.{8+} yt }} and = {Cy} {E-} 1}, where y* =U, gmax{ yi}, 
6+ = Us,<7,max{dj}, i Upepmaxtit, y= U,camin{ ry}, é- = Us,<q,min{9j}, 
and y~ = Uy epmintmy}- Then 


in < GSVNHFPWA, (71, 712,.-.,7in) <7. (13) 


Proof. Since y" < 1; < 1,6. < b.< d¢,andy~ < ni < 47. First, when A € (0,00), then 
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Y} > cae = y} <1- (v)*, (1 = 7) Bay (1 = Cae va j 
Tj Tj 
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- Ts 
n yl TT. n yl TT. 
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fi- < GSVNHEPWA, (iit, fiz, ... Tin) <i. 


If s(n) = s(n), ie., 
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Then 
GSVNHFPWA ) (711, 712, ..., In) = nt. 


Based on analysis above, we have 
fi < GSVNHFPWA } (71, fi2,..-,7in) < TA € (0,00). 
Similarly, we can obtain 


fi < GSVNHFPWA, (ii1, 7i2,...,7in) < 71*A € (—0,0). 











The proof of Theorem 3 is completed. 





Theorem 4. (Monotonicity) Let nj = {7 jr iF} =1,2,...,n) and nj = Gz i* YG = =1,2,...,n) 


be two collections of SVNHFEs, where Tj = [Tj 45 GG = 2s ES TR 1s(7 DG 2 eas); 
T; = Ty =1, s(7,) and s(7g) are the score values of SVNHFE ing wba ne eee If nj < nj 
(j =1,2,...,n), then 


GSVNHEPWA j (ii, 772, . Fin) < GSVNHEPWA, (71%, 773, ..., 77°). (14) 











Proof. It directly follows from Theorem 3. 





Special cases of the GSVNHFPWA operator are shown as follows. 


(1) IfA =1, then the GSVNHFPWA operator is reduced to the single-valued neutrosophic hesitant 
fuzzy prioritized weighted average (GVNHFPWA) operator: 





shag! _ Ti. 32 Te Hee, 22 
SVNHFPWA (7i1, 7i2,...,7in) = (= ri Z oa "an (15) 
jai Tj dj Tj" j=l “j 


(2) If A +0, then the GSVNHFPWA operator is reduced to the single-valued neutrosophic hesitant 
fuzzy prioritized weighted geometric (GVNHFPWG) operator: 





qq Ty Tn 
SVNHFPWG (ii1, fo, “es Mn) — («m Beaty ® (12) Liat Tj Qs ® (fin) Yj=1 ") : (16) 


(3) IfA = 2, then the GSVNHFPWA operator is reduced to the single-valued neutrosophic hesitant 
fuzzy prioritized weighted quadratic average (GVNHFPWQA) operator: 





1/2 
ee ss TY, <a ae Th 39 
SVNHFPWQA (111, 12,--., fn) = ny 4 Ny D---4 n ; (17) 
n ny T; JM nae T; yey 7; n 


(4) IfA =3, then the GSVNHFPWA operator is reduced to the single-valued neutrosophic hesitant 
fuzzy prioritized weighted cubic average (GVNHFPWCA) operator: 





1/3 
ii Tye = ie 
SVNHFPWCA (ji, fiz, ..-,7in) = ( on Oe ee “= . (18) 
oe ae ae 
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(5) IfA = 1 and the aggregated arguments are in the same priority level, then the GGVNHFPWA 
operator is reduced to the single-valued neutrosophic hesitant fuzzy weighted average 
(SVNHFWA) operator [14]: 


SVNHEWA (fi, fin, ..., 7in) = (Wy it, © Woilz O «++ @ Whiin). (19) 


(6) If A +0 and the aggregated arguments are in the same priority level, then the GGVNHFPWA 
operator is reduced to the single-valued neutrosophic hesitant fuzzy weighted geometric 
(SVNHFWG) operator [14]: 


SVNHEWG (iit, fi2,..-, Fin) = (717! @ HM? @ --- @ Hr), (20) 


(7) Ifw=(1/n,1/n,...,1/n)', A =1,and the aggregated arguments are in the same priority level, 
then the GSVNHFPWA operator is reduced to the single-valued neutrosophic hesitant fuzzy 
arithmetic average (GVNHFAA) operator: 


oe oe x Wot 2 os = 
SVNHFAA (11, 12,..-,7in) = 7 (i Op ++: OMn). (21) 


(8) Ita =(/nl/n,2<g1f n)', A — 0,and the aggregated arguments are in the same priority level, 
then the GSVNHFPWA operator is reduced to the single-valued neutrosophic hesitant fuzzy 
geometric average (SVNHFGA) operator: 


SVNHEGA (711, 7i2, ..., Fin) = (7iq @ Fin @ +++ @ Fig)". (22) 


3.2. Generalized Single-Valued Neutrosophic Hesitant Fuzzy Prioritized Geometric Operator 
Based on the GSVNHFPWA operator investigated above, we develop the GGSVNHFPWG operator 


as the following. 
Definition 10. Let ij = {7j,4j, f; }(j = 1,2,...,n) bea collection of SVNHFEs, and let G)VNHFPWG : 
O” => O, if 





T- T: T 
1 7 1 : 7 2 - - n : 
GSVNHFPWG, (iit, fiz, .. fin) = + (amy 7 @ (Afiz)*=17 @---@ (Afiy) "= "), (23) 


then the function GSVNHFPWG is called the GSVNHFPWG operator. Where T; = iq SUA = Qype neg ty 
T, = 1,and s(nx) is the score function value of SVNHFE nx. 


Similarly, according to the operations of SVHFEs in Definition 5, the theorem is obtained as below. 


Theorem 5. Let nj = staal (j =1,2,...,n) bea collection of SVNHFEs, then their aggregated value by 
using the GSVNHFPWG operator is also an SVNHFE, and 


Th Th 
1 op oT a 7 
GSVNHFPWG, (71, 7i2,..-, fin) = > (Ani,) “=1") @ (Afiz) 1) @ ++ @ (Aiin) 


be T/A 1; T/A 
n pron n oot 
~ wet pencence ace VV fI-HG-G-w) |} py -nG-a 7] p. 2 
1 SB 2 Ebon tnt Eh 02 i2,.1n Einviy Eft €fareuln Efn j=l j=l ! 


7 1/A 
{(-fe-9") |} 


where Tj = uc s(M)(j =2,...,n),T, = 1, and s(n,) is the score function value of SVNHFE ix. 
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Proof. The proof procedure of Theorem 5 is similar to Theorem 1. 





Some desirable properties of the GSVNHFPWG operator are presented as below. 


Theorem 6. (Idempotency) Let nj = {i jr AS =1,2,...,n) be a collection of SVNHFEs, where 
= = Tas s(My)(j =2,...,n),T; = 1, and s(n,) is the score function value of SVNHFE ny. If all 
= jr i ASG = 1,2,...,n) are equal, i.e., nj =n= {taf b= y,i = 6,and f =n, then 


GSVNHFPWG, (iy, 7i2,...,7in) = 7 = feed fe (25) 











Proof. The proof procedure of Theorem 6 is similar to Theorem 2. 





Theorem 7. (Boundedness) Let nj = Ve th | ORT Reset) be a collection of SVNHFEs, 
where T; = Tha S(e)(G=2,---0)T = 1, and s(n) is the score value of SVNHFE nx. 
And let n~- ={{y_}, {oT}, {y*}} and nt = {{y*}, {5}, {4 }}, where as, eEmax{ 7}, 


bt = te jElj pmax {dj pp qt = eft}: Y = U,,<,min{ 7; }, é = B) ij -min{ 6; ie and 





i Uy, epmin{n}- Then 


fi < GSVNHFPWG, (ii, fi2,...,7in) < 717. (26) 














Proof. The proof procedure of Theorem 7 is similar to Theorem 3. 


Theorem 8. (Monotonicity) Let nj = {7 jr TAS =1,2,...,n) and nj = {i# 1 Af \G= = 1,238 et) 


be two collections of SVNHFEs, where Tj = Ta) s(x) (j =2,...,n), Tf = Tas 6) = 2cagt 
T, = Tf = 1, s(m,) and s(n{) are the score function values of SVNHFE nx and ni, respectively. 
If nj < nj (j =1,2,...,n), then 


GSVNHFPWG, (jij, iz, .. .,7in) < GSVNHFPWG, (ii, 713,..., 77%). (27) 











Proof. It directly follows from Theorem 7. 





Special cases of the GSVNHFPWG operator are shown as follows: 


(1) IfA =1, then the GSVNHFPWG operator is reduced to the single-valued neutrosophic hesitant 
fuzzy prioritized weighted geometric (GVNHFPWG) operator: 


Ty T) Tn 
SVNHFPWG (71, 72, .-.,7in) = (cio 17 @ (f2)=17 @---@ fm. (28) 


(2) IfA =1 and the aggregated arguments are in the same priority level, then the GGVNHFPWG 
operator is reduced to the SVNHFWG operator [14]: 


SVNHFWG (ii, No,.. o/h) = ((71) & (fiz)? SQ: (fin)"™). (29) 


(3) Ifw=(1/n,1/n,...,1/n)', A =1,and the aggregated arguments are in the same priority level, 
then the GSVNHFPWG operator is reduced to the SVNHFGA operator: 


SVNHFGA (711, 712, ..., Fin) = (71 @ fin @ +++ @ Fig). (30) 


Information 2018, 9, 10 13 of 19 


4. An Approach for Decision-Making under Single- Valued Neutrosophic Hesitant 
Fuzzy Environment 


In this section, we utilize the GSVNHFPWA operator and GSVNHFPWG operator to 
solve the MCDM problems under SVNHF environment, respectively. For a MCDM problem, 
let A = {A1, A2,... Am} be a set of m alternatives to be evaluated, C = {C1,C2,...,Cy} be a collection 
of criteria that prioritizations between the criteria expressed by the linear ordering C;} > C2 > --- > Cn 
exist, i.e., criteria C; has a higher priority level than the criteria C; if ] < k. Decision makers evaluates 
the alternatives over the criteria by using SVNHFEs, let N = Geo = onan = L2n.ap) 
be an SVNHF decision matrix, and njj = {fa hindi is the evaluation information given by 
decision maker. Where a = {vi| ij E ty represents the possible degrees that the alternative 


A; satisfies the criteria C; provided by decision maker, iy — { 6 





dij € iii} represents the possible 
indeterminacy degrees that decision maker judges whether the alternative A; satisfies the criteria C;, 
and fij = { ni 
criteria C; provided by decision maker. 

Based on the assumptions above, we use the GSVNHFPWA operator or GSVNHFPWG operator 
to construct an approach for decision-making under SVNHF environment. The main steps are 
presented below. 





Nij € i} represents the possible degrees that the alternative A; does not satisfy the 


Step 1. Calculate the values of Ty(i =1,2,...,m;j =1,2,...,n) by the equations as follows. 
(2%. ye a : 
T= [he 8G 12, ce S12 Ta (31) 


Step 2. Utilize the GSVNHFPWA operator: 





1/XrA 

s Buea S Li aA Fig pe a Tin px. yA 
n; = GSVNHFPWA ) (711, Hi2,-.- Ni )= : (Hi1) f Nj2 p---G Ni 
i i,j in Be Tj i t al 7; i ) : : yan T; | in) 

Tj 1/aA 

n A\ YE, Ti 
tw ce he att ae NO ya cierto, gee Mele te ee / (32) 
Via Stn Vi2 tia Vin Cin Oin Chir 62 Chi2,---Oin Clin Mir € fia Mi2 € fiae--Min Cin j=1 


als 








re 
ll 


Tj 1/rA Tj 1/A 
VAY Sea Tif A VAY San Ti 
1 ( m(1 (1-6j)")" nt ( m(1 (1-,)*)" 


or the GSVNHFPWG operator: 


T; T; 
7 7] 7 Tin 


e ames ns We Ate A 2 F ~ \D 
nj = GSVNHFPWG, (iti, 712, ---, in) = a (Afi) YI Tj @ (Aig) 4i=1 ag @+++@ (Alig) 2 








is 





on 
Il 


Tj 1/rA 
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= f= T= (1) , (33) 
Vir Stn Via Ctiae--/Vin tin dir Chin O12 Chine 0in lin Ain fi Mi2 © fiaMin Ef in 1 


Tj 1/A Ty 1/A 
1 (=f) 14 (+-s86- 0") |} 


to aggregate the SVNHF decision matrix N = (7ij) ,,,,,, into the SVNHFE ii; = ee of 


mx 
each alternative. 
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Step 3. Rank all the alternatives by calculating the score function value of the SVNHFE n; = {i,t fit 
combined with Definition 6. 


= 1 1 1 
s(nj) = T,unch ait 9 mich (lo) + qaene hi = m) /s. (34) 


Then the bigger the score function value s(7;), the higher the ranking of alternative x; will be. 


5. Numerical Example 


In this section, we apply a numerical example of MCDM problem under SVNHF environment to 
illustrate the applications and advantages of the proposed method [14]. 


5.1. Implementation 


Suppose that an investment company wants to invest a sum of money in a target company. 
After a market survey, four alternative companies are identified to be chosen from, namely, a car 
company (Aj), a food company (A2), a computer company (A3), and an arms company (Ay). 
To evaluate the investment potential of a company needs to consider many aspects, such as the 
growth prospects of the company, risk degree of the investment, and the impact of the company on 
the environment. Therefore, the investment company shall evaluate the four alternative companies 
above with respect to three criteria, namely, the environmental impact (Cj), the risk (C2), and the 
growth (C3). In the real decision-making process, compared with determining the weights of criteria, 
identifying the priority level of criteria is more feasible and accurate. Then, according to the weight 
vector of three criteria w = (0.40, 0.35, 0.25)" [14], we set up the criteria C, with the first priority level, 
followed by criteria C2 and C3. Decision makers from the investment company express the evaluation 
information combined with SVNHFEs, and the SVNHF decision matrix N = (1; er is obtained 
shown in Table 1 [14]. 


Table 1. SVNHF decision matrix. 





Alternatives Cy C2 C3 
Aj {{0.2, 0.3}, {0.1, 0.2}, {0.5,0.6}} {{0.3, 0.4, 0.5}, {0.1}, {0.3, 0.4}} — {{0.5, 0.6}, {0.2, 0.3}, {0.3, 0.4}} 
Ad {{0.6, 0.7}, {0.1, 0.2}, {0.1, 0.2}} {{0.6, 0.7}, {0.1, 0.2}, {0.2, 0.3}} {{0.6, 0.7}, {0.1}, {0.3}} 
A3 {{0.5, 0.6}, {0.1}, {0.3}} {{0.5, 0.6}, {0.4}, {0.2, 0.3}} {{0.6}, {0.3}, {0.4}} 
Ay {{0.3, 0.5}, {0.2}, {0.1, 0.2, 0.3}} {{0.7, 0.8}, {0.1}, {0.1, 0.2}} {{0.6, 0.7}, {0.1}, {0.2}} 


Then, we use the proposed method to determine the ranking result of the four alternative 
companies, which are presented as follows. 


Step 1. Calculate the values of T;j(i = 1,2,3,4;j = 1,2,3) according to Equation (31) as follows: 


1.000 0.5167 0.3358 
. 1.000 0.7833 0.5875 
J ~~ | 1.000 0.7167 0.4539 

1.000 0.6667 0.5556 


Step 2. Utilize the GSVNHFPWA operator (which the parameter A = 1) to aggregate the SVNHF decision 
matrix N = (fj), (i = 1,2,3,4;j = 1,2,3) into the SVNHFE fi; = eta = 1,2,3,4) of 
each alternative company. Take the alternative company A, for instance, we have 
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and obtain the SVNHFE 7; as the following. 


M, = {{0.2922, 0.3203, 0.3220, 0.3414, 0.3489, 0.3556, 0.3675, 0.3691, 0.3811, 0.3941, 
0.4004, 0.4242}, (0.1134, 0.1220, 0.1648, 0.1774}, (0.3953, 0.4164, 0.4283, 0.4512, 
0.4361, 0.4595, 0.4726, 0.4979}}. 


Similarly, the SVNHFEs of other alternative companies can be computed as follows: 


= {{0.6000, 0.6275, 0.6363, 0.6613, 0.6457, 0.6701, 0.6778, 0.7000}, {0.1000, 0.1257, 
0.1340, 0.1684}, {0.1651, 0.1887, 0.2211, 0.2528}}; 


nz = {{0.5228, 0.5567, 0.5694, 0.6000}, {0.1989}, {0.2787, 0.3186}}; 
fig = ({0.5280, 0.5608, 0.5821, 0.6111, 0.5943, 0.6225, 0.6408, 0.6657}, {0.1366}, 
{0.1189, 0.1464, 0.1625, 0.2000, 0.1950, 0.2400}}. 
Step 3. Calculate the score function value of the SVNHFE 7; by using Equation (34): 


s(7i,) = 0.5902, s (fiz) = 0.7711, (713) = 0.6882, s(7i4) = 0.7623. 


Then, we can obtain the ranking order of four alternative companies is Az > Ag > A3 > Aj, 
the food company Az is the best alternative. 

If we replace the GSVNHFPWA operator in the aforementioned procedures with the 
GSVNHFPWG operator, the decision-making steps of the proposed method can be described as follows. 


Step 1’. See Step 1. 
Step 2’. Utilize the GSVNHFPWG operator (which the parameter A = 1) to aggregate the SVNHF decision 


matrix N = (i), (i = 1,2,3,4;j = 1,2,3) into the SVNHEE ii; = {tii fill = 1,2,3,4) of 
each alternative company. Take an alternative company A, for example, we have 
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and obtain the SVNHFE 77; as the following: 


ny = {{0.2644, 0.2733, 0.2865, 0.2961, 0.3049, 0.3151, 0.3291, 0.3402, 0.3566, 0.3686, 
0.3795, 0.3923}, {0.1190, 0.1401, 0.1733, 0.1931}, (0.4163, 0.4324, 0.4408, 0.4562, 
0.4825, 0.4968, 0.5043, 0.5179}. 


Similarly, the SVNHFEs of other alternative companies can be computed as follows: 


Nz = {{0.6000, 0.6234, 0.6314, 0.6559, 0.6403, 0.6652, 0.6738, 0.7000}, {0.1000, 0.1344, 
0.1436, 0.1763}, {0.1866, 0.2217, 0.2260, 0.2594}}; 


nz = {{0.5194, 0.5517, 0.5649, 0.6000}, {0.2531}, {0.2917, 0.3222}}; 


na = {{0.4600, 0.4781, 0.4788, 0.4976, 0.5789, 0.6016, 0.6026, 0.6262}, {0.1465}, 
{0.1261, 0.1565, 0.1712, 0.2000, 0.2196, 0.2467}}. 


Step 3’. Calculate the score function value of the SVNHFE 7; by using Equation (34): 


s(ii1) = 0.5669, 5(7iz) = 0.7622, s(7i3) = 0.6663, s(7i4) = 0.7358. 


Then, we can obtain the ranking order of four alternative companies is Az > Ag > A3 > Aj, 
and the food company Az is also the best alternative. 

In real life, decision makers may determine the value of the parameter A according to the 
decision-making problem itself or their preference. To analyze the influence of the parameter A on the 
final ranking result, we change the parameter A of the GSVNHFPWA operator and GSVNHFPWG 
operator in the numerical example above. Different values of the parameter A are provided, such as 
0.001, 0.5, 1, 2, 3, 5, 10, 20, and 50, which is determined by decision makers in decision-making process. 
Combined with the proposed method, we can obtain the score function values of four alternative 
companies, then the ranking results are determined as shown in Tables 2 and 3. Tables 2 and 3 show 
that when the GSVNHFPWA operator is used to aggregate arguments, the best alternative is the 
food company Az for 0 < A < 3, but the best alternative is the arms company A, for 5 < A < 50. 
Besides, when the GSVNHFPWG operator is used to aggregate arguments, the best alternative is 
always the food company A for 0 < A < 50, however, there are some differences in specific ranking 
for A = 50. Thus, the different ranking results indicate that the parameter A plays a very important 
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role in the aggregation process; decision makers should be cautious to determine the value of A in real 
decision-making process. 


Table 2. Score function values obtained by the GSVNHFPWA operator and the rankings of alternatives 
for different values of A. 





The Value of A s(111) s(2) s(n3) s(114) Ranking 
A = 0.001 0.5834 0.7702 0.6856 0.7571 Ag > Ag> A3 > Ay 
A=0.5 0.5866 0.7706 0.6869 0.7596 Ag > Ag> A3 > Ay 
A=1 0.5902 0.7711 0.6882 0.7623 Ag > Ag > A3 > Ay 
A=2 0.5984 0.7721 0.6910 0.7676 Ag > Ag > A3 > Ay 
A=3 0.6071 0.7732 0.6937 0.7727 Ag > Ag> A3 > Ay 
A=5 0.6232 0.7753 0.6991 0.7811 As © Ag dae Ay 
A= 10 0.6500 0.7810 0.7109 0.7954 Ag > Ap > A3 > Aj 
A = 20 0.6734 0.7902 0.7253 0.8104 Ag > Az > A3 > Ay 
A = 50 0.6927 0.8023 0.7394 0.8261 Ag > Ar > A3 > Ay 


Table 3. Score function values obtained by the GSVNHFPWG operator and the rankings of alternatives 
for different values of A. 





The Value of A s(n4) s(n2) s(13) s(4) Ranking 
A= 0.01 0.5735 0.7667 0.6766 0.7454 Aa > Ag > A3 > Aj 
A=0.5 0.5704 0.7647 0.6718 0.7408 Ag > Ag> A3> Ay 
A=1 0.5669 0.7622 0.6663 0.7358 Ag > Ag> A3 > Ay 
A=2 0.5592 0.7569 0.6553 0.7251 Aa > Ag > A3 > Ay 
A=3 0.5512 0.7518 0.6459 0.7152 Ag + Ay + Ag > Ay 
A=5 0.5372 0.7435 0.6324 0.6998 Ag > Ag> A3 > Ay 
A=10 0.5166 0.7317 0.6132 0.6806 Aa > Ag > A3 > Ay 
A = 20 0.5013 0.7311 0.5964 0.6686 Aa > Ag > A3 > Aj 
A =50 0.5718 1.0000 0.8765 0.8030 Aa > A3 > Ag > Aj 


5.2. Comparison and Discussion 


To further verify the effectiveness of the proposed method, we compare the aforementioned 
ranking order with the results of other decision-making methods for analyzing the same numerical 
example as shown in Table 4; these methods include the SVNHFWA operator and SVNHFWG 
operator [14], correlation coefficient of DHFSs [27], correlation coefficient of SVNEs [28], and correlation 
coefficient of SVNHFEs [15]. From Table 4, we can see that the ranking order of four alternatives 
obtained by the SVNHFWA operator is Ay > Az > A3 > A, due to the feature of emphasizing 
group major points; besides, the ranking order of four alternatives in other methods are always 
Az > Ag > A3 > Aj, which is consistent with our proposed method. 


Table 4. Comparison result of different decision-making methods. 





Decision-Making Method Ranking 
The GSVNHFPWA operator (A = 1) Ag > Ag > A3 > Ay 
The GSVNHFPWG operator (A = 1) Ag > Ag > A3 > Ay 
The SVNHFWA operator Ag > Az > A3 > Ay 
The SVNHFWG operator Ag > Ag > Ag > Aj 
Correlation coefficient of DHFSs Ag > Ag > Ag > Aj 
Correlation coefficient of SVNEs Ag > Ag > Ag > Ay 


Correlation coefficient of SVNHFEs Ag > Ag > A3 > Ay 
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With regard to the existing five decision-making methods above, the methods based on the 
correlation coefficient of DHFSs and correlation coefficient of SVNEs are only applicable to the 
DHF and SVN environment, respectively, while DHFS and SVNS are the specific cases of SVNHFS. 
On the other hand, the other three methods can only solve the decision-making problems that the 
criteria are in the same priority level. Therefore, the comparison result indicates that the proposed 
method, not only can deal with the decision-making problems effectively but, also has several 
advantages as follows: (1) decision makers evaluate the alternatives by using SVNHFEs, which contains 
truth-membership, indeterminacy-membership, and falsity-membership degrees, and SVNHFS is 
also a generalization of HFS, DHFS, and SVNS; thus, SVNHFEs can express more reliable evaluation 
information of decision makers; (2) the GSVNHFPWA operator and GSVNHFPWG operator can solve 
the decision-making problems that the criteria are in different priority levels, which is not considered in 
other decision-making methods under SVNHF environment; and (3) the GSVNHFPWA operator and 
GSVNHFPWG operator can be reduced to several aggregation operators through adjusting the value 
of the parameter A, including the SVNHFWA operator and SVNHFWG operator [14]. Decision makers 
can determine the exact value of the parameter A to respond to the possible situations in real life. 


6. Conclusions 


This paper studies the MCDM problems under SVNHF environment, while the criteria are in 
different priority levels. Motivated by the idea of the PA operator, we develop the GSVNHFPWA 
operator and GSVNHFPWG operator for aggregating SVNHFEs based on the related researches 
of SVNS and HFS theory. Some desirable properties of the proposed operators are investigated in 
detail, such as idempotency, boundedness, and monotonicity. Furthermore, we obtained several 
special cases that reduced from the proposed operators by changing the value of the parameter A. 
Then, an approach for MCDM in which the criteria have different priorities is constructed combined 
with these operators. Finally, a numerical example is provided to illustrate the applications of the 
proposed method, and several advantages are reflected by the comparison between the proposed 
method and several existing decision-making methods. In the future, we shall investigate the SVNHF 
prioritized aggregation operators according to the different t-norm and t-conorm operational laws, 
and develop more aggregation operators for SVNHFSs. 
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Abstract: Single-valued neutrosophic sets (SVNSs) handling the uncertainties characterized by truth, 
indeterminacy, and falsity membership degrees, are a more flexible way to capture uncertainty. In this 
paper, some new types of distance measures, overcoming the shortcomings of the existing measures, 
for SVNSs with two parameters are proposed along with their proofs. The various desirable relations 
between the proposed measures have also been derived. A comparison between the proposed and 
the existing measures has been performed in terms of counter-intuitive cases for showing its validity. 
The proposed measures have been illustrated with case studies of pattern recognition as well as 
medical diagnoses, along with the effect of the different parameters on the ordering of the objects. 
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uncertainties 





1. Introduction 


The classical measure theory has been widely used to represent uncertainties in data. 
However, these measures are valid only for precise data, and hence they may be unable to give 
accurate judgments for data uncertain and imprecise in nature. To handle this, fuzzy set (FS) theory, 
developed by Zadeh [1], has received much attention over the last decades because of its capability of 
handling uncertainties. After this, Atanassov [2] proposed the concept of an intuitionistic fuzzy set 
(IFS), which extends the theory of FSs with the addition of a degree of non-membership. As IFS theory 
has widely been used by researchers [3-16] in different disciplines for handling the uncertainties in data, 
hence its corresponding analysis is more meaningful than FSs’ crisp analysis. Nevertheless, neither the 
FS nor IFS theory are able to deal with indeterminate and inconsistent information. For instance, we 
take a person giving their opinion about an object with 0.5 being the possibility that the statement is 
true, 0.7 being the possibility that the statement is false and 0.2 being the possibility that he or she is not sure. 
To resolve this, Smarandache [17] introduced a new component called the “indeterminacy-membership 
function” and added the “truth membership function” and “falsity membership function”, all which are 
independent components lying in ]0~,1* [, and hence the corresponding set is known as a neutrosophic 
set (NS), which is the generalization of the IFS and FS. However, without specification, NSs are difficult 
to apply to real-life problems. Thus, a particular case of the NS called a single-valued NS (SVNS) has 
been proposed by Smarandache [17], Wang et al. [18]. 

After this pioneering work, researchers have been engaged in extensions and applications 
to different disciplines. However, the most important task for the decision-maker is to rank the 
objects so as to obtain the desired object(s). For this, researchers have made efforts to enrich the 
concept of information measures in neutrosophic environments. Broumi and Smarandache [19] 
introduced the Hausdorff distance, while Majumdar [20] presented the Hamming and Euclidean 
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distance for comparing the SVNSs. Ye [21] presented the concept of correlation for single-valued 
neutrosophic numbers (SVNNs). Additionally, Ye [22] improved the concept of cosine similarity for 
SVNSs, which was firstly introduced by Kong et al. [23] in a neutrosophic environment. Nancy and 
Garg [24] presented an improved score function for ranking the SVNNs and applied them to solve the 
decision-making problem. Garg and Nancy [25] presented the entropy measure of order a and applied 
them to solve decision-making problems. Recently, Garg and Nancy [26] presented a technique for 
order preference by similarity to ideal solution (TOPSIS) method under an interval NS environment 
to solve decision-making problems. Aside from these, various authors have incorporated the idea 
of NS theory into the similarity measures [27,28], distance measures [29,30], the cosine similarity 
measure [19,22,31], and aggregation operators [22,31-40]. 

Thus, on the basis of the above observations, it has been observed that distance or similarity 
measures are of key importance in a number of theoretical and applied statistical inference and 
data processing problems. It has been deduced from studies that similarity, entropy and divergence 
measures could be induced by the normalized distance measure on the basis of their axiomatic 
definitions. On the other hand, SVNSs are one of the most successful theories to handle the uncertainties 
and certainties in the system, but little systematic research has explored these problems. The gap in 
the research motivates us to develop some families of the distance measures of the SVNS to solve 
the decision-making problem, for which preferences related to different alternatives are taken in the 
form of neutrosophic numbers. The main contributions of this work are summarized as follows: 
(i) to highlight the shortcomings of the various existing distance measures under the single-valued 
neutrosophic information through illustrative examples; (ii) to overcome the shortcomings of the 
existing measures, this paper defines some new series of biparametric distance measures between 
SVNSs, which depend on two parameters, namely, p and t, where p is the Ly norm and t identifies 
the level of uncertainty. The various desirable relations between these have been investigated in 
detail. Then, we utilized these measures to solve the problem of pattern recognition as well as medical 
diagnosis and compared their performance with that of some of the existing approaches. 

The rest of this paper is organized as follows. Section 2 briefly describes the concepts of 
NSs, SVNSs and their corresponding existing distance measures. Section 3 presents a family of 
the normalized and weighted normalized distance measures between two SVNSs. Some of their 
desirable properties have also been investigated in detail, while generalized distance measures have 
been proposed in Section 4. The defined measures are illustrated, by an example in Section 5, using the 
field of pattern recognition and medical diagnosis for demonstrating the effectiveness and stability of 
the proposed measures. Finally, a concrete conclusion has been drawn in Section 6. 


2. Preliminaries 


An overview of NSs and SVNSs is addressed here on the universal set X. 


2.1. Basic Definitions 


Definition 1 ([17,41]). A neutrosophic set (NS) A in X is defined by its truth membership function (T4(x)), 
an indeterminacy-membership function (I4(x)) and a falsity membership function (F4(x)), where all are 
subsets of }O~,1* |. There is no restriction on the sum of T(x), L4(x) and Fa(x); thus 0~ < sup T(x) + 
sup I4(x) + sup F4(x) < 3+ forall x € X. Here, sup represents the supremum of the set. 


Wang et al. [18], Smarandache [41] defined the SVNS, which is an instance of a NS. 
Definition 2 ([18,41]). A single-valued neutrosophic set (SVNS) A is defined as 


A = {(x,Ta(x), Ia(x), Fa(x)) | x © X} 
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where Ta : X — [0,1], I4 : X — [0,1] and Fy : X > [0,1] with Ta(x) + I4(x) + Fa(x) < 3 forall x € X. 
The values T(x), 1,(x) and F4(x) denote the truth-membership degree, the indeterminacy-membership degree 
and the falsity-membership degree of x to A, respectively. The pairs of these are called single-valued neutrosophic 
numbers (SVNNs), which are denoted by « = (U,a,Pa,Va), and class of SVNSs is denoted by P(X). 


Definition 3. Let A = (4,0 4,V,q) and B = (pg, Pp, Vp) be two single-valued neutrosophic sets (SVNSs). 
Then the following expressions are defined by [18]: 


(i) A C Bifand only if (iff) wa(x) < pp(x),p a(x) > pp(x) and va(x) > vg(x) for all x in X; 
(ii) A=BiffAC BandBCA; 

(iii) AS = {(va(x),1—pa(x), wa(x) | x © X)}; 

(io) AAB = (min(qa(x), We(x)),max(o(x),pp(x)),max(va(x),vp(x))); 

(0) AUB = (max(ja(x), up(x)),min(p a(x), pp(x)), min(va(x), vp(x))). 


2.2. Existing Distance Measures 


Definition 4. A real function d : ®(X) x ®(X) — [0,1] is called a distance measure [19], where d satisfies 
the following axioms for A,B,C € ®(X): 


(P1) 0<d(A,B) <1; 

(P2) d(A,B) =OiffA =B; 

(P3) d(A,B) =d(B, A); 

(P4) If A CBCC,thend(A,C) > d(A,B) and d(A,C) > d(B,C). 


On the basis of this, several researchers have addressed the various types of distance 
and similarity measures between two SVNSs A = (xj, a(x;),PA(%j),VA(%j)|X; € X) and 
B= (x;,MB(x;),B(Xi),VB(x;)|x; € X),i = 1,2,...,n, which are given as follows: 


(i) The extended Hausdorff distance [19]: 


Dy(A,B) 7 mex {Ima(x xi) — pa (xi)|,|ea(%i) — pa(xi) |, Ya (xi) — vp(xi)|} (1) 


(ii) The normalized Hamming distance [20]: 
1 n 
Dyn(A,B) = 3n is {na (zi) — #B(xi)| + |pa(xi) — eB(xi)| + |va(xi) — vp (xi) } (2) 


i=1 


(iii) The normalized Euclidean distance [20]: 


n 


1/2 
Dye(A,B) = (;. Lo { (a(x) — pp (xi))? + (pa (xi) — pB(xi))? + (va(xi) - vatsd?}) - 


i=1 


(iv) The cosine similarities [22]: 








Sce1(A, B) = : es nat — #p(xi)| V ee pa(xi)| V |va(xi) =a) ié 
i=l 

and 

Scs2(A, B) =1Y co | (lai) — #BQa)| + — eB(xi)| + |va(xi) =a) (5) 
jal 


and their corresponding distances denoted by Dcs; = 1— Ses; and Des2 = 1 — Ses. 
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(v) The tangent similarities [42]: 





S14(A,B) =1- d oe nat — He (xi)| V [ea (xi) — p(x) V [Yva(mi) =e) ie 





i=1 4 

and 

S12(A,B) <1 — : saa inate — pp (x;)| + ates) = op(x;)| + |va(xi) —wetel e 
i 


and their corresponding distances denoted by D7; = 1 — Sy; and Dr2 = 1— S7. 


2.3. Shortcomings of the Existing Measures 


The above measures have been widely used; however, simultaneously they have some drawbacks, 
which are illustrated with the numerical example that follows. 


Example 1. Consider two known patterns A and B, which are represented by SVNSs in a universe X given by 
A = (x,0.5,0.0,0.0 | x € X), B = (x,0.0,0.5,0.0 | x € X). Consider an unknown pattern C € SVNSs(X), 
which is recognized where C = (x,0.0,0.0,0.5 | x € X); then the target of this problem is to classify the pattern 
C in one of the classes A or B. If we apply the existing measures [19,20,22,42] defined in Equations (1)-(7) 
above, then we obtain the following: 


Pair Dy Dn Dne Desi Des2 Dr Dr 


(A.C) 0.5 0.3333 0.4048 0.2929 0.1340 0.4142 0.2679 
(B,C) 0.5 0.3333 0.4048 0.2929 0.1340 0.4142 0.2679 





Thus, from this, we conclude that these existing measures are unable to classify the pattern C with A and 
B. Hence these measures are inconsistent and unable to perform ranking. 


Example 2. Consider two SVNSs defined on the universal set X given by A = (x,0.3,0.2,0.3 | x € X) and 
B = (x,0.4,0.2,0.4 | x € X). If we replace the degree of falsity membership of A (0.3) with 0.4, and that of B 
(0.4) with 0.3, then we obtain new SVNSs as C = (x,0.3,0.2,0.4 | x € X) and D = (x,0.4,0.2,0.3 | x € X). 
Now, by using the distance measures defined in Equations (1)-(7), we obtain their corresponding values 
as follows: 


Pair Dy Dnu Dneg Desi Desz Dr Dn 


(A,B) 0.1 0.066 0.077 0.013 0.006 0.078 0.052 
(C,D) 0.1 0.066 0.077 0.013 0.006 0.078 0.052 





Thus, it has been concluded that by changing the falsity degree of SVNSs and keeping the other 
degrees unchanged, the values of their corresponding measures remain the same. Thus, there is no 
effect of the degree of falsity membership on the distance measures. Similarly, we can observe the 
same for the degree of the truth membership functions. 

This seems to be worthless to calculate distance using the measures mentioned above. Thus, there 
is aneed to build up a new distance measure that overcomes the shortcomings of the existing measures. 


3. Some New Distance Measures between SVNSs 


In this section, we present the Hamming and the Euclidean distances between SVNSs, which can 
be used in real scientific and engineering applications. 

Letting ®(X) be the class of SVNSs over the universal set X, then we define the distances for 
SVNSs, A = (Ha(x;),Pa(%i), Va (Xi) | x1 € X) and B= (up (x), eB(%i), VB (x;) | x1 € X), by considering 
the uncertainty parameter t, as follows: 
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(i) Hamming distance: 





di (A,B) = i7 i) y | — t(0.4(xi) — pa (xi)) — (Va (xi) — vB (xi) + (Ha (xi) — HB (i) (8) 
mA + | = (va (xi) — ve (x1) — (ea (xi) — p(s) + (Ha (2) — Be (2) | 








(ii) Normalized Hamming distance: 





1 n 
do(A,B) = an 48) dL | a Be 
rT] TlVaAl xy) — VB Xj 


i))| (9) 





(iii) Euclidean distance: 


1/2 











, ; | — t(wa(xi) — pa (xi)) + (Pa (xi) — pB(%:)) 4 
d3(A,B) = aa? | — t(p.a(xi) — pa(xi)) — (va(xi) — vB (xi) + (Ha (xi 
) 


+ | = #(va(xi) — va(xi)) — (e.(xi) — pa (xi) 








ya (xi))|° (10) 











(iv) Normalized Euclidean distance: 


2 1/2 





| — t(wa(xi) — pa (xi)) + (Pa (xi) — pB(%:)) 4 
t(oa(xi) — pB(xi)) — (Va(xi) — vB(mi)) + (Ha (Xi) pa (xi))|° (11) 
+ | = t(va(xi) — va(xi)) — (e.a(xi) — pa (xi) ) 








1 n 
d4(A, B) 3n(2+ fH? L 











where t > 3 is a parameter. 


Then, on the basis of the distance properties as defined in Definition 4, we can obtain the 
following properties: 


Proposition 1. The above-defined distance d(A, B), between two SVNSs A and B, satisfies the following 
properties (P1)-(P4): 


(P1) 0 < do(A,B) < 1,VA,B € ®(X); 

(P2) d>(A,B) =O iff A =B; 

(P3) d>(A, B) = do(B, A); 

(P4) If AC B CC, then dp(A,C) > do(A,B) and dp(A,C) > do(B,C). 


Proof. For two SVNSs A and B, we have 


(P1) 0 < pa(x;),pe(xi) < 1,0 < pa(xi),ep(xi) < land 0 < va(x;),vg(x;) < 1. Thus, | w(x) - 
He(xi) IS 1, | pa(xi) — pa(mi) |S 1, | valai) — vata) |S Land | t(wa(xi) — wa(xi)) IS ¢. 
Therefore, 


no) 
es 
—~ 
< 
eer 
Sa 
| 
— 
ob 
= 
ies} 
— 
= 
| 
Ss 
ies) 
— 
< 
Ss 
| 
aS) 
Bw 
— 
Rss 
Wa 


| (tua (xi) — va (xi) — 
| (toa(xi) + va(xi) — Ha(xi)) — (toa( 
| (tva(x;) + pa(xi) — HaA(xi)) — (tva( 





|< 
val) — pel) |S 24h) 
i) + pB(xi) — vB(xi)) |S 





x 
x 





Hence, by the definition of dz, we obtain 0 < d2(A,B) <1. 

(P2) Firstly, we assume that A = B, which implies that w4(x;) = Ma(xi), pa(Xi) = ep(xi), and 
va(xj;) = vp(x;) fori = 1,2,..,n. Thus, by the definition of dz, we obtain d2(A,B) = 0. 
Conversely, assuming that d)(A,B) = 0 for two SVNSs A and B, this implies that 
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+ |—t(pa(xi) — eB(xi)) — (Va(xi) — vB(%i)) 4 


| — t(Ha (xi) — eB (xi)) + (oa (Xi) — pB(%i)) + (VA (i) — vB (xi))| 
x =0 
+ |—#(v4(x;) — vp(x;:)) — (palm) — pal 








or 
| — t(wa(xi) — eB(xi)) + (a(x) — pB(xi)) + (Va(xi) — vB(x%i))| = 0 


| — t(oa(xi) — pB(xi)) — (va(xi) — vB(xi)) + (Ha(%i) — wa (xi))| = 0 
| — t(v4 (xi) — vB(xi)) — (a(x) — pB(xi)) + (Hai) — vB(x%i))| = 0 





After solving, we obtain p4(x;) — Mp(x;) = 0, pa(xi) — pB(x;) 
which implies p14 (x;) = fa (%i), Pa(Xi) = pa (x;) and v4 (x ) = UB 
do(A,B) = Oiff A=B. 

(P3) This is straightforward from the definition of dp. 

(P4) If A C BC C, then pa(xi) < pa(xi) < c(xi), pa(xi) 2 pa(xi) 2 pc(xi) and va(x;) = 
vp(xi) > Vvc(x;), which implies that w4 (xj) — Ma(xi) > Ha(xXi) — Uc(%i), Va(xXi) — VB(xi) < 
va (xi) — vc(mi), and pa (xi) — pB(xi) S pa(%Xi) — Pc(xi)- 

Therefore, 


0 and va(x;) — vp(xi) = 0, 
). Therefore, A = B. Hence 


(x; 


— t(HA (xi) — eB(xi)) + (ea (xi) — pla) + (Va (xi) — vB (xi) 
S| —#(wa(xi) — Heli) + (ea (i) — ec (xi) + (vali) — ve(%i))| 
— t(pa(xi) — eB(xi)) — (vai) — vali) + fee HB(xi)) 
< | —#(pa(%i) — pcl%i)) — (Va (xi) — Ve(2i)) + (Ha (mi) — Bc (i))| 

— t(va(2i) — vB (xi)) — al ) — pp(xi)) + (Ha (xi) — Ha (xi) 
< | — #(va(xi) — ve(%i)) — (0a (xi) — peli) + (Hai) — Bc (i))| 


By adding, we obtain d2(A, B) < d2(A,C). Similarly, we obtain d2(B,C) < d2(A,C). 


x 
xj 


x 
Xi 








1 














Proposition 2. Distance d4 as defined in Equation (11) is also a valid measure. 


Proof. For two SVNSs A and B, we have 


(P1) O < pa(xi),ea(%i) < 1,0 < pa(x),pp(xi) < 1 and 0 < va(x;),vp(xi) < 1. 
Thus, | pa(xi) — ea(xi) |< 1, | pa(xi) — pa(xi) |S 1, | va(xi) — ve(xi) |< 1 and 
| t(va(xi) — va(xi)) | < t. Therefore, 


| — t(Ha(xi) — we (xi)) + (oa(xi) — pa(xi)) + (Va(xi) — vB(xi))? < (2+)? 
| — t(o.a (xi) — pp(xi)) — (va (xi) — vB(xi)) + (wa (xs) — ea(xi))/? < (2+) 
| — t(v4(xi) — vB(xi)) — (ea (xi) — eB(%i) 








Hence, by the definition of d4, we obtain 0 < d4(A,B) < 1. 

(P2) Assuming that A = B implies that p4(x;) = Me (xj), pa(xi) = pB(x;) and v4(x;) = vp(x;) for 
i= 1,2,...,n, and hence using Equation (11), we obtain d4(A, B) = 0. Conversely, assuming 
that d4(A,B) = 0 implies 


| — (wa (xi) — wa (x:)) + (ea(mi) — pB(xi)) + (va(xi) — a(x)? =0 
| — t(pa(xi) — pa(xi)) — (va(xi) — va(xi)) + (Ha (i) — B(mi))? = 0 
| —#( va) — valor) — (pay) — pa) + (dale) — up (xi))|* =0 
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After solving these, we obtain 1 4(x;) — #p(xi) = 0, p4(x;) — pp (xj) = O and vy (x;) — vg(x;) = 0; 
that is, w4(x;) = MB(X;), PA(%j) = ep(x;) and vy(x;) = vg(x;) fort > 3. Hence A = B. 
Therefore, d4(A,B) = Oiff A = B. 

(P3) This is straightforward from the definition of dq. 


(P4) If AC BCC, then pa(xj) < pa(xi) < uc(xi), pa(%i) = pa(xi) = ec(xi), and va(x;) > 
vg(x;) > vc(x;). Therefore 


2 


— t(wa (xi) — wa (xi)) + (ea (xi) — pp (xi)) + 
x (va (xi) — v¢(xi)) |? 

— t(pa(xi) — pa(xi)) — (va(xi) — VBC) + (Ha ei 
< | —t(pa(xi) — pc(xi)) — (va 

— t(va (xi) — ve(xi)) — (Pa (i) — pB(mi)) + 
< | — t(va(xi) — ve(xi)) — (Pa 


(Ha (Xi) — uc (xi))? 








— 
S 
ae 
| 
5S) 
io) 
S 
a 
er 
+ 
—— 
= 
> 
— 
ee 
= 
io) 
— 
ae 
ae 
“NN 


Hence by the definition of d4, we obtain d4(A,B) < d4(A,C). Similarly, we obtain d4(B,C) < 
d4(A,C). 














Now, on the basis of these proposed distance measures, we conclude that this successfully 
overcomes the shortcomings of the existing measures as described above. 


Example 3. If we apply the proposed distance measures dz and dq on the data considered in Example 1 to classify 
the pattern C, then corresponding to the parameter t = 3, we obtain d2(A,C) = 0.3333, d2(B,C) = 0.1333, 
d4(A,C) = 0.3464 and d4(B,C) = 0.1633. Thus, the pattern C is classified with the pattern B and hence is 
able to identify the best pattern. 


Example 4. If we utilize the proposed distances dz and d4 for the above-considered Example 2, then their 
corresponding values are d2(A,B) = 0.0267, d2(C, D) = 0.0667, d4(A, B) = 0.0327 and d4(C, D) = 0.6930. 
Therefore, there is a significant effect of the change in the falsity membership on the measure values and hence 
consequently on the ranking values. 


Proposition 3. Measures d, and d3 satisfy the following properties: 


(Gi) O<d, <n; 
(ii) O0<d3 <n'/2. 


Proof. We can easily obtain that d;(A,B) = nd2(A,B), and thus by Proposition 1, we obtain 
0 < d,(A,B) < n. Similarly, we can obtain 0 < d3(A,B) < ni/2, 














However, in many practical situations, the different sets may have taken different weights, 
and thus weight w;(i = 1,2,...,n) of the element x; € X should be taken into account. In the 
following, we develop a weighted Hamming distance and the normalized weighted Euclidean distance 
between SVNSs. 


(i) The normalized weighted Hamming distance: 





ds(A, B) 
, , | — #(wa(xi) — HB (xi) + (0a (i) — eB (x)) + (va(xi) — vB(%i))| 
ana) + |= #(e4 (xi) — eB (xi) — (Va (xi) — vB (xi) + (Ha (xi) — HB (%:))| (12) 
+ | —#(va(xi) — vB (xi)) — (ea (i) — eB (xi) + (Ha (%i) — BB(%i))| 
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(ii) The normalized weighted Euclidean distance: 








de6(A,B) 
Cn [La Heale = tated) + pala) rata) + (eal) —eatay/® YY 
ana Oe +|—#(ea(xi) — (xi) — (va (xi) — vB (xi)) + (wa (ai) — ea (i))? (13) 
+|—#(va(xi) — ve (xi)) — (pa (x1) — oa (xi)) + (wa (ai) — wa (x2)) |? 











where t > 3 is a parameter. 


It is straightforward to check that the normalized weighted distance d,(A,B)(k = 5,6) between 
SVNSs A and B also satisfies the above properties (P1)-(P4). 


Proposition 4. Distance measures dz and ds satisfy the relation ds < dp. 


Proof. Because w; > 0,))_,w; = 1, then for any two SVNSs A and B, we have d5(A,B) = 
satay Dia @i{ (I — Hale) — wale) + (ea aa) — pal) + (vali) — va(#i))I + | = teas) - 
pB(xi)) — (va(xi) — vB (xi)) + (Ha(i) — wa (xi))| + | — t(va(xi) — vB(xi)) — (eae) — BC) + 
(vals) — walead)I) $< sdpy Da (| - tlea(e) — wa e)) + (ale) — pals) + (vale) - 
vp(xi))| + | — t(ea(xi) — pB(xi)) — (va(xi) — vB(xi)) + (Ha (ai) — MB(%i))| + | — E(va(xi) — vB(xi)) — 
(ea (xi) — pa(xi)) + (Ha (xi) — #e(xi))]); that is, ds(A,B) < do(A,B). 














Proposition 5. Let A and B be two SVNSs in X; then ds and dg are the distance measures. 


n 
Proof. Because w; € [0,1] and )' w; = 1 then we can easily obtain 0 < d5(A,B) < d2(A,B). 


i=1 
Thus, ds5(A, B) satisfies (P1). The proofs of (P2)-(P4) are similar to those of Proposition 1. Similar is 
true for do. 














Proposition 6. The distance measures d4 and dg satisfy the relation dg < dy. 











Proof. The proof follows from Proposition 4. 





Proposition 7. The distance measures dz and dq satisfy the inequality dg < do. 


Proof. For two SVNSs A and B, we have 











| — t(wa(xi) — wa (xi)) + (pa(xi) — pa (xi)) + (va(xi) — a(x)? < (2+ #)? 
| — t(e.a(xi) — pa(xi)) — (va(xi) — va (xi)) + (HA(%i) — wa (xi)) I? < (2 + 4)? 
| — t(va(xi) — va(x)) — (p(x) — pa(xi)) + (wa(mi) — wa(xi))? < (2 +4)? 
which implies that 
| —t(wa(xi) — ua(xi)) + (ea(xi) — eB (xi)) + (va(xi) — vB(xi)) r <1 
2+t = 
| —t(pa(xi) — eB (xi)) — (va(xi) — vB(xi)) + (Ha(%i) — BBX) r <1 
248 . 











| —t(va (xi) — va (xi) — (ea (xi) — B(x) + (HA (i) — HB (%i)) ij 4 
2+t _ 
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For any a € [0,1], we have a? < a. Therefore, 




















| —t(pa(x;) — ua(xi)) + (oa(xi) — pa(%i)) + (Val%i) — vB(%i)) F 
2+t 
< | —t(wa(xi) — ua(xi)) + (oa(xi) — pw(%i)) + (Va(xi) — vB(%i)) | 
a 2+t 
| —t(pa(xi) — eB (xi)) — (va(xi) — ve(xi)) + (Ha(%i) — HB(%i)) ij 
2+t 
Ze | —t(pa(xi) — eB (xi)) — (va(xi) — vB (xi) + (Ha(%i) — MB(%i)) 
a 2+t 
and | —t(va(xi) — ve(xi)) — (Pa(%i) — eB (xi) + (HaA(%i) — MB(%i)) r 
2+t 
Z | —t(va(xi) — ve(xi)) — (ea(%i) — pB(%i)) + (Ha(%i) — Maxi) | 
= 2+t 


By adding these inequalities and by the definition of d4, we have 

















d4(A,B) = 
og [| Haale ~ wae) + (eae — pala) + wale) —valen)PV) 
3n(2 + be dL | — t(@a (xi) — pa (xi)) — (va(xa) — va (xi) + (ea (xs) — ea(xi)) |” 
+ | —#(va(xi) — ve (ai) — (ea (xi) — on (xi) + (Hale) — wax)? 
Cn [ [= Heated ~ wold) + (eal) ~ pax) + (vale) ~ va(=))| me 
= anh) | — #(ea(xi) — pB(xi)) — (Vali) — vB (oi) + (Ha (xi) — Ha (%:))| 
PUN + | = t(va(as) — va (oi) — a(x) — pa ai) + (ta (oi) — ea (o))| 





(d2(A,B))\/? 


IA 














As A and B are arbitrary SVNSs, thus we obtain dy < \/dp. 


Proposition 8. Measures de and ds satisfy the inequality dg < ds. 














Proof. The proof follows from Proposition 7. 


The Hausdroff distance between two non-empty closed and bounded sets is a measure of the 
resemblance between them. For example, we consider A = [x1, x2] and B = [y1, y2| in the Euclidean 
domain R; the Hausdroff distance in the additive set environment is given by the following [8]: 


H(A, B) = max { | x1 —y1 |,| x2 —y2 | } 
Now, for any two SVNSs A and B over X = {x1,X2,...,Xn}, we propose the following utmost 
distance measures: 
e Utmost normalized Hamming distance: 
di!(A,B) 
: ; | — t(a (xi) — HB(%i)) + (0A (%i) — eB(%i)) + (Va (Xi) — VBC), 
3n(2 +) diemax | | — t(e.a (xi) — pa(i)) — (va (xi) — va (xi) + (Ha(xi) — wa (i), (14) 
i | — #(va(xi) — ve(xi)) — (ea (xi) — pa (xi) + (Ha (21) — Ha (2i))| 
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e Utmost normalized weighted Hamming distance: 


di!(A, B) 
: | — t(Ha (xi) — eB (xi)) + (Pa (mi) — pB(%i)) + (Va(ai) — v(m) I, 
= mary em | — t(o.a(xi) — pB(xi)) — (va(xi) — vB(xi)) + (Ha(ai) — eB(i))L,} (15) 
| — (va (xi) — vB(x:)) — (Pa (xi) — pB(%i)) + (Ha (xi) — wa (i) 


e Utmost normalized Euclidean distance: 
a5! (A, B) 
; | — t(Ha (xi) — HB (xi)) + (Pa (%:) — pB(x:)) + (Va (i) — vB(x)) 7, 


= Bn(a+h2 & ymax | — t(pa(xi) — eB(X: 
| — t(va(xi) — va(xi)) — (ea (mi) — pa (%i)) + (Ha (i) — HB(%))I 


ee 
we 
| 
— 
= 
> 
— 
Rad 
ar 
| 
= 
wo 
— 
a 
~ bed 
we 
+ 
— 
ZS 
> 
— 
Rad 
WY 
| 
= 
ies] 
— 
a 
Ww 
we 
LN 
Ft 
any 
aD 
wm 


e Utmost normalized weighted Euclidean distance: 


di!(A,B) 
1/2 





| — t(wa(xi) — pa (xi)) + (pa(xi) — e(%i)) + (Va(xi) — vB(m))?, 
1 n 
= ana pe imex | — t(pa(xi) — pa(xi)) — (va(xi) — vB(xi)) + (Ha(i) — BC), (17) 
| — t(va (xi) — vp(xi)) — (pa(xi) — pa xi) + (ea (xi) — ea (xi)) I? 














Proposition 9. The distance di!(A,B) defined in Equation (14) for two SVNSs A and B is a valid 
distance measure. 


Proof. The above measure satisfies the following properties: 


(P1) As A and B are SVNSs, so | wa(xi) — eB(xi) |< 1, | pa(xi) — pB(xi) |< 1 and | va(x;) — 
vp(x;) |< 1. Thus, 














| (tha(xi) — va(xi) — pa(%i)) — (tea (xi) — vB (xi) — pB(xi)) |S (2 +t) 
| (toa(xi) + va(xi) — Ha(%i)) — (ton (xi) + vB (xi) — hB(xi)) |S (2 +t) 
| (vg (x3) + pales) — pa(ai)) — (ve (x;) + pa (x) — pa(x)) |S 2 +8) 


Hence, by the definition of d, we obtain 0 < a (A,B) <1. 
(P2) Similar to the proof of Proposition 1. 
(P3) This is clear from Equation (14). 


(P4) Let A C B C C, which implies p4(x;) < bpa(xi) < uc (xi), pa(xi) > eB(xi) > ec(x;) and 
a ies ae i) 2 vc(xi). Therefore, | — t(wa(xi) — ua(xi)) + (pax os pp(xi)) + (va(ai) — 

va(ai))| < | — t@ta(xi) — Beli) + (ea (xi) — ecl%i)) + (Va(%i) — ve(x Dh | — t(pa(xi) — 

pw(xi)) — (va(xi) — ve (%)) + (ea(oe) — Hw ())1 < | tea) = pelo) — (vale) — ve (ai) + 

ene xi) — #c(xi))| ana | — t(va(xi) — vB (xi) — (ea (Xi) — pax )+ (Ha(xi) — HBC) S 

| — #(va (2%) = ve (24) — (ea(xi) = ec(%)) + (Ha (i) — Hc(24))|, which implies that max (| — 
t(wa(xi) — ha (xi) + (ea (xi) — pB(%i)) + (Vala) — vB(x Ml t(o.a(xi) — p(x) — (va (xi) 


x;) _ 
vp(xi)) + (Ma(xi) — (xi), | — t(va (xi) — vB(xi)) — (0a (xi) — oB(xi)) + (Ha (xi) — HB(xi))I1) 
< max (| —t(y! Ha(xi) — He(xi)) + (04 (xi) — ec (%i)) + (Va (xi) — Ve (xi) |, | — Hea (ai) — Pc(%i)) — 
(va(xi) — ve(%i)) + (Hai) — Hc(%i))| and | — t(va(xj) — ve(xi)) — (Pali) — pc(xi)) + 
(wa(xi) — uc(xi))|). Hence d# (A,B) < d#(A,C). Similarly, we obtain d#(B,C) < d#(A,C). 














Proposition 10. For A,B € &(X), di, d? and d# are the distance measures. 
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Proof. The proof follows from the above proposition. 





Proposition 11. The measures d}! and d¥ satisfy the following inequality: di! < d}?. 
Proof. Because w; € [0,1], therefore 


a$(A,B) = oe y Wj [ ( — t(waA(%i) — Bam) + (0a (21) — PB (Xi) + (Va (%i) — VB (23), 


an(2 +t) 
| — (pa (xi) — pp (xi)) — (Va (i) — vB (%i)) + (Ha (21) — HB (2:)) I — Eva (4) 
—vp(x;)) — (@a(%i) — pa(i)) + (Ha(zi) - rots) 


1 


< sree Lm (| Heal) ~ wale) + (pale) — pala) + (ale) ~ v8 
|= #(pa(xi) — pala) ~ (va lai) ~ val) + (Ha (a) ~ Ha (a)) lel ~ Avan) 
—vp (xi) — (pa(%i) — pa(3i)) + (Ha(%i) — Ha (xi))1) 

= d(A,B) 





Hence, a < ae: 











Proposition 12. The measures di and d/} satisfy the inequality dF (A,B) < d#!(A,B). 














Proof. The proof follows from Proposition 11. 


Proposition 13. The measures d}! and d¥ satisfy the inequality di < (ae. 














Proof. Because for any a € [0,1], az <a<a'/? the remaining proof follows from Proposition 7. 


Proposition 14. The measures d/! and d}! satisfy the inequality di! < a. 














Proof. The proof follows from Proposition 13. 
Proposition 15. The measures d! and dp satisfy the following inequality: 


d!! < dy 


n 
Proof. For positive numbers a;, i = 1,2,...,.n, we have max{a;} < )a;. Thus, for any two 
i i=1 


SVNSs A and B, we have d}!(A,B) = shay D#Ly max; (| — t(wa(xi) — ea (xi)) + (ea (ai) —pa(xi)) + 
(va(xi) — va(xi))I,| — tea (mi) — ee i)) —(va(xi) — va (xi)) + (Ha(%i) — #B(%i))L, | - ee 
vp(xi)) — (Pa(%i) — pB(%i)) + (Ha(xi) — Bax i))I) S sqapy Lier | — t(Ha (xi) — wa(xi)) + (pa (i) — 
pa(xi)) + (vax) — va(xi)) + | — t(pa(xi) — pa(%i)) — (va(xi) — vB (mi) + (Ha (%i) — BB (%:))| +1 - 
t(va(xi) — vB(xi)) — (ea(xi) — pB(xi)) + ome i) — He (xi))| = d2(A, B). Hence dj! < an 














Proposition 16. The measures d!! and dg satisfy the following inequality: 


di! < dy 














Proof. The proof follows from Proposition 15. 


Proposition 17. The measures dz, ds and d¥ satisfy the following inequalities: 
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: ds+dtt 
(i) dy = 3 y 





(ii) dy > [as af. 





H 
Proof. Because dy > ds and dy > a, by adding these inequalities, we obtain dz > ea On the 
other hand, by multiplying these, we obtain dz > J ds - dit. 

















4. Generalized Distance Measure 


The above-defined Hamming and Euclidean distance measures are generalized for the two SVNSs 
A and B on the universal set X as follows: 





dP(A,B) = {as iP 3 ( t(wa(xi) — HB(xi)) + (oa (xi) — eB (xi) + (Va (ai) — vB(xi))I? 
A 
+| — #(04(xi) — eB (xi)) — (va (xi) — vB (xi) + (Ha (xi) — HB (i)? (18) 





1/p 
+| — t(va (xj) — vB (xi)) — (Pa (xi) — pB(xi)) + (A(x) — ya (xi))|?) 


where p > 1 is an Lp norm and t > 3 represents the uncertainty index parameters. 
In particular, if p = 1 and p = 2, then the above measure, given in Equation (18), reduces to 
measures d2 and d4 defined in Equations (9) and (11), respectively. 


Proposition 18. The above-defined distance d?(A,B), between SVNSs A and B, satisfies the following 
properties (P1)-(P4): 


(P1) 0 <dP(A,B) <1,VA,B € ®(X); 

(P2) d?(A,B) =0,iff A =B; 

(P3) d?(A,B) =d?(B, A); 

(P4) If AC BCC, then d?(A,C) > d?(A,B) and dP(A,C) > d?(B,C). 


Proof. For p > 1 and t > 3, we have the following: 


(P1) ForSVNSs, | #a(xi) — ¥B(xi) |< 1,| pa(x;) — eB(xj) |< 1 and | v4(x;) — ve(x;) |< 1. Thus, we 

















obtain 
—(2+t) < t(wa(xi) — wa(mi)) — (Va(mi) — vB(mi)) — (Pa (xi) — p(xi)) < (2 +4) 
—(2+t) < —t(p4(xi) — pa (xi)) — (va (xi) — vB (xi) + (Ha (Xi) — HB (xi)) < (2 +4) 
eS Coa t) < —t(va(x;) = vp(x;)) ~ (eA(xi) = pB(Xi)) ae (HaA(%i)) = HB (Xi) < (2 a t) 
which implies that 
< |tya(xi) — wa(xi)) — (vax) — va(xi)) — (eax) — pala)? < (248)? 
< | —#(0a(xi) — pa(xi)) — (va(xi) — va (xi)) + (Ha (xi) — ea(mi))|" < (2 +8)? 
< | —t(va(x,) — ve(xi)) — (@a(x:) — e(xi)) + (Ha(xi)) — wa(xi)|? < (2 +4)? 
Thus, by adding these inequalities, we obtain 0 < d?(A,B) <1. 
(P2) Assuming that A = B = pwa(x) = pep(xi), pa(xi) = p(x), and va(x) = v(x), 


thus, d?(A,B) = 0. 
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Conversely, assuming that d? (A,B) = 0 implies that 


| — t(H4 (xi) — ea (xi)) + (0A(%i) — eB(xi)) + (Va(xi) — va(x;))| = 0 
| — t(p (xi) — eB(xi)) — (Va(xi) — vB(x: 
| — t(va (xi) — vB (xi 





= 
wa 
| 
—m 
no) 
> 
— 
Ess 
WY 
| 
ao) 
wo 
——~ 


and hence, after solving, we obtain w4(x;) = fa(xi), PA(xXi) = ep(xi) and v4(xj) = vp(xj). 
Thus, A = B. 

(P3) This is straightforward. 

(P4) Let A C BC C; then pa(xi) < pa(xi) < vc(%i), pa(xi) = pa(xi) 2 Pc(mi) and va(xj) = 
va(xi) = vc(x). Thus, #24 (xi) — wa (xi) > mali) — we(x), pal) — pala) < palxi) — pc(e) 
and v4 (xj) — vg(xj) < va(xj) — ee Hence, we obtain 


— t(pa (xi) — hB(xi)) + (a(x) — PBC) + (Vala) — vB(xi))I? 
< | — t(pa(xi) — pe(xi)) + (ea(xi) — Pe(xi)) + (va(mi) — Ve (xi)? 

— t(pa(xi) — pB(xi)) — (va(ai) — vB(xi)) + (HaA(xi) — wa (xi)) IP 
< | — t(pa (xi) — Pc(xi)) — (Va(xi) — Ve (xi) + (Ha (xi) — H(i) |? 

p 

ee 











and — t(va(x;) — vB(xi)) — (ea (xi) — pB(xi)) + (HaA(xi) — BB (%)) 
< | —#(v4 (xj) — ve (x)) — (ai) — p(x) 


Thus, we obtain d?(A,B) < d?(A,C). Similarly, d?(B,C) < d?(A,C). 








(Ha(xi) — Bc (xi))I? 














If the weight vector w;,(i = 1,2,...,n) of each element is considered such that w; € [0,1] 
and )}; w; = 1, then a generalized parametric distance measure between SVNSs A and B takes the 
following form: 


di,(A,B) = (aay 24H 7 Le ‘( | — t(wa (xi) — a (xi)) + (0a (Xi) — eB (%i)) + (Va (mi) — vB(xi))/P 
+| — t(ea(x:) — pa (x:)) — (va (ai) — va (xi) + (ea (a) — wa (ai)? 


1/p 
+| — t(va(xi) — vB (xi)) — (a(x) — eB (xi) + (Ha (Xi) — HB (%:) wy) (19) 





In particular, if p = 1 and p = 2, Equation (19) reduces to Equations (12) and (13), respectively. 


Proposition 19. Let w = (W4,W,...,Wn)! be the weight vector of x;,(i = 1,2,...,n) with w; > 0 
and = w; = 1; then the generalized parametric distance measure between the SVNSs A and B defined by 
Biuanon (19) satisfies the following: 

(P1) 0<di(A,B) <1,VA,B € ®(X); 

(P2) diy(A, B) = 0 iff A = B; 


(P3) diy(A,B) = dy (B, A); 
(P4) ACBCC then d!,(A,C) > di,(A,B) and d,(A,C) > di,(B,C). 











Proof. The proof follows from Proposition 18. 





5. Illustrative Examples 


In order to illustrate the performance and validity of the above-proposed distance measures, two 
examples from the fields of pattern recognition and medical diagnosis have been taken into account. 
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5.1. Example 1: Application of Distance Measure in Pattern Recognition 
Consider three known patterns A,, Az and A3, which are represented by the following SVNSs in 
a given universe X = {x1,X2,X3, x4}: 
Ay = {(x1,0.7,0.0,0.1), (x2,0.6,0.1, 0.2), (x3, 0.8, 0.7,0.6), (x4,0.5, 0.2, 0.3) } 
Ag = {(x1,0.4,0.2,0.3), (x2,0.7,0.1,0.0), (x3, 0.1, 0.1, 0.6), (x4, 0.5, 0.3, 0.6) } 
Ag = {(x1,0.5,0.2,0.2), (x2,0.4,0.1,0.2), (x3, 0.1,0.1,0.4), (x4, 0.4, 0.1, 0.2) } 


Consider an unknown pattern B € SV NS(X), which will be recognized where 
B = {(x1,0.4,0.1,0.4), (x2,0.6,0.1,0.1), (x3, 0.1,0.0,0.4), (x4, 0.4, 0.4,0.7)} 


Then the target of this problem is to classify the pattern B in one of the classes A1, Az or A3. For this, 
proposed distance measures, d1,d2,d3, da, ae and ay , have been computed from B to Ag(k = 1,2,3) 
corresponding to t = 3, and the results are given as follows: 





di(A1,B) =0.5600; dj (Az,B) = 0.2932; d1(A3,B) = 0.4668 
d>(A1,B) =0.1400; d>(Az,B) = 0.0733; dz(A3,B) = 0.1167 
d3(A1,B) = 0.3499; d3(Az,B) = 0.1641; d3(A3,B) = 0.3120 
d4(A1,B) =0.1749; d4(Az,B) = 0.0821; d4(A3,B) = 0.1560 
d!'(A1,B) = 0.0633; di!(Az,B) = 0.0300; d}!(A3, B) = 0.0567 
di#(A,,B) =0.1252; d#(A>,B) =0.0560; d!/(A3,B) = 0.1180 


Thus, from these distance measures, we conclude that the pattern B belongs to the pattern 
Az. On the other hand, if we assume that the weights of x1,%2,x3 and x4 are 0.3, 0.4, 0.2 and 0.1, 
respectively, then we utilize the distance measures ds, dg, d#! and di! for obtaining the most suitable 


pattern as follows: 


ds(A1,B) = 0.0338; ds(A2,B) = 0.0162; ds(A3,B) = 0.0233 
de(A1,B) = 0.0861; d¢(Az,B) = 0.0369; dg(A3,B) = 0.0604 
d}}(A,,B) = 0.0148; d5!(Az,B) = 0.0068; d?!(A3, B) = 0.0117 
di!(A,,B) = 0.0608; di!(Az,B) = 0.0258; d/!(A3, B) = 0.0464 


Thus, the ranking order of the three patterns is Az, A3 and Aj, and hence A2 is the most desirable 
pattern to be classified with B. Furthermore, it can be easily verified that these results validate the 
above-proposed propositions on the distance measures. 


Comparison of Example 1 Results with Existing Measures 


The above-mentioned measures have been compared with some existing measures under a NS 
environment for showing the validity of the approach whose results are summarized in Table 1. 
From these results, it has been shown that the final ordering of the pattern coincides with the proposed 
measures, and hence it shows the conservative nature of the measures. 


Information 2017, 8, 162 15 of 20 


Table 1. Ordering value of Example 1. 


Measure Value of B from 





Methods ae As As Ranking Order 
Dy (defined in Equation (1)) [19] 0.3250 0.1250 0.2500 Ayg>A3> Aj 
Correlation coefficient [19] 0.7883 0.9675 0.8615 Ag>A3> Ay 


)) [20] 0.5251 0.7674 0.6098 Ay> A3> Ao 
Scsi (defined in Equation (4)) [22] 0.8209 0.9785 0.8992 Ay)>A3> Aj 
Scsp (defined in Equation (5)) [22] 0.8949 0.9911 0.9695 Az» A3> Ay 
Sry (defined in Equation (6)) [42] 0.7275 0.9014 0.7976 Ap> A3> Ay 
S72 (defined in Equation (7)) [42] 0.9143 0.9673 0.9343 Ay>A3> Aj 


Dne (defined in Equation (3 


5.2. Example 2: Application of Distance Measure in Medical Diagnosis 


Consider a set of diseases Q = {Q; (Viral fever), Q2(Malaria), Q3(Typhoid), Q4(Stomach Problem), 
Qs (Chest problem) } and a set of symptoms S = {s; (Temperature), s2 (HeadAche), s3 (Stomach Pain), 
s4 (Cough), ss (Chest pain) }. Suppose a patient, with respect to all the symptoms, can be represented 
by the following SVNS: 


P(Patient) = {(s;,0.8, 0.2, 0.1), (s2,0.6, 0.3, 0.1), (3, 0.2, 0.1, 0.8), (sa, 0.6, 0.5, 0.1), (35, 0.1, 0.4, 0.6) } 
and each diseases Q;(k = 1,2,3,4,5) is as follows: 


Q, (Viral fever) = {(s1,0.4,0.6, 0.0), (sz, 0.3, 0.2, 0.5), (s3,0.1,0.3, 0.7), (s4, 0.4, 0.3, 0.3), (s5, 0.1, 0.2, 0.7) } 

»(Malaria) = {(s;,0.7,0.3,0.0), (s2,0.2, 0.2, 0.6), (s3,0.0,0.1, 0.9), (s4,0.7, 0.3, 0.0), (s5,0.1,0.1,0.8)} 

Q3(Typhoid) = {(s1,0.3, 0.4, 0.3), (s2, 0.6, 0.3, 0.1), (s3,0.2, 0.1, 0.7), (S4, 0.2, 0.2, 0.6), (s5,0.1,0.0,0.9)} 
( 
( 


1@) 


Q4(Stomach problem) = {(s1,0.1,0.2, 0.7), (s2,0.2, 0.4, 0.4), ($3, 0.8, 0.2, 0.0), (s4,0.2, 0.1, 0.7), (s5,0.2, 0.1, 0.7) } 
Qs(Chest problem) = {(s1,0.1,0.1, 0.8), (sz, 0.0, 0.2, 0.8), ($3, 0.2, 0.0, 0.8), (s4, 0.2, 0.0, 0.8), (s5, 0.8, 0.1, 0.1) } 


Now, the target is to diagnose the disease of patient P among Q), Q2, Q3, Q4 and Qs. For this, 
proposed distance measures, dj, d2,d3,d4, dit and di , have been computed from P to Q;.(k = 1,2,...,5) 
and are given as follows: 


= 1.4600; d,(Qs,P) = 1.6200 
= 0.2920; d2(Qs, P) = 0.3240 


dy(Q1,P) = 0.6400; d;(Qz, P) = 0.9067; d(Q3, P) = 0.6333; dy (Qu, P) 

d>(Qy,P) = 0.1280; d2(Qz,P) = 0.1813; do(Q3,P) = 0.1267; d2(Qu, P) 

d3(Qy, P) = 0.3626; d3(Qz,P) = 0.4977; d3(Q3,P) = 0.4113; d3(Qu, P) = 0.7566; —d3(Qs, P) = 0.8533 
( ) = 0.1622; d4(Qo,P) = 0.2226; d4(Q3,P) = 0.1840; d4(Quy,P) = 0.3383; d4(Qs, P) = 0.3816 

Qu, P) = 0.1320; d!?(Qs, P) = 0.1400 


nu 


di(Q,,P) = 0.0613; d#(Qo,P) = 0.0880; d}!(Q3,P) = 0.0627; di 


d!(Q1,P) = 0.1175; d#(Qs,P)=0.1760; d4?(Q3,P 





mS 


=0.1373; d!!(Q4,P) = 0.2439; d4!(Qs, P) = 0.2661 


Thus, from these distance measures, we conclude that the patient P suffers from the disease Q3. 

On the other hand, if we assign weights 0.3, 0.2, 0.2, 0.1 and 0.2 corresponding to 
Q.(k = 1,2,...,5), respectively, then we utilize the distance measures ds, dg, ine and de for obtaining 
the most suitable pattern as 


ds(Qy,P) = 0.0284; ds(Qz,P) = 0.0403; ds(Q3,P) = 0.0273; ds(Q4,P) = 0.0625; ds(Qs, P) = 0.0684 

de(Q1,P) = 0.0795; de(Qz,P) = 0.1101; d¢(Q3,P) = 0.0862; d6(Q4,P) = 0.1599; dg (Qs, P) = 0.1781 

d¥(Q,,P) = 0.0135; d#(Qo,P) = 0.0200; d§!(Q3,P) = 0.0129; d4¥(Qu, P) = 0.0276; d# (Qs, P) = 0.0289 
P) 


di!(Q,,P) = 0.0572; di} (Q,P) = 0.0885; di!(Q3,P) = 0.0636; d/?(Qy,P) = 0.1139; d# (Qs, P) = 0.1226 


Thus, on the basis of the ranking order, we conclude that the patient P suffers from the disease Q3. 
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Comparison of Example 2 Results with Existing Approaches 


In order to verify the feasibility of the proposed decision-making approach based on the distance 
measure, we conducted a comparison analysis based on the same illustrative example. For this, 
various measures as presented in Equations (1)-(7) were taken, and their corresponding results are 
summarized in Table 2, which shows that the patient P suffers from the disease Q. 


Table 2. Comparison of diagnosis result using existing measures. 








Approach Ranking Order 

Dy (defined in Equation (1)) [19 Q; > Q3 > Q2 > Qa > Qs 
Correlation [19] Qi > Qo > Q3 > Qa > O5 
Distance measure [27] 

pal BO O2> Qa Os 
p=2 > Q3 > Qo > Q4 > Qs 
p=3 > Q3 > Qo > Q4 > Qs 
pHs > Q3 > Qo > Qa > Qs 





3 > Q1 > Q2> Qa > Qs 


Q 
Q 
Q 
Q 
Dnu (defined in Equation (2)) an Q 
)) 120] Qi > Qs > Qo > Qa > Qs 
Q 
Q 
Q 
Q 


Dnu (defined in Equation (3 
Scsi (defined in Equation (4)) = 
Scsi (defined in Equation (5)) [22] 
[42] 
[ 





> Q3 > Q2 > Qu > Qs 
> Q2 > Q3 > Q4 > Qs 
> Q3 > Qo > Qa > Q5 
> Q3 > Qo > Qu > Qs 


S71 (defined in Equation (6)) 
S11 (defined in Equation (7)) [42] 





5.3. Effect of the Parameters p and t on the Ordering 


However, in order to analyze the effect of the parameters tf and p on the measure values, an 
experiment was performed by taking different values of p (p = 1,1.5,2,3,5,10) corresponding to a 
different value of the uncertainty parameter t (t = 3,5,7). On the basis of these different pairs of 
parameters, distance measures were computed, and their results are summarized in Tables 3 and 4, 
respectively, for Examples 1 and 2 corresponding to different criterion weights. 

From these, the following have been computed: 


(i) For a fixed value of p, it has been observed that the measure values corresponding to each 
alternative increase with the increase in the value of f. On the other hand, by varying the value of 
t from 3 to 7, corresponding to a fixed value of p, this implies that values of the distance measures 
of each diagnosis from the patient P increase. 

(ii) It has also been observed from this table that when the weight vector has been assigned to each 
criterion weight, then the measure values are less than that of an equal weighting case. 

(iii) Finally, it is seen from the table that the measured values corresponding to each alternative 
Q,(k = 1,2,3,4,5) are conservative in nature. 


For each pair, the measure values lie between 0 and 1, and hence, on the basis of this, we 
conclude that the patient P suffers from the Q; disease. The ranking order for the decision-maker is 
shown in the table as (13245), which indicates that the order of the different attributes is of the form 
Q1 > Q3 > Qo > Q4 > Qs. Hence Q; is the most desirable, while Qs is the least desirable for different 
values of ¢ and p. 
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Table 3. Results of classification of given sample using proposed distance measure. 


When Equal Importance Is given to Each Criteria 


When Weight Vector (0.3, 0.4, 0.2,0.1)? Is Taken 
























































pt dP(Ay,B) d?(Az,B)  d?(A3,B) Ranking d?,(A1,B) d',(A2,B)  d!,(A3,B) Ranking 
3 0.1400 0.0733 0.1167 Ay> A3>A 0.0338 0.0162 0.0233 Ay > A3> Ay 
1 5 0.1667 0.0762 0.1214 Ar> A3z>A 0.0387 0.0170 0.0248 A2> A3 > Aj 
7 0.1815 0.0778 0.1241 Ar2> A3>A 0.0414 0.0175 0.0256 Ad > A3 > Aj 
3 0.1598 0.0783 0.1374 Az> A3>A 0.0620 0.0277 0.0426 Ap > A3 > Ay 
15 5 0.1924 0.0817 0.1437 A,> Ag>A 0.0723 0.0293 0.0452 Az > A3 > Aj 
7 0.2116 0.0838 0.1480 Apz> A3>A 0.0784 0.0304 0.0469 Ap > A3 > Aj 
3 0.1749 0.0821 0.1560 Ayz> A3>A 0.0861 0.0369 0.0604 Ap > A3 > Ay 
2 5 0.2137 0.0859 0.1646 Az> A3z>A 0.1021 0.0392 0.0644 Ap > A3 > Ay 
7 0.2374 0.0885 0.1705 Ay> A3>A 0.1120 0.0408 0.0671 Ay > A3 > Ay 
3 0.1970 0.0880 0.1875 Ap > A3z>A 0.1229 0.0507 0.0927 Ap > A3 > Aj 
3 5 0.2469 0.0929 0.02012 Ap> A3z>A 0.1497 0.0543 0.1000 Ap > A3 > Ay 
7 0.2785 0.0962 0.2098 Apz> A3z>A 0.1672 0.0566 0.1046 Ap > A3 > Ay 
3 0.2240 0.0967 0.2314 Az > Ay > A3 0.1680 0.0689 0.1469 Ap > A3 > Aj 
5 5 0.2902 0.1041 0.2526 Ar > A3>A 0.2128 0.0749 0.1605 Ap > A3 > Aj 
7 0.3326 0.1087 0.2650 Apz> A3z>A 0.2426 0.0786 0.1685 Ap > A3 > Ay 
3 0.2564 0.1107 0.2830 Az > Ay > A3 0.2203 0.0939 0.2248 Az > A, > Ag 
10 5 0.3421 0.1231 0.3131 Ar> A3z>A 0.2915 0.1047 0.2487 A2> A3 > Aj 
7 0.3942 0.1304 0.3301 Ap > A3>A 0.3356 0.1109 0.2622 Ap > A3 > Aj 
Table 4. Diagnosis result on basis of proposed distance measure. 
When Equal Importance Is Given to Each Criteria When Weight Vector (0.3, 0.2, 0.2, 0.1, 0.2)? is Taken 
pt d?(Qu,P) d?(Qx,P) d?(Qs,P) d?(Qu,P) d?(Qs,P) di,(QuP) dly(Qz,P) d&(Qs,P) di,(Qu,P) dt, (Qs, P) 
3 0.1280 0.1813 0.1267 0.2920 0.3240 0.0284 0.0403 0.0273 0.0625 0.0684 
1 65 0.1410 0.1867 0.1457 0.3076 0.3400 0.0304 0.0413 0.0300 0.0643 0.0700 
7 ~~ 0.1481 0.1896 0.1563 0.3178 0.3489 0.0315 0.0419 0.0315 0.0656 0.070 
3 0.1465 0.2023 0.1600 0.3175 0.3574 0.0553 0.0768 0.0579 0.1154 0.1282 
1505 0.1612 0.2131 0.1794 0.3364 0.3778 0.0598 0.0808 0.0628 0.1202 0.1334 
7 ~~ (0.1711 0.2205 0.1916 0.3492 0.3913 0.0630 0.0836 0.0658 0.1237 0.1369 
3 0.1622 0.2226 0.1840 0.3383 0.3816 0.0795 0.1101 0.0862 0.1599 0.1781 
2 5 0.1787 0.2391 0.2038 0.3609 0.4052 0.0867 0.1183 0.0928 0.1686 0.1872 
7 0.1895 0.2501 0.2168 0.3760 0.4211 0.0914 0.1238 0.0972 0.1744 0.1933 
3 0.1870 0.2601 0.2163 0.3715 0.4142 0.1182 0.1662 0.1312 0.2276 0.2509 
3.5 0.2061 0.2876 0.2376 0.4004 0.4421 0.1297 0.1842 0.1409 0.2436 0.2666 
7 (0.2175 0.3047 0.2516 0.4185 0.4601 0.1365 0.1954 0.1475 0.2535 0.2765 
3 0.2185 0.3187 0.2531 0.4170 0.4504 0.1675 0.2471 0.1892 0.3127 0.3354 
5 5 0.2405 0.3625 0.2782 0.4531 0.4826 0.1841 0.2817 0.2045 0.3384 0.3588 
7 ~~ 0.2529 0.3877 0.2940 0.4740 0.5023 0.1934 0.3016 0.2145 0.3532 0.3729 
3 0.2519 0.3980 0.2969 0.4731 0.4896 0.2215 0.3524 0.2599 0.4095 0.4235 
10 5 0.2771 0.4586 0.3271 0.5170 0.5252 0.2434 0.4063 0.2840 0.4464 0.4547 
7 ~~ (0.2912 0.4624 0.3451 0.5420 0.5466 0.2556 0.4363 0.2981 0.4675 0.4730 





5.4. Advantages of the Proposed Method 


According to the above comparison analysis, the proposed method for addressing 


decision-making problems has the following advantages: 


(i) The distance measure under the IFS environment can only handle situations in which the 


degree of membership and non-membership is provided to the decision-maker. This kind of 


measure is unable to deal with indeterminacy, which commonly occurs in real-life applications. 


Because SVNSs are a successful tool in handling indeterminacy, the proposed distance measure in 


the neutrosophic domain can effectively be used in many real applications in decision-making. 
(ii) The proposed distance measure depends upon two parameters p and t, which help in adjusting 


the hesitation margin in computing data. The effect of hesitation will be diminished or almost 


neglected if the value of t is taken very large, and for smaller values of t, the effect of hesitation 


will rise. Thus, according to requirements, the decision-maker can adjust the parameter to handle 
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incomplete as well as indeterminate information. Therefore, this proposed approach is more 
suitable for engineering, industrial and scientific applications. 

(iii) As has been observed from existing studies, various existing measures under NS environments 
have been proposed by researchers, but there are some situations that cannot be distinguished by 
these existing measures; hence their corresponding algorithm may give an irrelevant result. The 
proposed measure has the ability to overcome these flaws; thus it is a more suitable measure to 
tackle problems. 


6. Conclusions 


SVNSs are applied to problems with imprecise, uncertain, incomplete and inconsistent 
information existing in the real world. Although several measures already exist to deal with such kinds 
of information systems, they have several flaws, as described in the manuscript. Here in this article, 
we overcome these flaws by proposing an alternative way to define new generalized distance measures 
between the two SVNNs. Further, a family of normalized and weighted normalized Hamming and 
Euclidean distance measures have been proposed for the SVNSs. Some desirable properties and their 
relations have been studied in detail. Finally, a decision-making method has been proposed on the 
basis of these distance measures. To demonstrate the efficiency of the proposed coefficients, numerical 
examples of pattern recognition as well as medical diagnosis have been taken. A comparative study, 
as well as the effect of the parameters on the ranking of the alternative, will support the theory and 
hence demonstrate that the proposed measures are an alternative way to solve the decision-making 
problems. In the future, we will extend the proposed approach to the soft set environment [43-45], the 
multiplicative environment [46-48], and other uncertain and fuzzy environments [749-53]. 
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1. Introduction 


Fuzzy graph models are advantageous mathematical tools for dealing with combinatorial problems 
of various domains including operations research, optimization, social science, algebra, computer 
science, environmental science and topology. Fuzzy graphical models are obviously better than 
graphical models due to natural existence of vagueness and ambiguity. Initially, we needed fuzzy set 
theory to cope with many complex phenomenons having incomplete information. Fuzzy set theory 
[1] is a very strong mathematical tool for solving approximate reasoning related problems. These 
notions describe complex phenomenons very well, which are not properly described using classical 
mathematics. Atanassov [2] generalized the fuzzy set theory by introducing the notion of intuitionistic 
fuzzy sets. The intuitionistic fuzzy sets have more describing possibilities as compared to fuzzy sets. 
An intuitionistic fuzzy set is inventive and more useful due to the existence of non-membership degree. 
In many situations like information fusion, indeterminacy is explicitly quantified. Smarandache [3] 
introduced the concept of neutrosophic sets, and he combined the tricomponent logic, non-standard 
analysis, and philosophy. It is a branch of philosophy which studies the origin, nature and scope 
of neutralities as well as their interactions with different ideational spectra. Three independent 
components of neutrosophic set are: truth value, indeterminacy value and falsity value [3]. For 
convenient use of neutrosophic sets in real-life phenomena, Wang et al. [4] proposed single valued 
neutrosophic sets, which is a generalization of intuitionistic fuzzy sets [2] and has three independent 
components having values in a standard unit interval [0, 1]. Ye [5-8] proposed several multi criteria 
decision-making methods based on neutrosophic sets. Bhowmik and Pal [9,10] introduced the notion of 
intuitionistic neutrosophic sets. 

Kauffman [11] introduced fuzzy graphs on the basis of Zadeh’s fuzzy relations [12]. Rosenfeld [13] 
discussed fuzzy analogue of many graph-theoretic notions. Later on, Bhattacharya [14] gave 
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some remarks on fuzzy graphs. The complement of a fuzzy graph was defined by Sunitha and 
Vijayakumar [15]. Bhutani and Rosenfeld studied the notion of M-strong fuzzy graphs and their 
properties in [16]. Parvathi et al. defined operations on intuitionistic fuzzy graphs in [17]. Akram and 
Shahzadi [18] introduced neutrosophic soft graphs with applications. Dinesh and Ramakrishnan [19] 
introduced the notion of fuzzy graph structures and discussed some related properties. Akram and 
Akmal [20] introduced the concept of bipolar fuzzy graph structures. Recently, Akram and Sitara [21] 
introduced the concept of intuitionistic neutrosophic graph structures. Several notions’ graph structures 
have been studied by the same authors in [22-27]. In this research paper, we introduce certain notions 
of intuitionistic neutrosophic graph structures and illustrate these notions by examples. We also present 
an application of intuitionistic neutrosophic graph structures in decision-making. For other notations 
and applications, readers are referred to [28-45] . 


2. Intuitionistic Neutrosophic Graph Structures 


Sampathkumar [46] introduced the graph structure, which is a generalization of an undirected 
graph and is quite useful in studying some structures like graphs, signed graphs, labeled graphs and 
edge colored graphs. 


Definition 1. [46] A graph structure G = (V,Rj,...,Rr) consists of a non-empty set V together with relations 
Ry, Ro,...,R, on V, which are mutually disjoint such that each Ry, 1 <h <r is symmetric and irreflexive. 


One can represent a graph structure G = (V,Rj,...,R,) in the plane, just like a graph where each 
edge is labeled as Ry, 1 <h <r. 


Definition 2. [3] An ordered triple < Ty,In, FN > in ]0~,1*[ in the universe of discourse V is called 
neutrosophic set, where Ty, In, Fy: V > |0~,1* |, and their sum is without any restriction. 


Definition 3. [4] An ordered triple < Ty, In, Fy > in [0,1] ina universe of discourse V is called single-valued 
neutrosophic set, where Ty, In, Fy: V - [0,1], and their sum is restricted between 0 and 3. 


Definition 4. [47] Let V be a fixed set. A generalized intuitionistic fuzzy set I of V is an object having the 
form I={(u, p1(u),vz(u))|u € V}, where the functions p;(u) :— [0,1] and v;(u) :— [0,1] define the degree of 
membership and degree of nonmembership of an element u € V, respectively, such that 


min{p1(u),v7(u)} < 0.5, for allu € V. 


Definition 5. [9,10] An intuitionistic neutrosophic set can be stated as a set having the form I = 
{T;(u), Ip(u), Fy(u) : u € V4, where 


min{T;(u), I;(u)} < 0.5, 
min{ F;(u), I;(u)} < 0.5, 
min{T;(u), Fy(u)} < 0.5, 


and 0 < T;(u) + Ij(u) + Fy(u) < 2. 
Definition 6. Let G = (P, Py, Pz,...,P,) be a graph structure(GS), and then G; = (O,O;,Ozand...,O,) 


is called an intuitionistic neutrosophic graph structure (INGS), if O = < k,T(k),I(k),F(k) > and Op, = 
< (k,1),Ty,(k,1), In(k, 1), Fy(k, 1) > are intuitionistic neutrosophic sets on P and Py, respectively, such that 


1 Ty(k, LD) <T(K)AT(I), In(k,1) < Tk) AT(L), Fy (k,1) < F(k) V F(L); 
2. Ty(k, DT) AT, (k,l) < 0.5, Ty, (k,1) A Fy (k,l) < 0.5, Ij, (k,1) A Fy,(k, 1) < 0.5; 
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3B 6 0<T(KD+0n(K D+ (k1) <2, V(k1) € On, h =1,2,...,7, 
where O is an underlying vertex set of G; and O;, (h = 1, 2,..., 1) are underlying h-edge sets of Gj. 


Example 1. Consider a GS G= (P, P, Pz) such that O, O1,O2 are IN subsets of P, P,, P2, respectively, where 


P = {ky,kz,k3,k4,k5, ke, kz, kg}, 
Py = {kok3, kaks, ky ke, kskz, kokg }. 


Through direct calculations, it is easy to show that G; = (O,O4, Oz) is an INGS of G as represented in Figure 1. 


ky (0.3, 0.4, 0.3) 







& 


(€0'T'0’e:0)!0 


eA 
a3 


k4(0.2,0.1,0.3) 


Figure 1. An intuitionistic neutrosophic graph structure. 


Definition 7. Let G; = (O,O1,O2,...,O,) be an INGS of G. If H; = (O',O0},04,...,O}) is an INGS of G 


such that 
T'(k) < T(k), I'(k) < I(k), F’(k) > F(k) Vk € P, 


Tk) < Tk), Ee) < G0), BAe) S BaD, VK) € By ke = 1,2,20,7 
Then, H,; is said to be an intuitionistic neutrosophic (IN) subgraph structure of INGS Gj. 


Example 2. Consider an INGS H; = (O',O',04) of GS G = (P, Pi, Pz) as represented in Figure 2. Through 
routine calculations, it can be easily shown that H; is an IN subgraph structure of INGS G;. 
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ky (0.2, 0.3, 0.4) 





k4(0.1,0.1,0.4) 


Figure 2. IN subgraph structure. 
Definition 8. An INGS H; = (O’,0},035,...,Of) is called an IN induced-subgraph structure of G; by Q C P if 
T’ (k) = T(k), I'(k) = I(k), F’(k) = F(k), Vk € Q, 
Gk.) = Tyke). ED = ink), BRD) = FD, Ve Ee Oh =1,2,0005F- 
Example 3. The INGS in the given Figure 3 is an IN induced-subgraph structure of an INGS in Figure 1. 


k7(0.3,0.4,0.3) “ 





Figure 3. An IN induced-subgraph structure. 


Definition 9. An INGS H; = (O',0',034,...,O}) is said to be a IN spanning-subgraph structure of G; if O! = 
O and 


TH (k,1) < Ty(k, 1), (KD) < In(kD), Fh (kD) > Fy(k,D), bh = 1,2,...,7- 


Example 4. An INGS shown in Figure 4 is an IN spanning-subgraph structure of an INGS in Figure 1. 
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ky (0.3, 0.4, 0.3) 





k4(0.2,0.1,0.3) 


Figure 4. An IN spanning-subgraph structure. 


Definition 10. Let G; = (O,O;,O02,...,O,) be an INGS. Then, kl € Py is named as a IN Oj,-edge or shortly 
O),-edge, if T;,(k,1) > 0 or I,(k,1) > 0 or F,(k,1) > 0 or all these conditions are satisfied. As a result, support of 
On is: 


supp(O;) = {kl € On : Ty (k,1) > O} U {kl € O; : I, (k,1) > O} U {kl € O; : Fy(k,1) > Of, 
h =1,2,...,17. 


Definition 11. O;-path in an INGS G; = (O,01,02,...,O,) is a sequence k,kp,...,k, of distinct vertices 
(except ky = ky) in P, such that kj,_ ky, is an IN Op-edge Vh = 2,..., 1. 
Definition 12. An INGS G; = (O,01,02,...,O,) is Op-strong for any h € {1,2,...,r} if 

Ty (k,l) = min{T(k), T(1)}, I,(k,1) = min{I(k), I(1)}, Fy(k, 1) = max{F(k), F(l)}, 
VkI € supp(Oy). If G; is Oy-strong for allh € {1,2,...,r}, then G; is a strong INGS. 
Example 5. Consider an INGS G; = (O,O 1,02) as represented in Figure 5. Then, G; is strong INGS, as it is 
O,— and O2 — strong. 


ky (0.3, 0.3, 0.3) O; (0.3, 0.3, 0.4) ky (0.4, 0.3, 0.4) 





O;(0.2,0.3, 0.4) 





Figure 5. A strong INGS. 


Definition 13. An INGS G; = (O,O1,O2,...,O;) is a complete INGS, if 
1. G; is strong INGS. 
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2. supp(On) £ @, forallh =1,2,...,1. 
3. Forallk,l € P, kl is a Oj, — edge for some h. 


Example 6. Let G; = (O,O 1, Oz) be an INGS of GS G = (P,P, P2), such that 


P = {k1,ko,k3,ka,ks, ko}, 
Py = {ky ke, kyk2, kaka, koks, koko, kik }, 
Py = {kok¢, kak3, ksko, kik}, 
P3 = {kyks, ksk3, kok3, k1k3, kako}. 


By means of direct calculations, it is easy to show that G; is strong INGS. 
Moreover, supp(O1) # ©, supp(Oz) # ©, supp(O3) A @, and every pair kykg of vertices of P, is O1-edge or 
Op-edge or an O3-edge. Hence, G; is a complete INGS, that is, 010203-complete INGS. 


Definition 14. Let G; = (O,O1,O02,...,O,) be an INGS. The truth strength T.Po,, falsity strength F.Po,,, and 
indeterminacy strength I.Po, of an O;-path, Po, = k1,k2,...,kn is defined as: 


nN 

T-Po,= AITO, (ki-rki)], 
— 
n 

L.Po,= Alo, (ki_aki)], 
{= 


F.Po,= Vv [FG, (ki-1ki)]- 


Example 7. Consider an INGS G; = (0,01, 02,03) as in Figure 6. We found an O,-path Po, = k2,k1,kg. So, 
T.Po, = 0.2, I.Po,= 0.1 and F.Po,= 0.5. 


k, (0.2, 0.3,0.5) O} (0.2,0.3,0.5) ko (0.3, 0.3, 0.5) 











(s:0’e'0’70)£0 


ks(0.2, 0.2, 0.3) 


Figure 6. A complete INGS. 


Definition 15. Let G; = (O,Oj,O2,...,O;) be an INGS. Then, 
e —Oj-strength of connectedness of truth between k and | is defined as: T® (kl) = V {TO, (kl) }, such that 
i>1 
TO, (kL) = (TS, o TG, )(kl) for i > 2and Té, (kl) = (TG, 0 TS, ) (Kl) = VT, (ky) A TG, )(y!)- 
e — Oj-strength of connectedness of indeterminacy between k and I is defined as: Id, (kl) = V (5, (kl) }, such 
: i>1 


that IG, (kl) = (I5," 0 1d, )(k1) for i > 2and IZ, (KH) = (1h, © 1}, ) (1) = Vo, (ky) A 1d, )(yl). 
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e Oj, -strength of connectedness of falsity between k and | is defined as: F® (kl) = A {FG, (kl) }, such that 
i>1 


Fi, (kl) = (FG, 0 F4, (kl) for i > 2and FB, (kl) = (F4, 0 FG, )(kl) = A(Fo, (ky) V Fé, )(yl). 


Definition 16. An INGS G; = (O,O4,Oo,...,O,) is called an Op-cycle if (supp(O),supp(O1), 
supp(O2),...,supp(O,)) isan Oy — cycle. 


Definition 17. An INGS G; = (0,0 ,O2,...,O,) is an IN fuzzy Oj-cycle (for any h) if 


1. G,isan Op-cycle. 

2. There exists no unique Oj,-edge kl in G; such that 
To, (kits min{To, (yz) : yz © Py, = supp(O,)} or lo, (kl) = min{ Io, (yz) : yz © P, = supp(O;,)} 
or Fo, (kl) = max{Fo, (yz) : yz € P, = supp(On)}. 


Example 8. Consider an INGS G; = (O,O ,O2) as in Figure 6. Then, G; is an Oy-cycle and IN fuzzy O, — 
cycle, since (supp(O), supp(O,), supp(Oz)) is an O4-cycle and no unique O,-edge kl satisfies the condition: 


To, (kl) = min{To, (yz) : yz © Py, = supp(On)} or Io, (kl) = min{Io, (yz) : yz © Py, = supp(O;)} or 
Fo, (kl) = max{Fo, (yz) : yz € P, = supp(On)}- 


Definition 18. Let G; = (O,O1,O2,...,O,) be an INGS and k a vertex in G;. Let (O',01,05,...,O}) be an 
IN subgraph structure of G; induced by P \ {k} such that Vy 4 k,z # k. 


Tor(k) = 0 = Iov(k) = For(k), Toy (ky) = 0 = Toy (ky) = For (ky) V edges ky © Gi; Tor(y) = Toly), 
Tory) = To(y), For(y) = Foly), Vy # Toy (yz) = To, (YZ), Tor (yZ) = Io, (YZ), For (yz) = Fo, (yz). 
Then, k is IN fuzzy O}, cut-vertex, for some h, if 
TG, (yz) > TG (yz), IG, (Y2) > 1G (yz) 
and 
FG, (yz) > Foy (yz), for some y,z € P \ {k}. 


Note that k is an IN fuzzy O, — T cut-vertex, if TS) (yz) > Toy (yz), IN fuzzy Op, — I cut-vertex, if I, (yz) > 
Ioy (yz) and IN fuzzy On — F cut-vertex, if Fo (yz) > Foy (yz). 


Example 9. Consider an INGS G; = (O,0},Oz) as represented in Figure 7 and Gj, = (O',O1,05) is an IN 
subgraph structure of an INGS Gj, and we found it by deleting the vertex ko. The vertex kz is an IN fuzzy O-I 
cut-vertex, since Io (koks) = 0 < 0.5 = I, (koks), Io (kak3) = 0.7 = I, (kak3) and Io (k3k5) = 0.3 < 
0.4 = IG, (ksks). 


k2(0.4,0.7,0.5) 





ks(0.4, 0.5, 0.6) 


Figure 7. An INGS G; = (O, 01,02). 
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Definition 19. Let G; = (O,O1,O2,...,O,) be an INGS and kl an Op — edge. 


Let (O',O',,04,...,O1) be an IN fuzzy spanning-subgraph structure of G;, such that 


Toy (KL) = 0 = Toy (KL) = Foy (KL), Tor (qt) = To, (4), Tor (qt) = To, (9#), For (qt) = Fo, (at), 
V edges qt # kl. 


Then, kl is an IN fuzzy O,-bridge if 


TG, (YZ) > TS (yz), 18, (yz) > IG (yz) and FF (yz) > Fo (yz), for some y,z € P. 


h 
Note that kl is an IN fuzzy Oy — T bridge if Te, (yz) > TQ; (yz), IN fuzzy Op — I bridge if IG, (yz) > Id (yz) 
h h 
and IN fuzzy Oy — F bridge if FS (yz) > Fer (yz). 
h h 


Example 10. Consider an INGS G; = (O,01,O2) as shown in Figure 7 and Gi, = (O",O1,O%) is IN 
spanning-subgraph structure of an INGS G; found by the deletion of Oy-edge (k2ks). Edge (k2ks) is 
an IN fuzzy O,-bridge. As Ton(koks)= 0.3 < 0.4 = TQ, (koks), IGu(koks)= 0.3 < 04= IQ, (koks), 
1 1 

Fon (koks)= 04<05= Fo (kaks). 


Definition 20. An INGS G; = (O,O},O2,...,Oy) is an O)-tree, if (supp(O), supp(O1), 
supp(Oz),...,supp(O;)) is an Oy — tree. Alternatively, G; is an Oj-tree, if there is a subgraph of G; induced 
by supp(Oy;), which forms a tree. 


Definition 21. An INGS G; = (O,O4,O,...,O,) is an IN fuzzy Oy,-tree if G; has an IN fuzzy 
spanning-subgraph structure H; = (O",O',O%,...,O!), such that, for all On-edges kl not in Hi, 
H; is an O}/-tree, and To, (kl) < T3y,(kl), To, (kL) < IS (KL), Fo, (kL) < FS, (kl). 

h h h 
In particular, G; is an IN fuzzy Op-T tree if To, (kl) < TQ (kl), an IN fuzzy Op-l tree if 

h 
To, (KL) < [Gn (kL), and an IN fuzzy Oy-F tree if Fo, (kl) > FSi (kl). 
h h 
Example 11. Consider an INGS G; = (O,O1,O2) as shown in Figure 8. It is an O-tree, not an Oj-tree but it 
is IN fuzzy O,-tree because it has an IN fuzzy-spanning subgraph (O', O},,O5) as an O}-tree, which is found by 
the deletion of O1-edge kaks from G;. Moreover, Tey (koks) = 0.3 > 0.2 = To, (kaks), 18) (koks) = 0.3 > 0.1 = 
1 1 

lo, (kyks) and Foy (kyks) =04<05= Fo, (koks). 


k(0.3, 0.6, 0.5) 





Figure 8. An IN fuzzy Oj-tree. 
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Definition 22. An INGS Gj = (01,011, O12,. ..,O1,) of graph structure G1 = (Py, Pt, Piz,..., Pty) is said 
to be isomorphic to an INGS Gi = (Oz, O21, O22,...,O2,) of the graph structure G> = (P2, P21, P22, ..-, Por), 
if there is a pair (g, p), where g : P; + Pp» isa bijective mapping and w is any permutation on this set {1,2,...,r} 
such that; 


To, (k) = To,(g(k)), To, (k) = To,(g(k)), Fo, (K) = Fo, (g(k)), Wk € Ph 
Toy, (Kl) = Tos) (@(K)8(E)), Loy, KE) = Logg (CISD), Foy (KL) = Fozgyy (@(KI8(0)), 
Vk € Py, h=1,2,...,7. 


Example 12. Let Gj, = (O,Oj,O2) and Gj = (O', 04,04) be two INGSs as shown in the Figure 9. 
Giz and Giz are isomorphic under (g,), where g : P + P’ is a bijective mapping and p is the permutation on 
{1,2}, which is defined as (1) = 2, (2) = 1, and the following conditions hold: 


Vk, € P and 


To, (knkq) = Tor, (8 (kn) 8 (kq)), 
Fo, (Knkg) = For, (¢(kn)3(kq)), 


Vknkq € Py, h = 1,2. 


k3(0.2, 0.7, 0.5) 


k1(0.3,0.4,0.4) 1, (0.3, 0.3, 0.4) 





ko(0.5, 0.5, 0.5) 13(0.2, 0.7, 0.5) 


Figure 9. Two isomorphic INGSs. 


Definition 23. An INGS Gj, = (01,041, O12,...,O1,7) of the graph structure G1 = (Pi, P11, Piz,...,Piy) is 
identical with an INGS Giz = (Oz, On, O22, «+, Orr) of the graph structure G = (P2, P21, P22, ..-, P2y) if g : Py > 
Py is a bijective mapping such that 


To, (k) = To,(g(k)), Lo, (k) = 1o,(¢(k)), Fo, (k) = Fo, (g(k)), Vk € Ph 


Toy, (KL) = Toy, (8(K)8 2), Toys (KL) = Toy, (88), Fou, (HL) = Foxy (3 K)8 (2), 
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Vk € Pyy,h =1,2,...,1. 


Example 13. Let Gj; = (O,O1,O2) and Gj = (O',O04,04) be two INGSs of the GSs G; = (P, Pi, Pr), Go = 
(P’, Pt, P5), respectively, as they are shown in Figures 10 and 11. 

SVINGSs Gj and Giz are identical under g: P — P' is defined as : 

(ki) = Ia, g(k2) = hh, g(ks) = la, (ka) = Is, g(ks) = Is, oko) = Is, 9(k7) = Iv, g(ks) = Io. 


Moreover, To(kn) = Tor((kn)), To(kn) = Tor(g(kn)), Folkn) = For(g(kn)), Wkn € P and To, (knkq) = 
Tor (¢ (kn) (kq)), Lo, (knkq) = Tor (¢ (kn) (kq)), Fo, (knkq) = For (¢(kn)s(kq)), Wknkg € Phe h = 1,2. 


ks(0.5, 0.6, 0.5) 





k7(0.5, 0.3, 0.6) 


Figure 10. An INGS Gj. 


15(0.5,0.6,0.5) 





1,(0.5, 0.3, 0.6) 


Figure 11. An INGS Gj». 
Definition 24. Let G; = (O,O},Oz,...,O;) be an INGS and is any permutation on {O,,O3,...,O;} and on 
set {1,2,...,r}, that is, (On) = Og if and only if p(h) = q Vh. If kl € Oj, for any h and 
Top (kl) = To(k) A To(l) — ne Ty(0,) (k1), lop (kl) = Ip(k) A Ip (1) — AA Ty(0,) (K!), 
Foe (kl) = Fo(k) V Fo(l) — A, Ty(0,) (kl), h = 1,2,...,r, then, kl € oO}, where t is chosen such that 
Top (Kl) > Top (Kl), Top (kL) > [pp (Kl), Fop (Kl) = Fop(kl) Wh. In addition, INGS (O, of, of, ...,OF) is 
called a p-complement of an INGS G;, and it is symbolized as (eta 


Example 14. Let O = {(k1,0.3,0.4,0.7), (kz, 0.5, 0.6,0.4), (k3,0.7,0.5,0.3)}, O; = {(kyks,0.3,0.4,0.3)}, 
O2 = { (kok3,0.5, 0.4, 0.3) }, O3 = {(k1k2, 0.3, 0.3,0.4)} be IN subsets of P, P1, Pz, P3, respectively. 
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Thus, G; = (O,O1,O2,O3) is an INGS of GS G = (P, Pi, P2, P3). Let (Oz) = O2, (Oz) = O3, (O03) = O1, 
where tp is permutation on {O1, 02,03}. Now, for kyk3, kok, kiko € Oy, O2, O3, respectively: 


Top (kiks) = 0, Ine (kiks) = 0, Fop(kiks) = 0.7, Top(kiks) = 0, Iop(kiks) = 0, Fop(kiks) = 0.7, 
1 1 2 2 2 

Top (kiks) = 0.3, Top (kiks) = 0.4, Fop (kiks) = 0.7. So kiks € of, 
3 3 

Tp (koks) = 05, Loy (kok3) = 0.5, Foy (kok3) = 0.4, Top (koks) = 0, Lop (kak3) = 0.1, Foy (koks) = 0.4, 
1 1 1 2 2 2 

Top (kaks) = 0, [op (Kaks) = 0.1, Foy (koks) = 0.4. So kok € of, 

Top (ky kz) = 0,1 ot (ike) = 0.1, F of (ike) = 0.7, Top (kykz) = 0.3, Toy (kykz) = 04, Fp (kik) = 0.7, 
1 2 2 2 

To» (kiko) = 0, I og hiks) = =0.1,F og ake) = 0.7. This shows kyky € O8. 
3 


Hence, ee 0, of ,O8 /O, ) is a -complement of an INGS G; as presented in Figure 12. 


ky (0.3,0.4,0.7) ky (0.3,0.4,0.7) 


k3(0.7,0.5,0.3) 
O§ (0.3, 0.4, 0.7) 


03(0.3,0.3,0.4) 








y 
ko (0.5,0.6,04) ko (0.5, 0.6, 0.4) OF (0.5,0.5, 0.4) k3(0.7,0.5, 0.3) 


Figure 12. INGSs G;, a 


Proposition 1. A -complement of an INGS G = (O,04,O02,...,O,) is a strong INGS. Moreover, 
if p(h) = t, whereh,t € {1,2,...,r}; then, all Oy-edges in an INGS (O,0,,02,...,O;) become O? -edges in 
(O07 ,0. sO"), 


Proof. By definition of y-complement, 


Top(kl) = To(k) A Tol!) — V Tyo,) (KE), (1) 
ath 

Lop (KI) = I0(k) Alo(I) — be Tp(0,) (K1), (2) 

Foy (K1) = Fo(k) V Fo(l) a Fyo, (3) 
geh 


forh € {1,2,...,r}. For Expression 1. 
As To(k) A To(1) => 0, V Ty(o,) (KE) > 0 and To, (kl) < To(k) A To(1) VOp. 
q#h 


= V Tyo,) (Kl) < To(k) A To!) = To(k) ATo(!) — V. Tyo,) (kl) 2 0. 
q#h q#h 


Hence, Ty (kl) 2 0 Vh. 
h 
Furthermore, Top (kl) gets a maximum value, when Be Ty(0,) (kl) is zero. Clearly, when p(O;,) = O; 


and kl is an O;-edge, then \/ Ty(0, ) (kl) attains zero value. Hence, 
q#h 


Top (kl) = To(k) N To(l), for (kl) € O:, (On) = O;. (4) 
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Similarly, for I, the results are: 
Since Io(k) A Io (1) > 0, V Tp(0,) (K) > 0 and lo, (kl) < Io (k) A Io (1) VOn. 
q#h 


=> Ae Ty(0q) (kl) < Io(k) A Io (1) => Io(k) A Io (1) = Ee Tp(0,) (K!) > 0. 
Therefore, I oF (kl) > 0Vi. 
h 
Value of the I of (kl) is maximum when Ae 1 9(0,) (kl) gets zero value. Clearly, when (O;,) = O; and kl 


is an O;-edge, then a T9(0,) (kl) is zero. Thus, 


Lop (KI) = Io(k) A Io (1), for (kl) € O:, (On) = O;. (5) 


On a similar basis for F in ~-complement, the results are: 

Since Fo(k) V Fo(1) > 0, A, Fy(o,) (Kl) 2 O and Fo, (kl) < Fo(k) V Fo(!) VOn. 
> A Fy(o,) (kL) < Fo(k) V Fo(L) => Fo(k) V Fo(1) — A, Fy(o,) (Kl) 2 0. 
Hence, Foe (kl) > 0Vh. 


Furthermore, F of (kl) is maximum, when 2 Fy(0,) (kl) is zero. Definitely, when y(O;,) = O; and kl is 


an O;-edge, then as Fy(0,) (kl) is zero. Hence, 


Foe (kl) = Fo(k)V Fo(l), for (kl) € Ot, p(On) = O}. (6) 














Expressions (4)-(6) give the required proof. 


Definition 25. Let G; = (O, O1,O2,...,O;) be an INGS and be any permutation on {1,2,...,r}. Then, 
(i) G; is aself-complementary INGS if G; is isomorphic to eka 
(ii)  G; is astrong self-complementary INGS if G; is identical to Gr 

Definition 26. Let G; = (O,O1,02,...,O,) be an INGS. Then, 


(i)  G; is a totally self-complementary INGS if G; is isomorphic to hs VY permutations pon {1,2,...,r}; 
(ii)  G; isa totally-strong self-complementary INGS if G; is identical to GY, V permutations w on {1,2,...,r}. 


Example 15. INGS G; = (O, 0,02, 03) in Figure 13 is totally-strong self-complementary INGS. 


ky (0.7, 0.4, 0.5) 





Figure 13. Totally-strong self-complementary INGS. 


Theorem 1. A strong INGS is a totally self-complementary INGS and vice versa. 
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Proof. Consider any strong INGS G; and Permutation on {1,2,...,r}. By proposition 1, y-complement 
of an INGS G; = (O,O1,O2,...,O;) is a strong INGS. Moreover, if y—l(t) =h,whereh,t € {1,2,...,r}, 
then all O;-edges in an INGS (O, 04, O2,...,O;) become Of -edges in (O, of, of ess oF ), this leads 


To, (kl) = To(k) A To(1) = Top (kl), Io, (kL) = Io(k) A Io (1) = Top (Kl), 


O 
Fo, (kl) = Fo(k) V Fo(D) = Foy (kl). 


Therefore, under g : P + P (identity mapping), G; and ie are isomorphic, such that 


To(k) = To(g(k)), lo(k) = Io(g(k)), Folk) = Fo(s(k)) 


and 
To, (kL) = Toe (g(k) 3 (1) = Top (KE), 
To, (KI) = Ine (8 (k)8 (2) = Lop (Kh) , 
Fo (Kl) = Foy (g(k)g()) = Fp), 


Vkl € Pr, for p71 (t) = hy ht =1,2,...,1. 

For each permutation y~ on {1,2,...,r}, this holds. Hence, G; isa totally self-complementary INGS. 
Conversely, let G; is isomorphic to eg for each permutation wp on {1,2,...,r}. Then, by definitions of 
-complement of INGS and isomorphism of INGS, we have 


To, (KL) = Tap (g(kK) 3) = To(g(k)) A To(g()) = Tolk) A Tol), 
Io, (kl) = Ine (8 (kg (2) = to(g(k)) A lols) = Tok) A lol), 


Fo, (kl) = Foe (s(k)g(2)) = Fo(s(k)) V Fo(g(!)) = Folk) v Fo(), 





VkI € P;, t = 1,2,...,r. Hence, G; is strong INGS. 











Remark 1. Each self-complementary INGS is a totally self-complementary INGS. 


Theorem 2. If G = (P,P, P2,...,P,) is a totally strong self-complementary GS and O = (To, Io, Fo) is an 
IN subset of P, where To, Io, Fo are the constant functions, then any strong INGS of G with IN vertex set O is 
necessarily totally-strong self-complementary INGS. 


Proof. Let u € [0,1], v € [0,1] and w € [0,1] be three constants, and 
To(k) =U, Io(k) =U, Fo(k) =wvke P. 
Since G is a totally strong self-complementary GS, so, for each permutation yl on {1,2,...,r}, there 
exists a bijective mapping ¢ : P — P, such that, for each P;-edge (KI), (g(k)g(1)) [a Py-edge in G ] isa 
a x ) . xy t 
P,-edge in GY "c. Thus, for every O;-edge (k1), (g(k)g(1)) [an O;,-edge in G; ] is an of -edge in GC 7 
Moreover, G is a strong INGS, so 
To(k) = u = To(g(k)), lo(k) = 2 = Io(g(k)), Folk) = w = Fo(g(k)) Vk € P 


and 
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To, (KL) = To(k) A To (2) 
To, (KL) = Io 
Fo, (kl) = Fo 


To(g(k)) A To(s()) = Top (s(k)3()), 
k) Molt) = lo(gtk)) A lo(s@)) = lop (sk) 3), 
k) V lol!) = Fo(g(k)) v Fo(s(1)) = Fop(s(k)g(!)), 


oN 


VAS Pit = Laat. 

This shows that G; is a strong self-complementary INGS. This exists for each permutation and y—! 
on set {1,2,...,r}, thus G isa totally strong self-complementary INGS. Hence, required proof is 
obtained. 














Remark 2. Converse of the Theorem 2 may or may not true, as an INGS shown in Figure 2 is totally strong 
self-complementary INGS, and it is also a strong INGS with a totally strong self-complementary underlying GS 
but To, Io, Fo are not the constant-valued functions. 


3. Application 


First, we explain the general procedure of this application by the following algorithm. 
Algorithm: Crucial interdependence relations 


Step 1. Input vertex set P = { Bj, Bz,...,By,} and IN set O defined on P. 

Step 2. Input IN set of interdependence relations of any vertex with all other vertices and calculate 
T, F, and I of every pair of vertices by using, T(B;B;) < min(T(B;),T(Bj)), F(B;Bj) < 
max(F(B;), F(B;)), 1(B;B;) < min(1(B;), I(B;)). 

Step 3. Repeat the Step 2 for every vertex in P. 

Step 4. Define relations P;, P2,...,P; on set P such that (P, Py, P2,...,Py) isa GS. 

Step 5. Consider an element of that relation, for which its value of T is comparatively high, and its 
values of F and I are lower than other relations. 

Step 6. Write down all elements in relations with T, F and I values, corresponding relations 
O} ,02,...,On are IN sets on Pj, P2, P3,..., Pn, respectively, and (O,O1,O02,...,On) is an INGS. 


Human beings, the main creatures in the world, depend on many things for their survival. 
Interdependence is a very important relationship in the world. It is a natural phenomenon that nobody 
can be 100% independent, and the whole world is relying on interdependent relationships. Provinces 
or states of any country, especially of a progressive country, can not be totally independent, more or 
less they have to depend on each other. They depend on each other for many things, that is, there are 
many interdependent relationships among provinces or states of a progressive country—for example, 
education, natural energy resources, agricultural items, industrial products, and water resources, etc. 
However, all of these interdependent relationships are not of equal importance. Some are very important 
to run the system of a progressive country. Between any two provinces, all interdependent relationships 
do not have the same strength. Some interdependent relationships are like the backbone for the 
country. We can make an INGS of provinces or states of a progressive country, and can highlight those 
interdependent relationships, due to which the system of the country is running properly. This INGS 
can guide the government as to which interdependent relationships are very crucial, and they must try 
to make them strong and overcome the factors destroying or weakening them. 

We consider a set P of provinces and states of Pakistan: 

P = {Punjab, Sindh, Khyber Pakhtunkhawa(KPk), Balochistan, Gilgit-Baltistan, Azad Jammu and 
Kashmir(AJK) }. Let O be the IN set on P, as defined in Table 1. 
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Table 1. IN set O of provinces of Pakistan. 





Provinces or States T I F 
Punjab 05 03 0.3 

Sindh 05 O04 04 

Khyber Pakhtunkhawa(KPK) 0.4 04 0.4 
Balochistan 0.3 O04 O04 
Gilgit-Baltistan 0.3 04 04 


Azad Jammu and Kashmir 03 04 03 


In Table 1, symbol T demonstrates the positive role of that province or state for the strength of 
the Federal Government, and symbol F indicates its negative role, whereas I denotes the percentage of 
ambiguity of its role for the strength of the Federal Government. Let us use the following alphabets for 
the provinces’ names: 

PU = Punjab, SI = Sindh, KPK = Khyber Pakhtunkhwa, BA = Balochistan, GB = Gilgit-Baltistan, AJK 
= Azad Jammu and Kashmir. For every pair of provinces of Pakistan in set P, different interdependent 
relationships with their T, I and F values are demonstrated in Tables 2-6. 


Table 2. IN set of interdependent relations between Punjab and other provinces. 





Type of Interdependent Relationships (PU, SI) (PU, KPK) (PU, BA) 
Education (0.5,0.1,0.1) (0.4,0.3,0.2) (0.3, 0.2, 0.2) 
Natural energy resources (0.3,0.2,0.3)  (0.4,0.2,0.2) (0.3, 0.2, 0.1) 
Agricultural items (0.3, 0.2,0.2)  (0.4,0.2,0.1) (0.3, 0.2, 0.1) 
Industrial products (0.4,0.2,0.1) (0.4,0.1,0.1) (0.3, 0.1, 0.1) 
Water resources (0.3,0.1,0.1) (0.4,0.3,0.2) (0.2, 0.2, 0.2) 


Table 3. IN set of interdependent relationships between Sindh and other provinces. 





Type of Interdependent Relationships (SI, KPK) (SI, BA) (SI, GB) 
Education (0.3,0.2,0.1)  (0.3,0.2,0.3) (0.3, 0.2, 0.4) 
Natural energy resources (0.3, 0.2,0.3)  (0.3,0.1,0.0) (0.2, 0.2, 0.4) 
Agricultural items (0.4,0.1,0.1) (0.3,0.1,0.2) (0.3, 0.1, 0.1) 
Industrial products (0.4,0.2,0.1) (0.3,0.2,0.2) (0.3, 0.2, 0.2) 
Water resources (0.3,0.2,0.2) (0.2,0.3,0.2) (0.2, 0.2, 0.3) 


Table 4. IN set of interdependent relationships between KPK and other provinces. 


Type of Interdependent Relationships (KPK,BA) (KPK,GB) (KPK, AJK) 


Education (0.1, 0.4,0.3) (0.1,0.4,0.3) (0.1, 0.4, 0.4) 
Natural energy resources (0.3,0.2,0.1) (0.3,0.2,0.2) (0.3, 0.3, 0.2) 
Agricultural items (0.1, 0.2,0.4) (0.1,0.4,0.4) (0.1, 0.3, 0.3) 
Industrial products (0.1, 0.3,0.4) (0.1, 0.4,0.3) (0.1, 0.2, 0.2) 
Water resources (0.3, 0.2,0.2) (0.3, 0.3,0.2) (0.3, 0.2, 0.2) 
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Table 5. IN set of interdependent relationships between AJK and other provinces. 





Type of Interdependent Relationships (AJK, PU) (AJK, SD) (AJK, BA) 
Education (0.3,0.1,0.1) (0.1,0.4,0.3) (0.1, 0.3, 0.4) 
Natural energy resources (0.1,0.2,0.3)  (0.2,0.4,0.3) (0.3, 0.3, 0.3) 
Agricultural items (0.3,0.2,0.1)  (0.3,0.3,0.2) (0.3, 0.2, 0.2) 
Industrial products (0.3, 0.2,0.2) (0.3, 0.2,0.2) (0.3, 0.2, 0.3) 
Water resources (0.3,0.2,0.1) (0.3, 0.3,0.2) (0.3, 0.0, 0.1) 


Table 6. IN set of interdependent relationships of Gilgit-Baltistan with other provinces. 





Type of Interdependent Relationships (GB, PU) (GB, BA) (GB, AJK) 
Education (0.3,0.2,0.1) (0.1,0.4,0.4) (0.2, 0.1, 0.4) 
Natural energy resources (0.1, 0.3,0.4)  (0.3,0.1,0.0) (0.2, 0.2, 0.4) 
Agricultural items (0.3, 0.2,0.2)  (0.1,0.3,0.3) (0.1, 0.4, 0.4) 
Industrial products (0.3,0.3,0.2)  (0.2,0.4,0.4) (0.1, 0.4, 0.2) 
Water resources (0.2, 0.3,0.3) (0.2, 0.3,0.2) (0.3, 0.1, 0.1) 


Many relations can be defined on the set P, we define following relations on set P as: 


P, = Education, P; = Natural energy resources , P3 = Agricultural items, Py = Industrial products, 
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Ps = Water resources, such that (P, P;, P2, P3, Py, Ps) is a GS. Any element of a relation demonstrates 


a particular interdependent relationship between these two provinces. As (P, Py, Pz, P3, P4, Ps) is GS; 
this is why any element can appear in only one relation. Therefore, any element will be considered in 
that relationship, whose value of T is high, and values of I, F are comparatively low, using the data of 


above tables. 


Write down T, I and F values of the elements in relations according to the above data, such that O,, 


Oz, 03, 04, Os are IN sets on relations P), P2, P3, P4, Ps, respectively. 


Let P; = { (Punjab, Sindh), (Gilgit — Baltistan, Punjab), (AzadJammuandKashmir, Punjab) }; 
P) = {(Sindh, Balochistan), (Khyber Pakhtunkhawa, Balochistan), (Balochistan, Gilgit-Baltistan), (Khyber 


Pakhtunkhawa, Gilgit-Baltistan)}; 


P3 = {(Sindh, Khyber Pakhtunkhwa), (Gilgit-Baltistan, Sindh) }; 


P, = { (Punjab, KhyberPakhtunkhwa), (Sindh, AzadJammuandKashmir), (Balochistan, Punjab) }; 
Ps = {(KheberPakhtunkhwa, AzadJammuandKashmir), (Balochistan, AzadJammuandKashmir), 


(Gilgit — Baltistan, Azad Jammu and Kashmir) }. 


Let O; = {((PU, SI), 0.5,0.1,0.1), ((GB, PU), 0.3, 0.2, 0.1), ((AJK, PU), 0.3,0.1,0.1)}, 


Op = {((SI, BA), 0.3,0.1,0.0), ((KPK, BA), 0.3, 0.2,0.1), ((BA, GB),0.3,0.1, 0.0), 


((KPK, GB), 0.3,0.2,0.2)}, 


O3 = {((SI, KPK), 0.4, 0.1,0.1), ((GB, SI), 0.3,0.1,0.1), }, 
O4 = {((PU, KPK),0.4,0.1,0.1), ((SI, AJK), 0.3, 0.2, 0.2), ((BA, PU), 0.3,0.1,0.1)}, 
Os = {((KPK, AJK),0.3,0.2,0.2), ((BA, AJK),0.3,0.0,0.1), ((GB, AJK), 0.3, 0.1,0.1)}. 


Obviously, (O, O1, O2, 03, O4, Os) is an INGS as shown in Figure 14. 
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Figure 14. INGS identifying crucial interdependence relation between any two provinces. 


Every edge of this INGS demonstrates the most dominating interdependent relationship between 
those two provinces—for example, the most dominating interdependent relationship between Punjab 
and Gilgit-Baltistan is education, and its T, F and I values are 0.3, 0.2 and 0.1, respectively. It shows 
that education is the strongest connection bond between Punjab and Gilgit-Baltistan; it is 30% stable, 
10% unstable, and 20% unpredictable or uncertain. Using INGS, we can also elaborate the strength of 
any province, e.g., Punjab has the highest vertex degree for interdependent relationship education, and 
Balochistan has the highest vertex degree for the interdependent relationship natural energy resources. 
This shows that the strength of Punjab is education, and the strength of Balochistan is the natural energy 
resources. This INGS can be very helpful for Provincial Governments, and they can easily estimate 
which kind of interdependent relationships they have with other provinces, and what is the percentage 
of its stability and instability. It can also guide the Federal Government in regards to, between any two 
provinces, which relationships are crucial and what is their status. The Federal Government should be 
conscious of making decisions such that the most crucial interdependent relationships of its provinces 
are not disturbed and need to overcome the counter forces that are trying to destroy them. 


4. Conclusions 


Graph theory is a useful tool for solving combinatorial problems of different fields, including 
optimization, algebra, computer science, topology and operations research. An intuitionistic 
neutrosophic set constitutes a generalization of an intuitionistic fuzzy set. In this research paper, we have 
introduced the notion of intuitionistic neutrosophic graph structure. We have discussed a real-life 


Information 2017, 8, 154 18 of 19 


application of intuitionistic neutrosophic graph structure in decision-making. Our aim is to extend 


our research work to (1) fuzzy rough graph structures; (2) rough fuzzy graph structures; (3) soft rough 


graph structures; and (4) roughness in graph structures. 
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Abstract: A neutrosophic cubic set is the hybridization of the concept of a neutrosophic set and an 
interval neutrosophic set. A neutrosophic cubic set has the capacity to express the hybrid information 
of both the interval neutrosophic set and the single valued neutrosophic set simultaneously. As newly 
defined, little research on the operations and applications of neutrosophic cubic sets has been 
reported in the current literature. In the present paper, we propose the score and accuracy functions 
for neutrosophic cubic sets and prove their basic properties. We also develop a strategy for ranking of 
neutrosophic cubic numbers based on the score and accuracy functions. We firstly develop a TODIM 
(Tomada de decisao interativa e multicritévio) in the neutrosophic cubic set (NC) environment, 
which we call the NC-TODIM. We establish a new NC-TODIM strategy for solving multi attribute 
group decision making (MAGDM) in neutrosophic cubic set environment. We illustrate the proposed 
NC-TODIM strategy for solving a multi attribute group decision making problem to show the 
applicability and effectiveness of the developed strategy. We also conduct sensitivity analysis to show 
the impact of ranking order of the alternatives for different values of the attenuation factor of losses 
for multi-attribute group decision making strategies. 


Keywords: neutrosophic cubic set; single valued neutrosophic set; interval neutrosophic set; multi 
attribute group decision making; TODIM strategy; NC-TODIM 





1. Introduction 


While modelling multi attribute decision making (MADM) and multi attribute group decision 
making (MAGDM), it is often observed that the parameters of the problem are not precisely known. 
The parameters often involve uncertainty. To deal with uncertainty, Zadeh [1] left an important mark 
to represent and compute with imperfect information by introducing the fuzzy set. The fuzzy set 
fostered a broad research community, and its impact has also been clearly felt at the application level 
in MADM [2-4] and MAGDM [5-9]. 

Atanassov [10] incorporated the non-membership function as an independent component and 
defined the intuitionistic fuzzy set (IFS) at first to express uncertainty in a more meaningful way. 
IFSs have been applied in many MADM problems [11-13]. Smarandache [14] proposed the notion of 
the neutrosophic set (NS) by introducing indeterminacy as an independent component. Wang et al. [15] 
grounded the concept of the single valued neutrosophic set (SVNS), an instance of the neutrosophic set, 
to deal with incomplete, inconsistent, and indeterminate information in a realistic way. Wang et al. [16] 
proposed the interval neutrosophic set (INS) as a subclass of neutrosophic sets in which the values of 
truth, indeterminacy, and falsity membership degrees are interval numbers. Theoretical development 
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and applications of SVNSs and INSs are found in [17-37] for MADM or MAGDM. Some studies on 
MADM in single valued neutrosophic hesitant fuzzy set environments are found in [38-41]. 

NS and INS are both capable of handling uncertainty and incomplete information. By fusing NS 
and INS, Ali et al. [42] proposed the neutrosophic cubic set (NCS) and defined external and internal 
neutrosophic cubic sets, and established some of their properties. In the same study, Ali et al. [42] 
proposed an adjustable strategy to NCS-based decision making. Jun et al. [43] also defined NCS 
by combining NS and INS. In decision making process, the advantage of NCSs is that the decision 
makers can employ the hybrid information comprising of INSs and SVNSs for evaluating and rating 
of the alternatives with respect to their predefined attributes. However, there are only a few studies 
in the literature to deal with MADM and MAGDM in the NCS environment. Banerjee et al. [44] 
established grey relational analysis (GRA) [45-47] based on the new MADM strategy in the NCS 
environment. In the same study, Banerjee et al. [44] proposed the Hamming distances for weighted 
grey relational coefficients and ideal grey relational coefficients, and offered the concept of relative 
closeness coefficients for presenting the ranking order of the alternatives based on the descending 
order of their relative closeness coefficients. 

Similarity measure is an important mathematical tool in decision-making problems. 
Pramanik et al. [48] at first defined similarity measure for NCSs and proved its basic properties. 
In the same study, Pramanik et al. [48] developed anew MAGDM strategy in the NCS environment. 
Lu and Ye [49] proposed cosine measures between NCSs and established their basic properties. In 
the same study, Lu and Ye [49] proposed three new cosine measures-based MADM strategies under a 
NCS environment. 

Due to little research on the operations and application of NCSs, Pramanik et al. [50] proposed 
several operational rules on NCSs, and defined Euclidean distances and arithmetic average operators 
of NCSs. In the same study, Pramanik et al. [50] also employed the information entropy scheme to 
calculate the unknown weights of the attributes, and developed a new extended TOPSIS strategy for 
MADM under the NCS environment. Zhan et al. [51] proposed a new algorithm for multi-criteria 
decision making (MCDM) in an NCS environment based on a weighted average operator and a 
weighted geometric operator. Ye [52] established the concept of a linguistic neutrosophic cubic number 
(LNCN). In the same study, Ye [52] developed a new MADM strategy based on a LNCN weighted 
arithmetic averaging (LNCNWAA) operator and a LNCN weighted geometric averaging (LNCNWGA) 
operator under a linguistic NCS environment. 

In the literature, there are only six strategies [44,48-52] for MADM and MAGDM in NCS 
environment. However, we say that none of them is generally superior to all others. So, new strategies 
for MADM and MAGDM should be explored under the NCS environment for the development of 
neutrosophic studies. 

TODIM (an acronym in Portuguese for interactive multi-criteria decision making strategy named 
Tomada de decisao interativa e multicritévio) is an important MADM strategy, since it considers the 
decision makers’ bounded rationality. Firstly, Gomes and Lima [53] introduced the TODIM strategy 
based on prospect theory [54]. Krohling and Souza [55] defined the fuzzy TODIM strategy to solve 
MCDM problems. Several researchers applied the TODIM strategy in various fuzzy MADM or 
MAGDM problems [56-58]. Fan et al. [59] introduced the extended TODIM strategy to deal with the 
hybrid MADM problems. Krohling et al. [60] extended the TODIM strategy from fuzzy environment to 
intuitionistic fuzzy environment to process the intuitionistic fuzzy information. Wang [61] introduced 
TODIM strategy into multi-valued neutrosophic set environment. Zhang et al. [62] proposed the 
TODIM strategy for MAGDM problems under a neutrosophic number environment. Ji et al. [63] 
proposed the TODIM strategy under a multi-valued neutrosophic environment and employed it 
to solve personal selection problems. In 2017, Xu et al. [64] developed the TODIM strategy in a 
single valued neutrosophic setting and extended it into interval neutrosophic setting. Neutrosophic 
TODIM [64] is capable of dealing with only single-valued neutrosophic information or interval 
neutrosophic information. 
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NCS can be used to express the interval neutrosophic information and neutrosophic information 
in the process of MADGM. It seems that TODIM in NCSs has an enormous chance of success to 
deal with group decision making problems. In the NCS environment, the TODIM strategy is yet to 
appear. Motivated by these, we initiated the study of TODIM in the NCS environment, which we 
call NC-TODIM. 

However, NCSs comprise of hybrid information of INSs and SVNSs simultaneously, which are 
more flexible and elegant for expressing neutrosophic cubic information. To apply NCSs to MADGM 
problems, we introduce some basic operations of neutrosophic cubic (NC) numbers and the score, 
and accuracy functions of NC numbers, and the ranking strategy of NC numbers. 

In this paper we develop a TODIM strategy (for short, NC-TODIM strategy) for MAGDM in 
the NCS environment. The proposed NC-TODIM strategy was proven to be capable of successfully 
dealing with MAGDM problems by solving an illustrative example. What is more, a comparative 
analysis ensured the feasibility of the proposed NC-TODIM strategy. 

The remainder of the paper is divided into seven sections that are organized as follows: Section 2 
presents some basic definitions of NS, SVNS, INS, and NCS. Section 3 presents comparison strategy 
of two NC-numbers. Section 4 is devoted to present the proposed NC-TODIM strategy. Section 5 
presents an illustrative numerical example of MAGDM in the NCS environment. Section 6 is devoted 
to analyzing the ranking order with different values of attenuation factors of losses. Section 7 presents 
a comparative analysis between the developed strategy and other existing strategies in the NCS 
environment. Section 8 presents the conclusion and the future scope of research. 


2. Preliminaries 


In this section, we review some basic definitions which are important to develop the paper. 


Definition 1. [14] NS. Let U be a space of points (objects) with a generic element in U denoted by u, i.e., 
u € U. A neutrosophic set R in U is characterized by truth-membership function tp, indeterminacy-membership 
function ig, and falsity-membership function fr, where tr, ig, fp are the functions from U to ]~0,1*[ie., tr, 
ig, fp: U-]~0, 1° [ that means tr(u), ig(u), fr(u) are the real standard or non-standard subset of ]~ 0, 
1* [. The neutrosophic set can be expressed as R = {<u; (tr(u), ig(u), fr(u))>: VueU}. Since ta(u), ig(u), 
f(u) are the subset of |~ 0,17 [, there the sum (tr(u) + ig(u) + fr(u)) lies between ~ 0 and 3*, where~0=0— 
and3+ =3+6e,e>0. 





Example 1. Suppose that U = {u1, U2, U3, ...} is the universal set. Let Ry be any neutrosophic set in U. 
Then Ry expressed as Ry = {<uy; (0.6, 0.3, 0.4)>: uy €U}. 


Definition 2. [15] SVNS. Let U be a space of points (objects) with a generic element in U denoted by u. A single 
valued neutrosophic set H in U is expressed by H = {<u, (ty(u), ip(u), fy(u))>; uc U}, where ty(u), ip (u), 
fry(u)€[0, 1]. Therefore for each ucU, ty(u), in(u), fa(u)€[0, 1] and 0 < ty(u) + ip (uy) + fa(u) < 3. 


Definition 3. [16] INS. Let G be a non-empty set. An interval neutrosophic set G in G is characterized by 
truth-membership function te, the indeterminacy membership function ig and falsity membership function fe. 
For each g€G, te(g), ia(g), fe(g) C [0, 1] and G defined as 





G = {<g; [ta(g), ta(s)], lig(g), if(g), |, [fe(s), f4(8)] : Ve < Gh. 


Here, 
- +(e) iz(o) it = +(¢)- -9 1+ 
ta (8), t& (8), 1 (8), 1 (8), fa (8), f(g): GO 17, 
and 
“0 < sup té (g) + sup iz (g) + sup fé (o) = 8r., 
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In real problems it is difficult to express the truth-memberships function, indeterminacy-membership 
function and falsity-membership function in the form of 


ta (g), t (8), ig (8), id (8), fe (8), f(g): G >], 171. 


Here, 





a (8), t& (8), i€ (8), i& (8), f(g), FE(g) : G > [0, 1. 


Example 2. Suppose that G = {g,, 89, 83, ---1 Sn} is a non-empty set. Let G, be an INS. Then G, is 
expressed as 
G1 = {< g,; [0.39, 0.47], [0.17, 0.43], [0.18, 0.36]: g, € G}. 


Definition 4. [42,43] NCS. A NCS in a non-empty set G is defined as © = {<g; G(g), R(g)>: VgEG}, where G 


and R are the INS and NS in G respectively. NCS can be presented as an order pair © = <G, R>, then we call it 
as a neutrosophic cubic (NC) number. 


Example 3. Suppose that G = {g1, 85, 83, ---, Sn} is a non-empty set. Let ©, be any NC-number. Then ©, 
can be expressed as ©, = {<g,; [0.39, 0.47], [0.17, 0.43], [0.18, 0.36], (0.6, 0.3, 0.4)>: g, EG}. 


Some operations of NC-numbers: 


i. Union of any two NC-numbers 
Let ©; =< Gi, Ri > and ©2 =< Gy, Ro > be any two NC-numbers in a non-empty set G. 
Then the union of ©; and ©2denoted by ©; U©2 and defined as 


©, U ©@ =< Gi(g) U Gi(g), Rj (g) U Ro(g) Vg EG>, 


where Gi (g) U Gi(g) = {<g, [max {tg (8), tg, (g)Lmax (t€, (g), t& (S)II, [max (ig, (8), ig (g)1, max fiz (8), 
iG, (B11 Lmin (fe (8), fe (g)}, min {FS (8), £E (g)H>: g<G} and Ri(g) U Ro(g) = {<g, max {tr,(g), tr, (8), 
max {ip, (g), ir,(g)}, min {fr, (g), fr, (g)}>:VgeU}. 


Example 4. Let ©, and © be two NC-numbers in G presented as follows: 
©, =< [0.39, 0.47], [0.17, 0.43], [0.18, 0.36], (0.6, 0.3, 0.4) > 


and 
© =< [0.56, 0.70], [0.27, 0.42], [0.15, 0.26], (0.7, 0.3, 0.6) >. 


Then 
©, UG, =< [0.56, 0.70], [0.27, 0.43], [0.15, 0.26], (0.7, 0.3, 0.4) >. 


ii. Intersection of any two NC-numbers 
Intersection of two NC-numbers denoted and defined as follows: 


©1 N ©, =<Gj(g) M Gi(g), Ri(g) MN Ro(g) Vg € G>, 


where Gi(g) 9 Gi(g) = {<g, [min {te (8), te (g)},min {tz (8), t&(@iL [min lig (8), ig (Bl, min tig (8), 
iG (oll [max (fe, (8), fe (el, max f(g), f(g): g€G} and R;(g) M Ro(g)= {<g, min {tp, (g), tr, (g)}, 
min {ip, (g),ir,(g)}, max {fr, (g), fr, (g)}>:VgEU}. 
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Example 5. Let ©, and ©2 be any two NC-numbers in G presented as follows: 
©, =< [0.45, 0.57], [0.27, 0.33], [0.18, 0.46], (0.7, 0.3, 0.5) > 


and 
© =< (0.67, 0.75], [0.22, 0.44], [0.17, 0.21], (0.8, 0.4, 0.4) >. 


Then 
©, NM ©2 =< (0.45, 0.57], [0.22, 0.33], [0.18, 0.46], (0.7, 0.3, 0.4) >. 


iii. Compliment of a NC-number 
Let ©; =< Gj), R, > be a NCS inG. Then, the compliment of ©; =< G1, R; > denoted by 
xc 
©f = {<g, Gi(g), Ri(g)>: VgEG}. 
a = + fs i+ = + : 

_ Hee, Gi = (B [G B). B BE cB GB) (GB (Bl YBEG), where 
te (8) = fe (8), te (8) = 16 (8), ig (8) = (1 — ig (@), 1G (8) = () — iG (e), fe (8) = te (8), 
£ (8) = £S, (g) and tre(g) = fri(g), in f(g) = {17} — in, (8), fre(g) = tr, (8). 

Example 6. Assume that ©, be any NC-number in G in the form: 

©, =< [0.45, 0.57], [0.27, 0.33], [0.18, 0.46], (0.7, 0.3, 0.5) > 


Then compliment of ©, is obtained as 


© =< (0.18, 0.46], [0.73, 0.67], (0.45, 0.57], (0.5, 0.7, 0.7) >. 


Definition 5. Score function. Let ©; be a NC-number in a non-empty set G. Then, a score function of ©y, 
denoted by Sc (© ,) is defined as: 


1,,2 +a, + ap — 2b, —2bp -—c, —€ 1+a-—2b-c 
Se (© 4) =5 (4) + (BD (1) 











where, ©; = <[ay, ag], [b1, bz], [c1, 2], (a, b, c) > and Sc (© ,)€[-1, 1]. 
Proposition 1. Score function of two NC-numbers lies between —1 to 1. 


Proof. Using the definition of INS and NS, we have all a1, a2, bi, bz, c1, c2, a, b, and ¢ (0, 1). 
Since, 
(24210 2a, 21 


O<ajta<2, (2) 
=>2<2+a,+a<4 





0 <b; < 150 < 2b, < 2 andO < bb < 150 < 2b <2 
=> —2 < —2b, <0 
Boe Sob = 0 

=> —4 < —2b, — 2bo < 0 


(3) 


0<q <15>-1< -q <0 
0<q@<15>-1<-gqg<0 (4) 
=>-2<-cq -M<0 
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Adding Equations (2)—(4), we obtain 





=>-4< 24 a; + a — 2b, 2b — cy © <4, 








= 1< 2+ aj +a2 2b) 2by — cy — C2 < 1 (5) 
Again, 
0O<a<1slil<i¢+a<2, (6) 
0<b<1=5>0< 2%<2, 
0<c<il, 
(7) 
=>0< 2b4+c<3, 
=> —-3< —2b-—c<0 
Adding (6) and (7), we obtain 
—2< 1+a-—2b-—c<2, 
(8) 





= 1 < LyaT2b—c < 1 


Adding (5) and (8) and dividing by 2, we obtain 








2+ a, + a2 — 2b, — 2b2 — cy 2 1+ a—2b-—c 


1s 5 ; p (ASRS <1 


Sc (© ;) € [-1, 1]. 











Hence the proof is complete. 





Example 7. Let ©, and ©, be two NC-numbers in G, presented as follows: 
©, =< [0.39, 0.47], [0.17, 0.43], [0.18, 0.36], (0.6, 0.3, 0.4) > 


and 
©2 =< (0.56, 0.70], [0.27, 0.42], [0.15, 0.26], (0.7, 0.3, 0.6) >. 


Then, by applying Definition 5, we obtain Sc (© ,) = —0.01 and Sc (© 2) = 0.07, In this case, we can say 
that ©2 > ©}. 


Definition 6. Accuracy function. Let ©, be a NC-number in a non-empty set G, an accuracy function of ©, is 
defined as: 


Ac(©1) = 1/2 [1/2(a1 + a2 — bo(1 — ag) — by (1 — ay) — e2(1 — by) — cy(1 — by) +a — b(L—a)—c(1—b)] (9) 





Here, Ac (© ;)€[-1, 1]. 
When the value of Ac (© 1) increases, we say that the degree of accuracy of the NC-number ©, increases. 


Proposition 2. Accuracy function of two NC-numbers lies between —1 to 1. 


Proof. The values of accuracy function depend upon 


(Fla tar bo(1 — a2) — by (1 — a1) — c2(1 — by) — 1 (1 — b2)) and { a — b(1 — a) —c(1—b)} 








The values of 





(5 (a1 +az —b2(1 ~ a2) ~by (1 —a1) —c2(1 by) ~e1(1 ~ba))} 
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and 





lie between —1 to 1 from [37]. 
Thus, -1 < Ac(©@,) < 1. 
Hence the proof is completed. 














Example 8. Let ©, and © be two NC-numbers in G presented as follows: 
©, =< (0.41, 0.52], [0.10, 0.18], [0.06, 0.17], (0.48, 0.11, 0.11) > 


and 
©) =< 0.40, 0.51], (0.10, 0.20], [0.10, 0.19], (0.50, 0.11, 0.11) >. 
Then, by applying Definition 6, we obtain Ac (© ,) = 0.14 and Ac (© 2) = 0.30. In this case, we can say 
that alternative ©> is better than ©. 


With respect to the score function Sc and the accuracy function Ac, a strategy for comparing 
NC-numbers can be defined as follows: 


3. Comparison Strategy of Two NC-Numbers 


Let ©; and ©) be any two NC-numbers. Then we define comparison strategy as follows: 


i. If 
Sc(©,) > Se(©2), then ©; > Oo. (10) 

ii. If 
Sc(©,) = Sc(©2) and Ac(©,) > Ac(©2), then ©; > ©. (11) 

ili. If 
Sc(©,) = Sc(©2) and Ac(©,) = Ac(©2), then ©; = ©. (12) 


Example 9. Let ©; and ©» be two NC-numbers in G, presented as follows: 
©, =< [0.23, 0.29], [0.37, 0.46], [0.34, 0.42], (0.26, 0.26, 0.26) > 


and 
©) =< [0.25, 0.31], [0.35, 0.44], [0.35, 0.44], (0.28, 0.28, 0.28) >. 


Then, applying Definition 5, we obtain Sc (© ,) = 0.13 and Sc (© 4) = 0.13. Applying Definition 6, 
we obtain Ac(© ,) = —0.20 and Ac (© 2) = —0.18. In this case, we say that alternative © > © . (Score values 
and Accuracy values taking correct up to two decimal places). 


Definition 7. Let ©, and ©2 be any two NC-numbers, then the distance between them is defined by 





A(©1, ©2) = {lai — da] + |az — da| + [by — e1| + [ba — e2| + ler — fu] + lez — fo] + Ja—d] + b—e| + |e—f]] (13) 
where, ©) = <[a1, az], [b1, bz], [c1, ca], (a, b, c)> and ©2 = <[dj, dg], [e1, e2], [f1, fa], (de, f)>. 
Example 10. Let ©, and ©2 be two NC-numbers in G presented as follows: 


©, =< [0.66, 0.75], (0.25, 0.32], [0.17, 0.34], (0.53, 0.17, 0.22) > 
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and 
©) =< [0.35, 0.55], [0.12, 0.25], [0.12, 0.20], (0.60, 0.23, 0.43) > 


Then, applying Definition 7, we obtain 0 (©, ©2) = 0.12. 





Definition 8. Let © = {< [tj P ti | lis ; ij L, [fj fi |, (t, i, £) >} be any neutrosophic cubic value. 
©, used to evaluate i-th alternative with respect to j-th criterion. The normalized form of ©, is defined as follows: 


























= it 
©? S44 a 4 — ij 
pat eG PHC ye” E(t +G))2 
i i 
iz a (it)?)2 U (= ro (it)2)2 iF 
es? 79 =e (14) 
[ 2 : Ivy om “4 1 
(EP +2 (BGP HG)? 
[a a at caer array = 21’ m “i srloh 
(2 (ti)? +g)? CF)?) 2 (2 (5)? +)? CH) 2 5)? +) 4 ))? 


i=1 i=1 i=l 


A conceptual model of the evolution of the neutrosophic cubic set is shown in Figure 1. 





Figure 1. Evolution of the neutrosophic cubic set. 


4. NC-TODIM Based MAGDM under a NCS Environment 


Assume that A = {Aj, Ag,... , Am} (m > 2) and C = {Cj, Co, ... , Cn} (n > 2) are the discrete set 
of alternatives and attributes respectively. W = {W1, W2,..., Wn} is the weight vector of attributes 


n 
G (j=1,2,...,n), where W; > 0 and Wj = 1. Let E= {E,, Ey,... , E,} be the set of decision makers 
j= 


r 
and y = {V1, Y2, ---, Yr} be the weight vector of decision makers, where 7, > 0 and ok =: 


NC-TODIM Strategy 


Now, we describe the NC-TODIM strategy to solve the MAGDM problems with NC-numbers. 
The NC-TODIM strategy consists of the following steps: 


Information 2017, 8, 149 9 of 21 


Step 1. Formulate the decision matrix 
oe : =k : : 
Assume that MK = (Of) -_ be the decision matrix, where ©k = <Gi, Ri> is the rating value 


provided by the k-th (E,) decision maker for alternative Aj, with respect to attribute C;. The matrix 
form of Mk is presented as: 


Ga. (Ck oe. 7s 
A, Of Op ... Of 
MkK=| A, Of of ok 15 
=| Ao al 72 on (15) 
Am ©h1 Oho «+ Ohnj 


Step 2. Normalize the decision matrix 

The MAGDM problem generally consists of cost criteria and benefit criteria. So, the decision 
matrix needs to be normalized. For cost criterion G, we use the Definition 8 to normalize the decision 
matrix (Equation (15)) provided by the decision makers. For benefit criterion C; we don’t need to 
normalize the decision matrix. When G is a cost criterion, the normalized form of decision matrix 
(see Equation (15)) is presented below. 


Cet Hee. 5G. GR 
; Ay Or © we Orn 
M°S=| Ag ©x" ©x ©3n (16) 
pe ote : 
Am ©; Om +--+ ©hnj 


Here ok is the normalized form of the NC-number. 


Step 3. Determine the relative weight of each criterion 
The relative weight W., of each criterion is obtained by the following equation. 


2 We 


= Wi, (17) 


Wen 


where, Wj, = max {W 1, Wo,... , Wa}. 


Step 4. Calculate score values 

Using Equation (1), calculate the score value Sc (F*) aT, 25 me pt SY Dias t gaa) OF @;* if C 
is a cost criterion. Using Equation (1), calculate the score value Sc ((c)s) (i=1,2,...,m;j=1,2,...,n) 
of of if C is a benefit criterion. 
Step 5. Calculate accuracy values 

Using Equation (9), calculate the accuracy value Ac (©F*) (I=1,2,...,m;j=1,2,...,n) of 
ok if C; is a cost criterion. Using Equation (9), calculate the accuracy value Ac (Of) (I=1,2,...,m; 
j=1,2,...,n)of os if G is a benefit criterion. 
Step 6. Formulate the dominance matrix 

Calculate the dominance of each alternative Aj over each alternative A; with respect to the criteria 
C (Cy, Co, ... , Cn), of the k-th decision maker E, by the following Equations (18) and (19). 


Information 2017, 8, 149 10 of 21 


(For cost criteria) 





-- 
E Wen * 


c=1 


WA, Aj) = ERs Wen a(o2k, @2k), ifO2* > ©8* 


=p, if OR" = © (18) 








“a(onk @R*), FOR" < OR 


ic / 


(For benefit criteria) 








¥E(A;, Aj) = Wen a(ok, Ck), if OK > Ok 
E Wen 
=0 


if OK = Of (19) 








2 Wen 
= afd Wan “a(Ok, ,OK), if Ok . a 


where, parameter « represents the attenuation factor of losses and « must be positive. 


Step 7. Formulate the individual overall dominance matrix 
Using Equation (20), calculate the individual total dominance matrix of each alternative Aj over 
each alternative Aj under the criterion Cj. 


ok = (Ay, Aj) = E YEA: A\) (20) 


Step 8. Aggregate the dominance matrix 
Using Equation (21), calculate the collective overall dominance of alternative A; over each 
alternative Aj. 


(Ai, AY) = E re AK(Ai, Ay) 21) 


Step 9. Calculate global values 
We present the global value of each alternative as follows: 


n n 

x (Aj, A; ) — i Xx o (Ay, Ay 

hee A ob ( i j) Pesos i j)) 
1 





(22) 


max (2 (Ai, Aj))—, min (26 (Ai, A; )) 


Step 10. Rank the priority 

Sorting the values of ]; provides the rank of each alternative. A set of alternatives can be 
preference-ranked according to the descending order of Q;. The highest global value corresponds to 
the best alternative. 

A conceptual model of the NC-TODIM strategy is shown in Figure 2. 
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Figure 2. A flow chart of the proposed neutrosophic cubic set (NC)-TODIM strategy. 
5. Illustrative Example 


In this section, a MAGDM problem is adapted from the study [18] under the NCS environment. 
An investment company wants to select the best alternative among the set of feasible alternatives. 
The feasible alternatives are 


1. Car company (A) 

2. Food company (A2) 

3. Computer company (A3) 
4. Arms company (Ag). 


The best alternative is selected based on the following criteria: 


ay 


Risk analysis (C1) 
Growth analysis (C2) 
3. | Environmental impact analysis (C3). 

An investment company forms a panel of three decision makers {E;, Ez, Ez} who evaluate four 
alternatives in decision making process. The weight vector of attributes and decision makers are 
considered as W = (0.4, 0.35, 0.25)! + = (0.32, 0.33, 0.35)" respectively. 

The proposed strategy is presented using the following steps: 


Step 1. Formulate the decision matrix 

Formulate the decision matrices MX (k = 1, 2, 3) using the rating values of alternatives with 
respect to three criteria provided by the three decision makers in terms of NC-numbers. Assume 
that the NC-numbers of = 4G, Ri> present the rating value provided by the decision maker E,, for 
alternative A; with respect to attribute C;. Using these rating values os (k=1,2,3;i=1,2,3,4;j=1, 
2, 3), three decision matrices MK = (©K) ee (k = 1, 2, 3) are constructed (see Equations (23)-(25)). 
Decision matrix for E, 


GQ [oy CG 
Ay < (0.41, 0.52], (0.10, 0.18], [0.06, 0.17], (0.48, 0.11, 0.11) > < (0.40, 0.51], [0.10, 0.20], {0.10, 0.19], (0.50, 0.11, 0.11) >< [0.22, 0.27], (0.41, 0.52], (0.41, 0.52], (0.31, 0.31, 0.31) > 
M!' = | Ay < (0.35, 0.46], [0.18, 0.27], [0.17, 0.34], (0.43, 0.16, 0.21) > < [0.22, 0.28], 0.40, 0.50], (0.39, 0.48], (0.28, 0.28, 0.28) >< [0.38, 0.49], [0.10, 0.21], [0.10, 0.21], (0.57, 0.12, 0.12) > (23) 
Az < [0.23, 0.29), (0.36, 0.45], [0.34, 0.42], (0.26, 0.26, 0.26) > < [0.34, 0.45], [0.20, 0.30], (0.19, 0.39], (0.44, 0.16, 0.22) > < [0.22, 0.27, (0.41, 0.52], [0.41, 0.52], (0.31, 0.31, 0.31) > 
Ag < [0.17, 0.23}, [0.45, 0.55], [0.42, 0.59], (0.21, 0.32, 0.37) >< [0.22, 0.28], [0.40, 0.50], (0.39, 0.48], (0.28, 0.28, 0.28) > < [0.38, 0.49}, [0.10, 0.21], [0.10, 0.21], (0.57, 0.12, 0.12) > 
Decision matrix for E 
CQ ey C3 
A; < (0.17, 0.23], (0.46, 0.55], (0.42, 0.59], (0.21, 0.32, 0.37) >< [0.25, 0.31], [0.35, 0.44], [0.35, 0.44], (0.28, 0.28, 0.28) >< [0.34, 0.43], [0.13, 0.27], (0.13, 0.27], (0.49, 0.11, 0.11) > 
M? = | Ap < (0.23, 0.29], [0.37, 0.46], 0.34, 0.42], (0.26, 0.26, 0.26) > < [0.25, 0.31], [0.35, 0.44], (0.35, 0.44], (0.28, 0.28, 0.28) > < [0.34, 0.43], (0.13, 0.27], [0.13, 0.27], (0.49, 0.11, 0.11) > (24) 
A3 < (0.41, 0.52], [0.10, 0.18], {0.10, 0.17], (0.48, 0.11, 0.11) >< [0.44, 0.57], [0.10, 0.17], [0.10, 0.17], (0.51, 0.11, 0.11) >< [0.19, 0.24], [0.53, 0.67], [0.53, 0.67], (0.27, 0.27, 0.27) > 


Aq < (0.35, 0.46], [0.20, 0.28], [0.17, 0.34], (0.42, 0.16, 0.21) >< [0.25, 0.31), [0.35, 0.44], (0.35, 0.44], (0.28, 0.28, 0.28) >< [0.34, 0.43], [0.13, 0.27], [0.13, 0.27], (0.49, 0.11, 0.11) > 
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Decision matrix for Es 


CQ 
Ay < (0.22, 0.27], (0.42, 0.52], 0.42, 0.52], (0.28, 0.28, 0.28 
MB = | Ay < (0.22, 0.27], (0.42, 0.52], 0.42, 0.52], (0.28, 0.28, 0.28 
Ay < (0.38, 0.49], [0.10, 0.21], [0.10, 0.21], (0.50, 0.11, 0.11 
Ay < (0.38, 0.49], 0.10, 0.21], [0.10, 0.21], (0.50, 0.11, 0.11 


> 
> 
> 
> 
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G Cs 

< (0.22, 0.28], [0.40, 0.50], [0.39, 0.48], (0.28, 0.28, 0.28) > < [0.41, 0.52], 0.10, 0.18], [0.10, 0.17], (0.48, 0.11, 0.11) > 

< (0.40, 0.51], (0.10, 0.20], [0.10, 0.19], (0.50, 0.11, 0.11) >< [0.23, 0.29], [0.36, 0.45], [0.34, 0.42], (0.26, 0.26, 0.26) > (25) 
< [0.34, 0.45], [0.20, 0.30], [0.19, 0.39], (0.44, 0.16, 0.22) >< [0.38, 0.49}, 0.10, 0.21], [0.10, 0.21], (0.50, 0.11, 0.11) > 

< (0.22, 0.28], (0.40, 0.50], (0.39, 0.48], (0.28, 0.28, 0.28) > < [0.17, 0.23], (0.45, 0.54], (0.42, 0.59], (0.21, 0.32, 0.37) > 


Step 2. Normalize the decision matrix 
Since all the criteria are benefit type, we do not need to normalize the decision matrix. 


Step 3. Determine the relative weight of each criterion 
Using Equation (17), we obtain the relative weight vector W., of criteria as follows: 


Step 4. Calculate score values 


Wen = (1, 0.875, 0.625)". 


The score values of each alternative relative to each criterion obtained by Equation (1) are 


presented in the Tables 1-3. 


Table 1. Score values for M!. 





Cj ron C 
Ay 0.56 0.54 0.06 
As 040 0.09 0.54 
we 0.50 0.38 0.06 
A, —0.03 0.09 0.54 


Table 2. Score values for M2. 





Cy Co Co 
Ay —0.03 0.13 0.49 
A2 0.13 0.13 0.49 
A3 0.56 0.60 —0.04 
Ag 0.39 0.13 0.49 


Table 3. Score values for M?. 





CG ron G 
iy 0.07 0.09 0.56 
Ay 0.07 052 0.13 
As 0.51 0.37 0.39 
Ag 0.51 0.09  —0.03 


Step 5. Calculate accuracy values 
The accuracy values of each alternative relative to each criterion obtained by Equation (9) are 


presented in Tables 4-6. 


Table 4. Accuracy values for M!. 





Cy Co Co 
Ay 0.14 0.30 —0.24 
Ao 0.12 —0.23 0.32 
A3 —0.20 0.09 —0.24 


Ag —0.38 —0.23 0.32 
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Table 5. Accuracy values for M2. 





C1 C Co 
Ay 2038" -2048. 021 
A> 920 +018 0.21 
A3 0.14 0.36 —0.21 
rn 0.12 -018 0.21 


Table 6. Accuracy values for M?. 





Cy Co Co 
Ay —0.24 —0.23 0.41 
Ad —0.24 0.30 —0.20 
A3 0.26 0.09 0.12 
A4 0.26 —0.23 —0.38 


Step 6. Formulate the dominance matrix 


13 of 21 


Using Equation (19), we construct dominance matrix for « = 1. The dominance matrices are 


represented in matrix form (See Equations (26)-(34)). 
The dominance matrix ser , the dominance matrix Ba 








A Ap - Ay. Ag 
Ay 0 0.18 0.30 0.35 
Yi=| A. -046 0 —0.58 0.30 
A3 —0.74 0.23 0 0.19 
A4 0.88 0.74 0.47 O 
Bu, Age de By 
Aj 0 0.29 0.18 0.28 
¥=| A, —082 0 -069 0 
Az —0.51 0.24 0 0.29 
Aq, —0.81 0 —0.65 0 
The dominance matrix v , the dominance matrix a 
A; Az A3 Ag 
Aj 0 —1 0 —1 
Y3=| Ar 0.25 0 0.26 0 
Ae OST > St 
Ay 0.25 0 0.26 O 
Ay ‘6 Ay” hy 
Ay 0 0.46 0.88 0.74 
Wi=|A, 0.18 0 -0.75 —0.58 
A3 0.35 0.09 0 0.04 
Aq 0.30 0.23 0.19 0 


(26) 


(27) 


(28) 


(29) 
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The dominance matrix < , the dominance matrix Ye 


Bo. , isc Ghee. < che 
A, O 0 —0.84 0 
W=!1A. 0 O 084 O 
A3 0.29 0.29 0 0.29 
A, O 0 —0.84 0 
Ai, Ag A3 Ag 
Ay O 0 026 O 
Y=|Ar 0 O 0.26 0 
Ag let oe - 25 
Ag 0 0 0.26 O 
The dominance matrix ¥?, the dominance matrix Ba 
he, “Ape Jae’ AG 
Ay O 0 0.78 0.78 
YW=|A. 0 0 0.78 0.78 
A3 031 0.31 £0 0 
Aq 031 0.31 O 0 
Aj Ao A3 Ag 
Ay 0 —0.83 0.65 0 
W=| A, 0.29 0 0.18 0.29 
A30.23. —0.51 0 0.23 
A4 0 —0.83 -—0.65 0 
The dominance matrix ae 
Aj Ad A3 A4 
Ay 0 —0.94 0.59 —1.1 
W=|A. 0.23 O -073 0.15 
A3 0.59 0.18 0 0.23 
A, —11 058 -0.94 0 


Step 7. Formulate the individual overall dominance matrix 
The individual overall dominance matrix is calculated by the Equation (20) and the dominance 

matrices are represented in matrix form (see Equations (35)—(37)). 
First decision maker’s overall dominance matrix op! 


Aj 
b'= | Ao 
A3 
A4 


Ay As 
0 —0.53 
= 0 

-13 0.53 

25> O74 


Ag. tha 
0.47 —0.37 
=f; . 9:30 
0 0.52 

0.86 0 
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(30) 


(31) 


(32) 


(33) 


(34) 


(35) 
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Second decision maker’s overall dominance matrix ¢? 


Ai Aa A3 Ag 
A; 0 0.46 —1.5 —0.74 

b= | A, 0.18 0 13 058 (36) 
A; —0.36 —0.62 0 0.67 
Ag 0.30 0.23 -0.39 0 





Third decision maker’s overall dominance matrix $? 


Ay Ay Ag Ag 
A; 0 =—18 -—2 49 
p> =| A, 0.52 i =ho- 064 (37) 
A3 —0.05 —0.02 0 0.46 
Ay -079 =11 -1e © 





Step 8. Aggregate the dominance matrix 
Using Equation (21), the aggregate dominance matrix ¢ is constructed (see Equation (38)) 


as follows: 
Ay A2 A3 Ag 





A, 0 0.94 -11 —0.53 
b=|As =—010 0 -123 =022 (38) 
A; —054 -0.38 0 —0.23 





A, —0.64 —0.55 —0.96 0 


Step 9. Calculate global values 
Using Equation (22), we calculate the values of Qj (i = 1, 2, 3, 4) and represented in Table 7. 


Table 7. Global values of alternatives. 


A; Ay Ay A3 Ag 
Oo; 0.49 0.61 1 0 





Step 10. Rank the priority 

Since 13 > O2 > Oy > Oy, alternatives are then preference ranked as follows: A3 > Az > Ay > Ag. 

Hence As is the best alternative. 

From the illustrative example, we see that the proposed NC-TODIM strategy is more suitable for 
real scientific and engineering applications because it can handle hybrid information consisting of INS 
and SVNS information simultaneously to cope with indeterminate and inconsistent information. Thus, 
NC-TODIM extends the existing decision-making strategies and provides a sophisticated mathematical 
tool for decision makers. 


6. Rank of Alternatives with Different Values of « 


Table 8 shows that the ranking order of alternatives depends on the values of the attenuation 
factor, which reflects the importance of the attenuation factor in the NC-TODIM strategy. 
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Table 8. Global values and ranking of alternatives for different values of «. 


Values of « Global Values of Alternative (O;) Rank Order of Aj 
QO, = 0, O2 = 0.89, Og = 1, Og = 0.46 
Os > O» > O4 > O1 
QO, = 0.49, O» = 0.61, O3 = 1, Og = 0 





0.5 A3 > Ay >Aq> Ay 


1 O3 > Oy > 04, >O4 A3 >A2>A,>Aq4 
QO; = 0, Oy = 0.72, Nz = 1, O4 = 0.44 

1.5 Oy>O5>01>0; A3 > Ag >Aq>Ayq 
O; = 0, Ay = 1, Og = 0.81, Oy = 0.38 

2 renee eres eran en Az >A3>Aq> Ay 

‘ OQ; = 0, Ay = 0.56, Nz = 1, Og = 0.45 (eee ee ene 


Og > O2 > Og > OZ 


Analysis on Influence of the Parameter « to Ranking Order 


The impact of parameter « on ranking order is examined by comparing the ranking orders taken 
with varying the different values of «. When « = 0.5, 1, 1.5, 2, 3, ranking order are presented in 
Table 8. We draw Figures 3 and 4 to compare the ranking order for different values of «. When « = 0.5, 
a =1.5 and « =3, the ranking order is unchanged and Az is the best alternative, while A; is the worst 
alternative. When « = 1, the ranking order is changed and As is the best alternative and Ag is the worst 
alternative. For x = 2, the ranking order is changed and Az is the best alternative and A, is the worst 
alternative. From Table 8, we see that A; is the best alternative in four cases and A, is the worst for 
four cases. We can say that ranking order depends on parameter «. 








MM -05 
ee = 1 
Mo =1.5 
Po =2 
Mm «-3 








Values of Q 





Al A2 A3 A4 
Alternatives 


Figure 3. Global values of the alternatives for different values of attenuation factor « = 0.5, 1, 1.5, 2, 3. 
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Global values 
oO 
_— 





Alternatives 
Figure 4. Ranking of the alternatives for « = 0.5, 1, 1.5, 2, 3. 


7. Comparative Analysis and Discussion 


On comparing with the existing neutrosophic decision making strategies [26—29,33-35,64-69], 
we see that the decision information used in the proposed NC-TODIM strategy is NC numbers, 
which comprises of interval neutrosophic information and single-valued neutrosophic information 
simultaneously; whereas the decision information in the existing literature is either SVNSs or INSs. 
Since NC numbers comprises of much more information, the NC numbers based on the TODIM 
strategy proposed in this paper is more elegant, typical and more general in applications, while the 
existing neutrosophic decision-making strategies cannot deal with the NC number decision-making 
problem developed in this paper. 

The first decision making paper in NCS environment was studied by Banerjee et al. [44]. 
On comparison with existing GRA-based NCS decision making strategies [44], we observe that 
the proposed NC-TODIM strategy uses the score, and accuracy functions, while the decision 
making-strategy in [44] uses Hamming distances for weighted grey relational coefficients and standard 
(ideal) grey relational coefficients, and ranks the alternatives based on the relative closeness coefficients. 
Hence, the proposed NC-TODIM strategy is relatively simple in the decision making process. 

On comparing with cosine measures of NCSs [49], we observe that the proposed NC-TODIM 
involves multiple decision makers, while in [49] only a single decision maker is involved. This shows 
that [49] cannot deal with group decision making, while the proposed NC-TODIM strategy is more 
sophisticated as it can deal with single as well as group decision making in the NCS environment. 

On comparison with extended TOPSIS [50] with neutrosophic cubic information, we observe 
that nine components are present in NCSs. Therefore, by calculation of a weighted decision matrix, 
a neutrosophic cubic positive ideal solution (NCPIS), and a neutrosophic cubic negative ideal solution, 
the distance measures of alternatives from NCPIS and NCNIS (NCNIS,) and entropy weight, and use of 
an aggregation operator are lengthy, time consuming, and hence expensive. The proposed NC-TODIM 
strategy is free from different kinds of typical aggregation operators. The calculations required for 
the proposed strategy are relatively straightforward and time-saving. Therefore, the final ranking 
obtained by the proposed strategy is more conclusive than those produced by the other strategies, 
and it is evident that the proposed strategy is accurate and reliable. 

On comparison with the strategy proposed by Zhan et al. [51], we see that they employ score, 
accuracy, and certainty functions, and a weighted average operator and weighted geometric operator 
of NCSs for decision making problem involving only a single decision maker. This reflects that the 
strategy introduced by Zhan et al. [51] is only applicable for decision making problems involving 
single decision maker. However, our proposed NC-TODIM strategy is more general as it is capable of 
dealing with group decision-making problems. 
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A comparative study is conducted with the existing strategy [48] for group decision making under 
a NCS environment (See Table 9). Since the philosophy of two strategies are different, the obtained 
results (ranking order) are different. At a glance, it cannot be said which strategy is superior 
to the other. However, on comparison with similarity measure-based strategies studied in [48], 
we observed that ideal solutions are needed for ranking of alternatives but in a real world ideal 
solution, this is an imaginary case, which means that an indeterminacy arises automatically, whereas in 
our proposed NC-TODIM strategy we can calculate the rank of the alternatives based on global values 
of alternatives. So, the proposed NC-TODIM strategy is relatively easy to implement and apply for 
solving MAGDM problems. 


Table 9. Ranking order of alternatives using three different decision making strategies in the 
neutrosophic cubic set (NCS) environment. 





Proposed NC-TODIM Strategy Similarity Measure [48] 
O41 = 0, Og = 0.89, O3 = 1, Og = 0.46 01 = 0.20, pz = 0.80, p3 = 0.22, py = 0.19 
Ranking order: A3 > Ag > Ag > Ay Ranking order: Ag > A3 > Ay > Ag 


8. Conclusions 


NCSs can better describe hybrid information comprising of INSs and N&s. In this study, 
we proposed a score function and an accuracy function, and established their properties. We developed 
a NC-TODIM strategy, which is capable for tackling MAGDM problems affected by uncertainty and 
indeterminacy represented by NC numbers. The standard TODIM, in its original formulation, is only 
applicable to a crisp environment. Existing neutrosophic TODIM strategies deal with single valued 
neutrosophic information or interval neutrosophic information. Therefore, proposed NC-TODIM 
strategy demonstrates the advantages of presenting and manipulating MAGDM problems with 
NCSs comprising of the hybrid information of INSs and NSs. Furthermore, NC-TODIM strategy 
that considers the risk preferences of decision makers, is significant to solve MAGDM problems. 
The proposed NC-TODIM strategy was verified to be applicable, feasible, and effective by solving 
an illustrative example regarding the selection problem of investment alternatives. In addition, 
we investigated the influence of attenuation factor of losses « on ranking the order of alternatives. 

The contribution of this study can be concluded as follows. First, this study utilized NCSs 
to present the interval neutrosophic information and neutrosophic information in the MAGDM 
process. Second, the NC-TODIM strategy established in this paper is simpler and easier than the 
existing strategy proposed by Pramanik et al. [48] for group decision making with neutrosophic cubic 
information based on similarity measure and demonstrates the main advantage of its simple and 
easy group decision making process. Third, TODIM strategy was extended to the NCS environment. 
Fourth, we defined the NC number. Fifth, we defined the score and accuracy functions and proved 
their basic properties. Sixth, we developed the ranking of NC numbers using score and accuracy 
functions. Therefore, two functions namely, score function, accuracy function, and proofs of their basic 
properties, ranking of NC numbers, and NC-TODIM strategy for MAGDM are the main contributions 
of the paper. 

Several directions for future research are generated from this study. First, this study employs 
the NC-TODIM strategy to deal with MAGDM. In addition to MAGDM, MAGDM problems in a 
variety of other fields can be solved using the NC-TODIM strategy, including logistics center selection, 
personnel selection, teacher selection, renewable energy selection, medical diagnosis, image processing, 
fault diagnosis, etc. Second, this study considers the risk preferences of decision makers i.e., the essence 
of TODIM, while the interrelationship between criteria are ignored. In future research, the NC-TODIM 
strategy will be improved to address this deficiency. Third, the proposed strategy can only deal 
with crisp weights of attributes and decision makers, rather than NCS, which reflects its main 
limitation. This limitation will be effectively addressed in our future research. Fourth, in our illustrative 
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example, three criteria are considered as an example. However, in real world group decision making 
problems, many other criteria should be included. A comprehensive framework for MAGDM problem 
comprising of all relevant criteria should be designed based on prior studies and the proposed 
NC-TODIM strategy in future research. Finally, we conclude that the developed NC-TODIM strategy 
offers a novel and effective strategy for decision makers under the NCS environment, and will open 
up a new avenue of research into the neutrosophic hybrid environment. 
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Abstract: In this paper, we will extend the VIKOR (VIsekriterijumska optimizacija i KOmpromisno 
Resenje) method to multiple attribute group decision-making (MAGDM) with interval neutrosophic 
numbers (INNs). Firstly, the basic concepts of INNs are briefly presented. The method first 
aggregates all individual decision-makers’ assessment information based on an interval neutrosophic 
weighted averaging (INWA) operator, and then employs the extended classical VIKOR method 
to solve MAGDM problems with INNs. The validity and stability of this method are verified by 
example analysis and sensitivity analysis, and its superiority is illustrated by a comparison with the 
existing methods. 


Keywords: MAGDM; INNs; VIKOR method 





1. Introduction 


Multiple attribute group decision-making (MAGDM), which has been increasingly investigated 
and considered by all kinds of researchers and scholars, is one of the most influential parts of decision 
theory. It aims to provide a comprehensive solution by evaluating and ranking alternatives based 
on conflicting attributes with respect to decision-makers’ (DMs) preferences, and has widely been 
utilized in engineering, economics, and management. Several traditional MAGDM methods have been 
developed by scholars in literature, such as the TOPSIS (Technique for Order Preference by Similarity 
to an Ideal Solution) method [1,2], the VIKOR (VIsekriterijumska optimizacija i KOmpromisno 
Resenje) method [3-5], the PROMETHEE (Preference Ranking Organization Method for Enrichment 
Evaluations) method [6], the ELECTRE (ELimination Et Choix Traduisant la Realité) method [7], the 
GRA (Grey Relational Analysis) method [8-10], and the MULTIMOORA (Multiobjective Optimization 
by Ratio Analysis plus Full Multiplicative Form) method [11,12]. 

Due to the fuzziness and uncertainty of the alternatives in different attributes, attribute values in 
MAGDM are not always represented as real numbers, and they can be described as fuzzy numbers 
in more suitable occasions [13-15]. Since fuzzy set (FS) was first defined by Zadeh [16], is has been 
used as a better tool to solve MAGDM [17,18]. Smarandache [19,20] proposed a neutrosophic set (NS). 
Furthermore, the concepts of single-valued neutrosophic sets (SVNSs) [21] and interval neutrosophic 
sets(INSs) [22] were presented for actual applications. Ye [23] proposed a simplified neutrosophic 
set (SNS). Broumi and Smarandache [24] defined the correlation coefficient of INS. Zhang et al. [25] 
gave the correlation coefficient of interval neutrosophic numbers (INNs) in MAGDM. Zhang et al. [26] 
gave an outranking approach for INN MAGDM. Tian et al. [27] defined a cross-entropy in INN 
MAGDM. Zhang et al. [28] proposed some INN aggregating. Some other INN operators are proposed 
in References [29-32]. Ye [33] proposed two similarity measures between INNs. The SVNS and INS 
have received more and more attention since their appearance [34—42]. 
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Opricovic [3] proposed the VIKOR method for a MAGDM problem with conflicting 
attributes [43-45]. Some scholars proposed fuzzy VIKOR models [46], intuitionistic fuzzy VIKOR 
models [47-49], the linguistic VIKOR method [50], the interval type-2 fuzzy VIKOR model [51], the 
hesitant fuzzy linguistic VIKOR method [52], the dual hesitant fuzzy VIKOR method [53], the linguistic 
intuitionistic fuzzy [54], and the single-valued neutrosophic number (SVNN) VIKOR method [38]. 
However, there has not yet been an academic investigation of the VIKOR method for MAGDM 
problems with INNs. Therefore, it is necessary to pay great attention to this novel and worthy research 
issue. The purpose of our paper is to use the VIKOR idea to solve MAGDM with INNs;, to fill this 
vacancy of knowledge. In Section 2, we give the definition of INNs. We propose the VIKOR method 
for INN MAGDM. In Section 3, an example is provided, and the comparative analysis is proposed in 
Section 4. We finish with our conclusions in Section 5. 


2. Preliminaries 


The concepts of SVNSs and INSs are introduced. 


SVNSs and INSs 

NSs [19,20] are not easy to apply to real applications. Wang et al. [21] developed SNSs. 
Furthermore, Wang et al. [22] defined INSs. 
Definition 1 [21]. Let X be a space of points (objects), a SVNSs A in X is characterized as following: 


A= {(x,Ca(x), pal), Ga(x))|x © Xf (1) 
where the truth-membership function € 4 (x), indeterminacy-membership wp 4 (x) and falsity-membership function 


Za(x), Ga(x) > [0,1],h4(x) > [0,1] and C,4(x) > [0,1], with the condition 0 < G,4(x) + a(x) + 
Ca(x) <3. 


Definition 2 [22]. Let X be a space of points (objects) with a generic element in fixed set X, denoted by x, where 
an INS A in X is characterized as follows: 


A= {(x, 83x), Pal), Cale) |x € X} 2) 


where truth-membership function ¢ (x), indeterminacy-membership tp x(x), and falsity-membership function 
x(x) are interval values, €;(x) © [0,1],z(x) © [0,1] and (x(x) © [0,1], and 0 < sup(Ez(x)) + 


sup (a(x) + sup(Cq(x)) <3. - 
An INN can be expressed as A = (Cea) = (zh. eR] ; ye, ps ’ ie | ), where [z%. eR] Cc 


[0,1], [ys, PR] < [0,1], [24,28] < [0,1], ando < GR + pR + CR <3, 


Definition 3 [45]. Let A = ([c%. eh ‘ ye. pk ; ck. cr] ) be an INN, then a score function, SF, is: 








si (ay - O48 pi — oh) (2+¢8- 98 ES). se(A) € (oa e 


Definition 4 [45]. Let A = ( ee, ck] F EA pr F i cr] ) be an INN, then an accuracy function, AF (4) i 
is defined as: 





ar(4) = (ch +e8) — (2h +08) 


5 ,AF(A) € [-1,1] (4) 
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Definition 5 [45]. Let A = ([e4,e8], (wh, pl, [ch,c8]) and B = ([ek e8), [pk wR], (ck, oR] ) 























be two INNs, sF(A) = (2 aA cA) +(2 Mea WA cA) and SF(B = (2 ame +2 Ams ch) ie 
the score functions, and AF (4) = (cates) (cates) and AF(B = (e525) (c5*25) be the accuracy 


functions, then if SF (4) < SF(B), then A < B; if SF (4) = SF(B), then (1) if AF(A) = AF(B B), then 
A =B; (2) if AF(A) < AF(B), then A < B. 
Definition 6 [22,33]. Let A = ([e4,e%], [ph p8], [ch,c8]) and B = ([ek,e8), [pk w8], (ce, oR] ) 
be two INNs, then: 

(L)A@B= (04 +6 — 8405.04 + C8 — CASE, (PAPE PAVE], (CASE CACE]); 

(2)d@pa| lSaoe-fAcs]- [Yat oa — Pave ba + oe — babel, |. 

IC +65 —CACB, GA + OB — CASE | 
(3)AA = ([1- (1- ~E) 1— (1—€8)"], |(wh)*, (w8)’], [(64)”, @8)"] ),.4 > & 
(4) (A)” = ([(@4)*, ©"), [(94)”, (9), [1 - 08) - 1 - 68)']), avo. 


Definition 7 [45]. Let A and B be two INNs, then the normalized Hamming distance between A and B is 


defined as follows: 
Lf |ch—o5| + [oh — o8| + [oa — 15 
d{ A,B : 
a ie wh — vB| + (oh — Spl +104 — 68 | (5) 








3. VIKOR Method for INN MAGDM Problems 


Let ¢ = {¢1,¢2,:--,@m} be alternatives and » = {1,¢92,---,@n} be attributes. Let tT = 
n 
(T,T2,°*+ ,T) be the weight of Pir 0< Ss 1, ha = 1. Let D = {Dj,Dp,--- ,D;} be the set 


t 
of DMs, 7 = (01,02,--- ,0+) be the weighting of DMs, with O < q% < 1, Yo = 1. Suppose 
k=1 


that Ry = (qr) a (les an yi” ae |, ae | a is the INN eee 
k) ae 


(k) R(k) R(k L(k k (k R(k 
ete |< [0, 1, [wii | ¢ ory [ey .c”| © fale < ef! +4 gi + oi 
i=1,2,---,m,j=1,2,--- ,n,k =1,2,--- ,t. 

To cope with the MAGDM with INNs, we develop the INN VIKOR model. 


Step 1. Utilize the R, and the interval neutrosophic number weighted averaging 
(INNWA) operator 


ry = ([eh-e8] [vf vl]- [eh c]) = monwac (A). 22) a 
i=1,2,---,m,j =1,2,---,n 


to get R = (Fi) 
Step 2. Define the positive ideal solutions R+ and negative ideal solutions R~. 


v= ([eeret) forma] (ee) g 
“= (oe bbe) ® 
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For the benefit attribute: 


(Leer. [ote] leg ]) 

















9 
= max¢/:, max¢i* ; minpi;, ming], inch ming ) ©) 
(ga) [eo] [ee a) * 
= ming, ming], [mary max], Imax¢t, maxci] 
For the cost attribute: 
([ett-2*] [ott ok). [ete c*]) 7 
= ([mingt, ming ; maxi max, Imaxct, maxcf] 
([et--28-]- fol 9f[eto2]) a 
= max¢/:, max¢i* ; minpi, ming], [mings ming ) 
Step 3. Compute the I’; and Z}. 
coa( (BSE MeL Bear). 
ny Gijr ck], |. [le Yj: RI, \ek, oH) (13) 
fm ’ ot Cae pR+], (eae : 
aera lye 























ae oF) [ge ]). 


d 

i* “4 (ie, el, [os wR], [ch 2] ) (14) 
ar 
AUS 


af as yh, pt], cae ) 
ee er) 





Zj = max 
j 





where 7; is weight of @j. 
Step 4. Compute the ©; by the following formula: 





IT; —IF Fi 7 
o = 9 MT) 9) 2-4) (15) 
(T; = (EF) (Z; — Z}) 
where 

lr? =minI;, T; = maxT; (16) 

1 1 
Z; =min Z;, Z; = maxT; (17) 

1 1 


where @ depicts the decision-making mechanism coefficient. If @ > 0.5, it is for “the maximum group 
utility”; If @ < 0.5, it is “the minimum regret”; and it is both if @ = 0.5. 

Step 5. Rank the alternatives by ©;, Tj and Z; according to the selection rule of the traditional 
VIKOR method. 
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4. Numerical Example 


4.1. Numerical Example 


In this section, a numerical example is given with INNs. Five possible emerging technology 
enterprises (ETEs) ¢;(i = 1,2,3,4,5) are selected. Four attributes are selected to evaluate the five 
possible ETEs: @ @ 1 is the employment creation; 2) @2 is the development of science and technology; 
© 93 is the technical advancement; () 4 is the industrialization infrastructure. The five ETEs are to be 
evaluated by using INNs under the attributes (t = (0.2,0.1,0.3, 0.4)") by the DMs (co = (0.2,0.5, 0.3)"), 
as listed in Tables 1-3. 


Table 1. The decision matrix R;. 





























1 2 
pr ({0.3, 0.4], [0.6, 0.7], [0.3, 0.5]) ({0.4, 0.5], [0.2, 0.3], [0.1, 0.2]) 
0) ({0.5, 0.7], [0.6, 0.8], [0.2, 0.4]) ({0.5, 0.6], [0.3, 0.5], [0.2, 0.3]) 
3 ({0.4, 0.5], [0.5, 0.6], [0.2, 0.3]) ({0.3, 0.4], [0.5, 0.6], [0.1, 0.2]) 
ps ([0.6, 0.7], [0.2, 0.3], [0.1, 0.2]) ([0.4, 0.5], [0.1, 0.2], [0.2, 0.3]) 
5 ({0.4, 0.5], [0.2, 0.3], [0.2, 0.3]) ({0.2, 0.3], [0.6, 0.7], [0.2, 0.3]) 
3 4 
pr ({0.1, 0.2], [0.4, 0.5], [0.1, 0.2]) ({0.3, 0.4], [0.5, 0.6], [0.2, 0.3]) 
$2 ({0.5, 0.7], [0.4, 0.6], [0.2, 0.3]) ([0.6, 0.7], [0.3, 0.4], [0.2, 0.3]) 
$3 ([0.3, 0.4], [0.1, 0.2], [0.2, 0.3]) ([0.4, 0.5], [0.1, 0.2], [0.3, 0.4]) 
p4 ([0.4, 0.5], [0.2, 0.3], [0.1, 0.2]) ([0.3, 0.4], [0.4, 0.5], [0.2, 0.3]) 
5 ({0.5, 0.6], [0.4, 0.5], [0.2, 0.3]) ({0.3, 0.4], [0.6, 0.7], [0.3, 0.4]) 
Table 2. The decision matrix Ro. 
1 2 
py ({0.4, 0.6], [0.5, 0.7], [0.3, 0.4]) ([0.6, 0.7], [0.5, 0.6], [0.5, 0.6]) 
0) ([0.6, 0.9], [0.4, 0.5], [0.3, 0.4]) ({0.7, 0.8], [0.6, 0.7], [0.4, 0.5]) 
3 ([0.8, 0.9], [0.8, 0.9], [0.4, 0.5]) ({0.7, 0.8], [0.5, 0.6], [0.5, 0.6]) 
pa ([0.6, 0.7], [0.3, 0.4], [0.5, 0.6]) ([0.8, 0.9], [0.5, 0.6], [0.6, 0.7]) 
5 ({0.4, 0.5], [0.6, 0.7], [0.6, 0.7]) ([0.6, 0.7], [0.3, 0.4], [0.3, 0.4]) 
3 P4 
py ({0.5, 0.6], [0.4, 0.5], [0.3, 0.4]) ([0.6, 0.7], [0.4, 0.5], [0.3, 0.4]) 
0) ({0.7, 0.8], [0.3, 0.4], [0.3, 0.4]) ([0.8, 0.9], [0.4, 0.5], [0.3, 0.4]) 
3 ({0.7, 0.8], [0.1, 0.2], [0.3, 0.4]) ([0.8, 0.9], [0.5, 0.6], [0.2, 0.3]) 
a ({0.5, 0.6], [0.2, 0.3], [0.4, 0.5]) ({0.5, 0.6], [0.7, 0.9], [0.3, 0.4]) 
5 ({0.9, 1.0], [0.4, 0.5], [0.3, 0.4]) ({0.7, 0.8], [0.8, 0.9], [0.1, 0.2]) 
Table 3. The decision matrix R3. 
#1 2 
pr ({0.7, 0.8], [0.4, 0.5], [0.4, 0.5]) ({0.7, 0.8], [0.3, 0.4], [0.6, 0.7]) 
$2 ({0.6, 0.7], [0.5, 0.6], [0.4, 0.5]) ({0.7, 0.8], [0.6, 0.7], [0.5, 0.6]) 
$3 ({0.7, 0.8], [0.3, 0.4], [0.5, 0.6]) ([0.8, 0.9], [0.2, 0.4], [0.6, 0.7]) 
py ({0.7, 0.8], [0.4, 0.5], [0.6, 0.7]) ([0.6, 0.9], [0.1, 0.2], [0.7, 0.8]) 
5 ([0.6, 0.7], [0.7, 0.8], [0.2, 0.3]) ({0.7, 0.8], [0.3, 0.5], [0.4, 0.5]) 
3 4 
p1 ([0.6, 0.7], [0.3, 0.4], [0.4, 0.5]) ({0.5, 0.6], [0.4, 0.5], [0.4, 0.5]) 
$2 ([0.8, 0.9], [0.2, 0.3], [0.7, 0.8]) ([0.6, 0.7], [0.3, 0.4], [0.4, 0.6]) 
$3 ([0.8, 0.9], [0.2, 0.4], [0.4, 0.5]) ({0.9, 1.0], [0.1, 0.2], [0.5, 0.6]) 
pa ([0.6, 0.7], [0.1, 0.2], [0.5, 0.6]) ([0.6, 0.7], [0.3, 0.4], [0.4, 0.5]) 
5 ([0.7, 0.9], [0.3, 0.4], [0.4 0.5]) ([0.8, 0.9], [0.5, 0.6], [0.5, 0.6]) 
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Then, we use the proposed model to select the best ETE. 


Step 1. Utilize R;(k = 1,2,3) and the INNWA operator, in order to obtain matrix R = (Fij) sua PY 
Equation (6) which is listed in Table 4. 


Table 4. The decision matrix R. 


P1 2 
1 ([0.4974, 0.6477], [0.4850, 0.6328], [0.3270, 0.4472]) — ({0.6021, 0.7058], [0.3571, 0.4625], [0.3828, 0.5044]) 
2 ([0.5817, 0.8268], [0.4638, 0.5802], [0.3016, 0.4277]) — ([0.6677, 0.7703], [0.5223, 0.6544], [0.3723, 0.4768]) 
$3 ([0.7186, 0.8301], [0.5426, 0.6507], [0.3723, 0.4768]) — ([0.6853, 0.7976], [0.3798, 0.5313], [0.3828, 0.5044]) 
pa ([0.6331, 0.7344], [0.3016, 0.4038], [0.3828, 0.5044]) — ([0.6933, 0.8620], [0.2236, 0.3464], [0.5044, 0.6150]) 
5 ([0.4687, 0.5710], [0.5044, 0.6150], [0.3464, 0.4583]) (0.5785, 0.6853], [0.3446, 0.4783], [0.3016, 0.4083]) 


93 P4 
1 ({0.4740, 0.5785], [0.3669, 0.4676], [0.2625, 0.3723])  ([0.5127, 0.6243], [0.4183, 0.5186], [0.3016, 0.4038]) 
2 ({0.7058, 0.8238], [0.2814, 0.3979], [0.3567, 0.4649]) — ([0.7172, 0.8268], [0.3464, 0.4472], [0.3016, 0.4265]) 
$3 ([0.6853, 0.7976], [0.1231, 0.2462], [0.3016, 0.4038]) — ([0.7976, 1.0000], [0.2236, 0.3464], [0.2855, 0.3912]) 
pa ({0.5150, 0.6163], [0.1625, 0.2656], [0.3241, 0.4397]) — ([0.4998, 0.6021], [0.4854, 0.6274], [0.3016, 0.4038]) 
5 ([0.8082, 1.0000], [0.3669, 0.4676], [0.3016, 0.4038]) — ([0.6853, 0.7976], [0.6559, 0.7579], [0.2019, 0.3194]) 











Step 2. Define the R+ and R~ by Equations (7) and (8). 


({0.7186, 0.8301], [0.3016, 0.4038}, {0.3016, 0.4277]) 
({0.6933, 0.8620], [0.2236, 0.3464], [0.3016, 0.4038]) 
({0.8082, 1.0000}, [0.1231, 0.2462], (0.2625, 0.3723]) 
({0.7976, 1.1000], (0.2236, 0.3464], {0.2019, 0.3194]) 
( ) 
( 
( 


SN 


XS 


= 


x 


0.4687, 0.5710], [0.5426, 0.6507], (0.3828, 0.5044 
0.5785, 0.6853}, [0.5223, 0.6544], (0.5044, 0.6150]) 
0.4740, 0.5785], [0.3669, 0.4676], (0.3567, 0.4649]) 
(0.4998, 0.6021], [0.6559, 0.7579], (0.3016, 0.4265]) 


y 


N 




















XN 


Step 3. Compute the I; and Z; by Equation (14). 


Ty = 0.6507,T2 = 0.4182,T3 = 0.2416,T4 = 0.5261,T5 = 0.5195 
Z1 = 0.2386, Z2 = 0.1515, Z3 = 0.0921, Z4 = 0.2765, Z5 = 0.2252 


Step 4. Compute the ©; (let € = 0.5) by Equation (15). 


@, = 0.8974, O2 = 0.3772,03 = 0.0000, O4 = 0.8477, @5 = 0.7006 


Step 5. The order of ETEs is determined by ©; (i = 1,2,3,4,5): 3 > ¢2 > $5 > $4 > $1, and 
thus the most desirable ETE is @3. 


4.2. Comparative Analysis 


In what follows, we compare with the interval neutrosophic number weighted averaging 
(INNWA) operator and interval neutrosophic number weighted geometric (INNWG) operator [28], 
INN similarity [33], and INN VIKOR [55]. The results are shown in Table 5. 

From the above analysis, it can be seen that the five methods have the same best emerging 
technology enterprise #3, and the ranking results of Method 1 and Method 2 are slightly different. The 
proposed INN VIKOR method can reasonably focus a MAGDM problem with INNs. At the same time, 
compared with Method 5 based on the INN VIKOR method in Reference [55], our proposed method 
avoids the interval numbers’ comparison. 
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Table 5. The orders by utilizing five methods. 





Methods Ranking Orders Best Alternatives 
Method 1 with INNWA operator in [28] $3 > 5 > d2 > b4 > $4 $3 
Method 2 with INNWG operator in [28] $3 > g2 > 65 > fa > 4 $3 
Method 3 based on similarity in [33] $3 > 2 > 65 > ba > 4 $3 
Method 4 based on similarity in [33] $3 > 2 > 65 > ba > 1 $3 
Method 5 based on INN VIKOR in [55] $3 > d2 > 65 > ba > 1 $3 
The proposed method $3 > g2 > o5 > 4 > $1 $3 


5. Conclusions 


The VIKOR method fora MAGDM presents some conflicting attributes. We extended the VIKOR 
method to MAGDM with INNs. Firstly, the basic concepts of INNs were briefly presented. The method 
first aggregates all individual decision-makers’ assessment information based on an INNWA operator, 
and then employs the extended classical VIKOR method for MAGDM problems with INNs. The 
validity and stability of this method were verified by example analysis and comparative analysis, and 
its superiority was illustrated by a comparison with the existing methods. In the future, many other 
methods of INSs need to be explored in for MAGDM, risk analysis, and many other uncertain and 
fuzzy environments [56-78]. 
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1. Introduction 


Euler [1] introduced the concept of graph theory in 1736, which has applications in various fields, 
including image capturing, data mining, clustering and computer science [2-5]. A graph is also used to 
develop an interconnection between objects in a known set of objects. Every object can be illustrated by 
a vertex, and interconnection between them can be illustrated by an edge. The notion of competition 
graphs was developed by Cohen [6] in 1968, depending on a problem in ecology. The competition 
graphs have many utilizations in solving daily life problems, including channel assignment, modeling of 
complex economic, phytogenetic tree reconstruction, coding and energy systems. 

Fuzzy set theory and intuitionistic fuzzy sets theory are useful models for dealing with uncertainty 
and incomplete information. However, they may not be sufficient in modeling of indeterminate and 
inconsistent information encountered in the real world. In order to cope with this issue, neutrosophic 
set theory was proposed by Smarandache [7] as a generalization of fuzzy sets and intuitionistic fuzzy 
sets. However, since neutrosophic sets are identified by three functions called truth-membership (t), 
indeterminacy-membership (i) and falsity-membership (f), whose values are the real standard or 
non-standard subset of unit interval ]0~,1*[. There are some difficulties in modeling of some problems 
in engineering and sciences. To overcome these difficulties, Smarandache in 1998 [8] and Wang et al. [9] 
in 2010 defined the concept of single-valued neutrosophic sets and their operations as a generalization of 
intuitionistic fuzzy sets. Yang et al. [10] introduced the concept of the single-valued neutrosophic relation 
based on the single-valued neutrosophic set. They also developed kernels and closures of a single-valued 
neutrosophic set. The concept of the single-valued intuitionistic neutrosophic set was proposed by 
Bhowmik and Pal [11,12]. 
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The valuable contribution of fuzzy graph and generalized structures has been studied by several 
researchers [13-22]. Smarandache [23] proposed the notion of the neutrosophic graph and separated them 
into four main categories. Wu [24] discussed fuzzy digraphs. Fuzzy m-competition and p-competition 
graphs were introduced by Samanta and Pal [25]. Samanta et al. [26] introduced m-step fuzzy competition 
graphs. Dhavaseelan et al. [27] defined strong neutrosophic graphs. Akram and Shahzadi [28] introduced 
the notion of a single-valued neutrosophic graph and studied some of its operations. They also discussed 
the properties of single-valued neutrosophic graphs by level graphs. Akram and Shahzadi [29] introduced 
the concept of neutrosophic soft graphs with applications. Broumi et al. [30] proposed single-valued 
neutrosophic graphs and discussed some properties. Ye [31-33] has presented several novel concepts 
of neutrosophic sets with applications. In this paper, we first introduce the concept of intuitionistic 
neutrosophic competition graphs. We then discuss m-step intuitionistic neutrosophic competition graphs. 
Further, we describe applications of intuitionistic neutrosophic competition graphs in ecosystem and 
career competition. Finally, we present our developed methods by algorithms. 

Our paper is divided into the following sections: In Section 2, we introduce certain competition 
graphs using the intuitionistic neutrosophic environment. In Section 3, we present applications of 
intuitionistic neutrosophic competition graphs in ecosystem and career competition. Finally, Section 4 
provides conclusions and future research directions. 


2. Intuitionistic Neutrosophic Competition Graphs 
We have used standard definitions and terminologies in this paper. For other notations, terminologies 


and applications not mentioned in the paper, the readers are referred to [34-44]. 


Definition 1. [58] Let X be a fixed set. A generalized intuitionistic fuzzy set I of X is an object having the 
form I={(u, p1(u),vz(u))|u € U}, where the functions py(u) :— [0,1] and vj(u) :— [0,1] define the degree of 
membership and degree of non-membership of an element u € X, respectively, such that: 

min{p1(u),vj(u)} < 0.5, for all u € X. 


This condition is called the generalized intuitionistic condition. 
Definition 2. [11] An intuitionistic neutrosophic set (IN-set) is defined as A = (w, ty (w), iz(w), fy (w)), where: 


tx(w) A fx(w) 
ta(w) Aix(w) 
ix(w) Afx(w) 


IN IA IA 


0.5, 
0.5, 
0.5, 
for all, w € X, such that: 
Definition 3. [12] An intuitionistic neutrosophic relation (IN-relation) is defined as an intuitionistic neutrosophic 
subset of X x Y, which has of the form: 

R= {((w,Z), tr(w, Z), irn(w, Z), fr(w,z)):wE X,z EY}, 
where tr, ip and fr are intuitionistic neutrosophic subsets of X x Y satisfying the conditions: 
1. one of these tr(w, Z), irg(w, z) and fr(w, z) is greater than or equal to 0.5, 


2. O< tr(w,z) +ir(w,z) + fr(w,z) <2. 


Definition 4. An intuitionistic neutrosophic graph (IN-graph) 6 = (X, h, k) (in short 6) on X (vertex set) is 
a triplet such that: 
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1. te(w,z) <th(w) Aty(z), i¢(w,z) < in(w) Ain(z),  fe(w,z) < fa(w) V falz), 
2. te(w,z) Nig(w,z) < 0.5, tp(w,z) A fe(w,z) < 0.5,  ip(w,z) A fe(w,z) < 0.5, 
& Os flw,2)4+n(w2)4+fw,2) <2, forall w,2 € X, 


ies 
Zz 
where, 

tn, in, and fy, > [0,1] 
denote the truth-membership, indeterminacy-membership and falsity-membership of an element w € X and: 
tk, i, and fi, > [0,1] 


denote the truth-membership, indeterminacy-membership and falsity-membership of an element (w, z) € E 
(edge set). 


We now illustrate this with an example. 


Example 1. Consider IN-graph 6 on non-empty set X, as shown in Figure 1. 


b(0.6, 0.3, 0.2) 








(0.1, 0.2, 0.3) (0.5, 0.2, 0.1) 


a(0.1, 0.4, 0.5) c(0.8, 0.3, 0.4) d(0.7, 0.4, 0.2) 
Figure 1. Intuitionistic neutrosophic graph (IN-graph). 
Definition 5. Let & be an intuitionistic neutrosophic digraph (IN-digraph), then intuitionistic neutrosophic 
out-neighborhoods (IN-out-neighborhoods) of a vertex w are an IN-set: 
N*(w) = (Xa, tio tao, foo), 
where, 


Xp = {z|ky(w,z) >0, ko(w,z) > 0, k3(w,z) > 0} 


such that t, : Xt — [0,1] defined by ti (z) = ky (w, z), if : Xp — [0,1] defined by i5(z) = ko(w,z) and 
fit : Xt — [0,1] defined by f(z) = k3(w,z). 


—> 
Definition 6. Let 6 be an IN-digraph, then the intuitionistic neutrosophic in-neighborhoods (IN-in-neighborhoods) 
of a vertex w are an IN-set: 


N™ (w) = (Xo, ta, toy fo), 
where, 
Xe = {zlki(z,w) > 0, ko(z,w) >0, k3(z, w) > 0}, 


such that tz, : X;, — [0,1] defined by t(z) = ky (z,w), iz : Xp — [0,1] defined by i, (z) = ko(z, w) and 
fo : Xm — [0,1] defined by fz (z) = ks(z, w). 
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Example 2. Consider 6 = (X,h,k) to be an IN-digraph, such that, X = {a, b,c, d,e},h = {(a, 0.5, 0.3, 0.1), 
(b, 0.6, 0.4, 0.2), (c, 0.8, 0.3, 0.1), (d, 0.1, 0.9, 0.4), (¢, 0.4, 0.3, 0.6)} and k = {(ab, 0.3, 0.3, 0.1), (a, 0.3, 0.2, 
0.4), (be, 0.5, 0.2, 0.1), (ed, 0.1, 0.2, 0.5), (dc, 0.1, 0.2, 0.3), (bd, 0.1, 0.3, 0.3) }, as shown in Figure 2. 


a(0.5, 0.3, 0.1) b(0.6, 0.4, 0.2) 










(0.3, 0.3, 0.1) 


c(0.8, 0.3, 0.1) 


(0.3, 0.2, 0.4) 
(0.1, 0.3, 0.3) 





(0.1, 0.2, 0.5) 


e 
e(0.4, 0.3, 0.6) d(0.1, 0.9, 0.4) 


Figure 2. IN-digraph. 


Then, N*(a) = {(b, 0.3, 0.3, 0.1), (e, 0.3, 0.2, 0.4)}, Nt (c) = O, Nt(d) = {(c, 0.1, 0.2, 0.3)}, 
and N~ (b) = {(a, 0.3, 0.3, 0.1)}, N-(c) = {(b, 0.5, 0.2, 0.1), (d, 0.1, 0.2, 0.3)}. Similarly, we can calculate 
IN-out and in-neighborhoods of the remaining vertices. 


Definition 7. The height of an IN-set A = (w, t x, ix, fx) is defined as: 


H(A) = (sup t x(w), supix(w), inf fx(w)) = (H,(A), H2(A), H3(A)). 
wex wex wex 
For example, the height of an IN-set A= { (a, 0.5, 0.7,0.2), (b, 0.1, 0.2, 1), (c, 0.3, 0.5, 0.3) } in X = {a, b,c} 
is H(A) = (0.5, 0.7, 0.2). 


Definition 8. An intuitionistic neutrosophic competition graph (INC-graph) c(é) of an IN-digraph 6 = (X, h, k) 
is an undirected IN-graph © = (X,h,k), which has the same intuitionistic neutrosophic set of vertices asin © and 
has an intuitionistic neutrosophic edge between two vertices w, z € X in C(&) if and only if Nt (w) NM Nt (z) is 
a non-empty IN-set in ©. The truth-membership, indeterminacy-membership and falsity-membership values of edge 
(w,z) in C(G) are: 


t,(w,Z) = (ty(w) A th(z))H(N* (w) N*(2)), 
ig(w, 2) = (i,(w) Ain (z))H(N*(w) NN*(z)), 
fr(w,z) = (fr(w) V fu(z))H(N*(w) AN*(z)), respectively. 
Example 3. Consider 6 = (X,h,k) to be an IN-digraph, such that, X = {a, b,c, d},h = {(a, 0.1, 0.4, 0.5), 


—> 
(b, 0.6, 0.3, 0.2), (c, 0.8, 0.3, 0.4), (d, 0.7, 0.4, 0.2)} and k = {(ab, 0.1, 0.2, 0.4), (a, 0.1, 0.2, 0.3), (be, 0.5, 
0.2, 0.2), (bd, 0.5, 0.2, 0.1), (cd, 0.5, 0.2, 0.1) }, as shown in Figure 3. 
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b(0.6, 0.3, 0.2) 





(0.5, 0.2, 0.2) 








(0.1, 0.2, 0.3) (0.5, 0.2, 0.1) 


c(0.8, 0.3, 0.4) d(0.7, 0.4, 0.2) 





a(0.1, 0.4, 0.5) 


Figure 3. IN-digraph. 


By direct calculations, we have Tables 1 and 2 representing IN-out and in-neighborhoods, respectively. 


Table 1. IN-out-neighborhoods. 








w Nt+(w) 

a {(b, 0.1, 0.2, 0.4), (c, 0.1, 0.2, 0.3)} 
b {(d, 0.5, 0.2, 0.1)} 

c {(b, 0.5, 0.2, 0.2), (d, 0.5, 0.2, 0.1)} 
d @ 

Table 2. IN-in-neighborhoods. 

w N- (w) 

a @ 

b_— {(a, 0.1, 0.2, 0.4), (c, 0.1, 0.2, 0.3)} 

c {(a, 0.1, 0.2, 0.3)} 

d_ {(b, 0.5, 0.2, 0.1), (c, 0.5, 0.2, 0.1)} 


The INC-graph of Figure 3 is shown in Figure 4. 


b(0.6, 0.3, 0.2) 


(0.3, 0.06, 0.16) 





(0.01, 0.06, 0.2) 





e 
a(0.1, 0.4, 0.5) c(0.8, 0.3, 0.4) d(0.7, 0.4, 0.2) 
Figure 4. Intuitionistic neutrosophic competition graph (INC-graph). 


Therefore, there is an edge between two vertices in INC-graph C(8), whose truth-membership, 
indeterminacy-membership and falsity-membership values are given by the above formula. 


Information 2017, 8, 132 6 of 26 


Definition 9. For an IN-graph 6 = (X,h,k), where h = (hy, hz, h3) and k = (ky, kz, k3), then an edge (w, z), 
w, z € X is called independent strong if: 


sli (w) Ate (2)] < ka (v,2), 

5 lha(w) A ha(2)] > ka(w, 2), 

jllts() V tes(z)] > ks(w, 2). 
Otherwise, it is called weak. 


Theorem 1. Suppose 6 isan IN-digraph. If N*(w) M Nt (z) contains only one element of g, then the edge 
re ; 
(w, z) of C( G ) is independent strong if and only if: 


[INT (w) NN (z)]|t > 0.5, 
[N+ (w) AN*(z)]|; < 0.5, 
|[N*(w) AN*(2)]lp < 05. 








Proof. Suppose, @ isan IN-digraph. Suppose N*+(w) M Nt (z) = (a, p,q, r), where p, q and r are the 
truth-membership, indeterminacy-membership and falsity-membership values of either the edge (w, a) 
or the edge (z, a), respectively. Here, 


|[N*(w) ON*(2)] lt = B = Hi (N*(w) NN*(z)), 
[NT (w) ON*(2)]li =9 = Ha(N*(w) NN*(z)), 
|[N* (w) AN*(z)]|p = 7 = Ha(N*(w) ON*(z)). 





Then, 


Therefore, the edge (w, z) in C(8) is independent strong if and only if p > 0.5,q < 0.5andr < 0.5. 
Hence, the edge (w, z) of C( 6 ) is independent strong if and only if: 


|[N*+(w) ANT (z)]|t > 0.5, 


( ( 
|[N*(w) NN*(z)] |i < 0.5, 
|[N* (w) NN*(2)]|¢ < 0.5. 

















We illustrate the theorem with an example as shown in Figure 5. 
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a(0.7, 0.5, 0.4) b(0.8, 0.4, 0.5) a(0.7, 0.5, 0.4) b(0.8, 0.4, 0.5) 





(0.6, 0.4, 0.4) 


(0.2, 0.3, 0.3) 
(€°0‘€°0 ‘2'0) 


(0.2, 0.3, 0.4) 








d(0.3, 0.4, 0.5) (0.8, 0.5, 0.4) d(0.3, 0.4, 0.5) c(0.8, 0.5, 0.4) 
(a) (b) 
Figure 5. INC-graph. (a) IN-digraph; (b) corresponding INC-graph. 


Theorem 2. If all the edges of an IN-digraph G are independent strong, then: 


ky(w,z) 
(hy(w) A hy (z))? 

kp(w,z) 
(hz(w) A hp(z))? 

k3(w, Zz) 
(his(w) V faye < °° 





> 0.5, 





< 0.5, 


for all edges (w, z) in C(8). 


Proof. Suppose all the edges of IN-digraph @ are independent strong. Then: 


5 lin (w) Ate (2)] < kez), 
slat) A a(z)] > kale, 2}, 
5 lis(w) V hs(z)] > ks(@v.2), 


for all the edges (w, z) in 6. Let the corresponding INC-graph be C( 6). 


Case (1): When Nt (w) MN N*(z) = @ for all w, z € X, then there does not exist any edge in C(é) 
between w and z. Thus, we have nothing to prove in this case. 


Case (2): When Nt (w) ON*(z) 4 @, let Nt (w) NNT (z) = {(a1, m1, 14, 71), (a2, M2, N2, 2), ---, 
(a,, my, nj, p,)}, where m,, nj; and p; are the truth-membership, indeterminacy-membership and 


falsity-membership values of either (w,a;) or (z,a;) fori =1,2,...,,L, respectively. Therefore, 


my = [ky (w, aj) A ky (Zai)], 
nj = |k2(w,a;) A k2(z, a; ), 
pi = [k3(w, a;) V k3(z, a; ), for PSV 2p souh 


Suppose, 
Hy(N* (wy AN? ()) =] maxim; = 1,2, ...,1) = ina 


Ho(N* (wy ON (@)) =maxta,, 4= 12041} = tae 
Ha(N*(w) ON* (z)) jmint pe) t= 1 Decal} = Pain 
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Obviously, max > k1(w, z) and Mmax < ko(w, z) and Pmin < k3(w, z ) for all edges (w, z) show that: 


Mmax ky (w,z) 


in (w) AIn(z) ~ fy(w) Ati (2) 


Nmax ko(w,z) 205 


Tin(w) Nlig(z) ~ Tig(w) ATi (2) 


Pmin k3(w,z) < 0.5, 


g(w) Vhig(z) ~ hs(w) ATi (2) 









































therefore, 
ky (w,z) = (hy (w) /\ hy(z)) Ay (N*(w) M N*(z)), 
ky (w,Z) oa [hy (w) A hy (z)| xX Mmax, 
ky(w,z) = 
(Ay (w) A hy (z)) cs 
ky(w,z) - Mmax 
(in (w) Ain (@))2 ~~ Ga) Ant) > 9 
kp (w,z) = (h2(w) A hp (z))H2(N* (w) NNT (z)), 
ko(w,z) = [h2(w) \ h2(z)] x Mmax, 
ko(w,z) = 
(ho(w) Ahg(z)) 
kp(w,z) te Nmax 
(z(t) Alin(2))2 iat) Mini) <9” 
and 
k3(w,z) = (h3(w) V h3(z))H3(N* (w) NNT (z)), 
k3(w,z) = [h3(w) V h3(z)] x Pmin, 
k3(w,z) =o 
(fi3(w) Viig(zy) PY” 
k3(w,z) = Pmin 
(Tis(to) Vhig(z))2 (lig) V hg(zy) <9 
Hence, 7 tt! ia(wea) > 0.5, een < 0.5, and Beer < 0.5 for all edges (w, z) in 
C(é). 


=> = 
hz, kz) be two INC-graph of IN-digraphs 61 = (hy, ly ) and 
U G6- where, Bo 


Theorem 3. Let C(&;) = (hy, ky) and C(G2) = ( 
5, = (hz, lp ), respectively. Then, C(6; 62) =6 




















, isan IN-graph 





;)*OC(G3)* (S1)*OC(6}) 


aCHE Ee Bi) C(61)* and C(G2)* are the crisp competition graphs of 6, and 


65, respectively. D~ is an IN-graph on (X1 x X2,E~) such that: 














on the crisp graph (X, x Xo, 









































1. EY = {(wy, 2) (21,22) 121 € N-(w1)*,z2 € N*(w)*} 
EeeyoEciety = Uw1,2)(w1,22) + Wr © X1, W222 € Egg). } U {(w1,W2)(Z1,W2) + w2 € 


X2,W41Z1 € CHEE 
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10. 


LT. 


Proof. Using similar arguments as in Theorem 2.1. [39], it can be proven. 








































































































9 of 26 





























th, Ohy = thy (W1) A th (w2), ih; Ohy = th, (W1) A ihy (We), fy Ohy = fr, (W1) V fy (W2). 

ty ((w1, W2)(W1,22)) = [th, (wy) N thy (w>) x ty, (Z2)] x Vx {thy (wy) /\ (2%) A te (2x2) f, 
(1, W2) (W122) © Eq (gry EG ser *2 € (NT (w2) NN* (z2))*. 

ig ((W1, W2)(W1,Z2)) = [in, (wi) A ing (2) A ty (Z2)]  Vixz Ling (1) A tp (Wax) A ip (Zaxa) }, 
(1, 2) (W1,22) € Ee (gry Egger %2 € (NT (w2) NN*(z2))*. 

fa( (tx, 2) (t1,z2)) = [fig 1) V Fg (02) V fg (21 X Van fig (1) V fie (waxe) V Fe (Z2xa)F, 
(wy, W2) (1,22) € Eogry OE ogy 22 € (NT (w2) NN*(z2))*. 

t.((w1, W2)(Z1,W2)) = [th, (wy) Ath, (1) x th, (w 2) x Vx {thy (wo) A tp (wix1) x tp (z1x1) f, 

(w1, W2)(Z1,W2) € Eogry OE ogy 21 € (NT (1) NN*(z1))*. 

ix ((W1, w2)(Z1, w2)) = lin, (w1) x th, (Z1) A thy (wo )] x V x1 {in, (w) A am (w4x1) /\ ip (Z1%1) fy 

(wy, W2)(Z1,W2) € Eogry OE pg 21 € (NT (1) ON*(z1))*. 

fi (Wr, Wa) (Z1, W2)) = [ny 1) V Fry (21) V Fag (t02)] Var {fing (2) V Fee (is) V tp (2121), 

(wy, W2)(Z1,W2) € Eagry OE ogy 21 € (NT (1) ON*(z1))*. 

te((w1,W2)(Z1,22)) = [tn (1) A ty (21) A th (2) A thy (22)] [tn (1) A tp (E11) A thy (22) A 
tp (w2z2)), 

(w 1,21) (W2,Z2) € EX. 

ix ((W1,W2)(Z1,22)) = [iy (1) A ing (21) A thy (2) A ing (Z2)] X Lin, (1) A ty? (211) A ing (Z2) A 
ip (W2Z2)|, 














(w1,Z1)(W2,Z2) € E>. 


fx ((W1,W2)(Z1,22)) = [fa (1) V fr, (21) V fry (W2) V fry (Z2)] x 


frp (wr22)), 
(W1,21)(W2,Z2) € ED. 














[fn (1) V Fee (Zat1) V fs (22) V 














Example 4. Consider & = = (Xy, hy, 1,) and &. = = (Xo, hp, I) to be two IN- digraphs, respectively, as shown 
in Figure 6. The intuitionistic neutrosophic out and in-neighborhoods of 6, and , 2 are given in Tables 3 and 4. 
The INC-graphs C(6,) and C(62) are given in Figure 7. 


Table 3. IN-out and in-neighborhoods of 5). 





we xX Nt (w) N- (w) 
Wy {w2 (0.2, 0.2, 0.3) } @ 
wy @ {wy (0.2, 0.2, 0.3), w3(0.3,0.1,0.1)} 
w3 — {w2(0.3,0.2,0.1)} {w4(0.3,0.1,0.1)} 
ws  {w3(0.3,0.1,0.1)} @ 


Table 4. IN-out and in-neighborhoods of 5. 





we Xp Nt (w) N- (w) 
z _ {z3(0.3,0.2,0.2)} @ 
z _ {z3(0.3,0.1,0.1)} @ 
23 @ {z, (0.3, 0.2, 0.2), z9(0.3, 0.1, 0.1)} 
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z1(0.4, 0.3, 0.2) 


29(0.4, 0.3, 0.5) 





(0.3, 0.1, 0.1) 





23(0.7, 0.2, 0.3) 





Figure 6. IN-digraphs. 
C(G1) C(G2) 


21(0.4, 0.3, 0.2) 
w1(0.3, 0.4, 0.5) 


0.12, 0.03, 0.1) 






w2(0.4,0.3,0.1) @ 
z9(0.4, 0.3, 0.5) 


w3(0.5, 0.2, 0.1) 
23(0.7,0.2,0.3) @ 


wa(0.4,0.3,0.1) @ 


> > 
Figure 7. INC-graphs of 6; and 69. 

















We now construct the INC-graph Soe) ce) UG = (w,k), where w = (tw, iw, fw) and k = (ty, ix, fr), 


from C/G; )* and C(63)* using Theorem 2.14. We obtained two sets of edges by using Condition (1). 
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Eee) Eg ety. ={ (W121) (W122), (W221) (W2, 22), (Ws, 21) (W322), 
(wa, 21) (Wa, 22), (W1, 21) (3,21), 
(w1,Z2) (Ws, 22), (W1,Z3) (Ws, Z3)f, 
ES ={(w2,z1)(wy,23), (we, 21)(w3,23), (w2, 22) (1,23) 
(w2, 22) (ws, 23), (ws, 21) (Wa, 23), (ws, 22) (Wa, 23) }- 


The truth-membership, indeterminacy-membership and falsity-membership of edges can be calculated by using 
(11) as 


Conditions (3) to 


k((w1,21)(W1,22)) = 


k((w2,21)(w1,23)) = 


= (0.3,0.3,0.5) x 


(thy (W1) A thy (Z1) A thy (Z2), tn, (1) A tty (21) A th, (22), fir, (1) V fry (21) V fig (22)) 
X (tn, (W1) A th (2123) A tr, (2223), tn, (1) A it, (2123) A i, (2223), 

fy (W1) V fi, (2128) V fi, (2228) 

(0.3,0.1, 0.5) 


= (0.09, 0.03, 0.25), 


= (0.3,0.2,0.5) x 


(tn, (W2) A thy (Z1) A th, (W1) A th, (23), tn, (W2) A in, (21) A in, (W1) A in, (23), 
Fin, (W2) V fy (21) V fy (1) V fy (Z3)) 

x (th, (wo) A th, (wywz) A t1, (23) A tp, (2123), 
fin (W2) V fr, (Wiw2) V fry (23) V fr, (2123) 
(0.2, 0.2, 0.3) 


in, (w2) A i, (wyw2) A il, (z3) A ily (z1Z3), 


= (0.06, 0.04, 0.15). 


All the truth-membership, indeterminacy-membership and falsity-membership degrees of adjacent edges of 





Sos"): 








C( G2) 





—,, and & 














are given in Table 5. 














Table 5. Adjacent edges of 6 =, UB. 


C(G2)* 











C(Bi)* 





(w, @) (z, 2) k (w, @) (z, Z) 











(wy, Z1)(wW1,Z2) (0.09, 0.03, 0.25) 
(w2,Z1)(We,Z2) (0.12, 0.03, 0.1) 
(w3,21)(w3, 22) (0.12, 0.02, 0.1) 
(w4,Z1)(W4,Z2) (0.12, 0.03, 0.1) 
(wy, Z1)(w3,Z1) (0.06, 0.04, 0.15 
(wy, 23)(w3,Z3) (0.06, 0.04, 0.15 
(w2,Z1)(w1,23) (0.06, 0.04, 0.15 
(wo, Z )(ws, Z3) (0.12, 0.04, 0.09 
(wo, Z2)(w1,23) (0.06, 0.02, 0.15 
(wo, Z2)(w3, Z3) (0.12, 0.02, 0.15 
(w3,Z1)(wa,z3) (0.12, 0.02, 0.09 
(w3,Z2)(w4,Z3) (0.12, 0.02, 0.15 
(wy, Z2)(w3,Z2) (0.06, 0.04, 0.25 


The INC-graph obtained by using this method is given in Figure 8 where solid lines indicate part of INC-graph 


obtained from 6 











—> 
of By 





c(é 
The Cartesian product 6, 
6, are calculated in Table 6. The INC-graphs of 6 


> 


1)* 




















cB)" and the dotted lines indicate the part of 6~. 




















oo of IN-digraphs G, and 6218 shown in Figure 9. The IN-out-neighborhoods 
6, are shown in Figure 10. 
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Figure 9. 6;L16>. 
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—> 
Table 6. IN-out-neighborhoods of 6,016. 








(w,z) N+ (w, z) 
(w1, Z1) {((w2, Z1), 0.2, 0.2, 0.3), ((w4, Z3),0.3, 0.2, 0.5) } 
(w1,Z2)  {((wy, Z3),0.3, 0.1, 0.5), (we, Z2),0.2, 0.2, 0.5) } 
(wy , 23) {((w2, Z3),0.2, 0.2, 0.3) } 
(w2, 21) {((w2, Z3),0.3, 0.2, 0.2) } 
(w2, Z2) {((w2, Z3),0.3, 0.1, 0.1) } 
(wp, 23) ® 
(w3,2Z1)  {((w3, Z3),0.3, 0.2, 0.2), ((w2, Z1),0.3, 0.2, 0.2) } 
(w3,Z2)  {((w2, Z2),0.3, 0.2, 0.5), ((w3, Z3),0.3, 0.1, 0.1) } 
(w3, 23) {((w2, Z3),0.3, 0.2, 0.3) } 
(wa,Z1)  {((wa, Z3),0.3, 0.2, 0.2), ((w3, 21),0.3, 0.1, 0.2) } 
(w4,Z2)  {((w4,Z3),0.3, 0.1, 0.1), ((w3, Z2),0.3, 0.1, 0.5) } 
(wa, 22) {((w3, z3),0.3, 0.1, 0.3)} 

(0.09, 0.03, 0.25) (0.3, 0.3, 0.5) (0.3, 0.2, 0.5) 


wi (0.3, 0.3, 0.5) 










(0.06, 0.04, 0.15) 


we (0.4, 0.3, 0.2) 


(0.06, 0.04, 0.15) 


w3 (0.4, 0.2, 0.2) (0.5, 0.2, 0.3) 





wa (0.4, 0.3, 0.2) (0.4, 0.3, 0.5) (0.4, 0.2, 0.3) 





(0.12, 0.03, 0.1) 











Figure 10. C(e; Gp). 
































It can be seen that C(G; G2) = Sos): ce) UG© from Figures 8 and 10. 











Definition 10. The intuitionistic neutrosophic open-neighborhood of a vertex w of an IN-graph 6 = (X,h,k) is 
IN-set N(w) = (Xw, tw, iw, fw), where, 


Xw = {z|k1(w,z) > 0, k2(w,z) > 0, k3(w,z) > OF, 


and tw : Xw — [0,1] defined by ty(z) = ki(w, Zz), iw : Xw — [0,1] defined by iw(z) = k2(w, z) and 
fz + Xw — [0,1] defined by fu(z) = k3(w, z). For every vertex w € X, the intuitionistic neutrosophic 
singleton set, Aw = (w, h}, hj, hi), such that: h : {w} > [0,1], hy : {w} — [0,1], hy : {w} > [0,1] 
defined by h’,(w) = hy (w), h(w) = ho(w) and h5(w) = h3(w), respectively. The intuitionistic neutrosophic 
closed-neighborhood of a vertex w is N[w] = N(w) U Aw. 
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Definition 11. Suppose 6 = (X, h, k) is an IN-graph. The single-valued intuitionistic neutrosophic 
open-neighborhood graph of © is an IN-graph N(G) = (X,h, k’), which has the same intuitionistic neutrosophic 
set of vertices in 6 and has an intuitionistic neutrosophic edge between two vertices w, z € X in N(®) if 
and only if N(w) N N(z) is a non-empty IN-set in 6. The truth-membership, indeterminacy-membership and 
falsity-membership values of the edge (w, z) are given by: 


ky (w,z) = [In (w) A Ia (2) | Ha (NC 


k5(w,z) = [ho(w) A ho(z)| Ho (N( 
k3(w,z) = [h3(w) V h3(z)]H3(N(w) NN(z)), respectively. 


Se 
2) 
ZZ 

OO 


Definition 12. Suppose 6 = (X, h, k) is an IN-graph. The single-valued intuitionistic neutrosophic 
closed-neighborhood graph of is an IN-graph N(G) = (X,h, k’), which has the same intuitionistic neutrosophic 
set of vertices in 6 and has an intuitionistic neutrosophic edge between two vertices w, z € X in N[| if 
and only if N[w| 1 N[(z] is a non-empty IN-set in 6. The truth-membership, indeterminacy-membership and 
falsity-membership values of the edge (w, z) are given by: 


ky (w,z) = [hy (w) A hy (z)| Fy (N[w] N NEZ] 
k5(w,z) = [ho (w) A ho(z)]H2(N[w] NN[z] 


k3(w,z) = [h3(w) V h3(z)]H3(N[w] O N[z]), respectively. 


Example 5. Consider G = (X,h, k) to be an IN-graph, such that X = {a, b, c,d}, h = {(a, 0.5, 0.4, 0.3), 
(b, 0.6, 0.3, 0.1), (c, 0.7, 0.3, 0.1), (d, 0.5, 0.6, 0.3)}, and k = {(ab, 0.3, 0.2, 0.2), (ad, 0.4, 0.3, 0.2), (be, 0.5, 
0.2, 0.1), (cd, 0.4, 0.2, 0.2)}, as shown in Figure 11. Then, corresponding intuitionistic neutrosophic open and 
closed-neighborhood graphs are shown in Figure 12. 





(0.3, 0.2, 0.2) 
a(0.5, 0.4, 0.3) b(0.6, 0.3, 0.1) 
a So 
os) ot 
oF 2 
S iS 
tf S 
S = 
d(0.5, 0.6, 0.3) @ (0.7, 0.3, 0.1) 


(0.4, 0.2, 0.2) 


Figure 11. IN-digraph. 
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15 of 26 
a(0.5, 0.4, 0.3) (0.2, 0.06, 0.06) b(0.6, 0.3, 0.1) 
d(0.5, 0.6, 0.3) c(0.7, 0.3, 0.1) 
(0.15, 0.06, 0.06) 
(a) a(0.5,0.4, 0.3) b(0.6, 0.3, 0.1) 





= en 
S So 
Ss ‘ [Og Ba 
x “8a, 5 
S 9) s 
Nn 2: 
S 2 

d(0.5, 0.6, 0.3) 


(0.2, 0.06, 0.06) 


(0.2, 0.06, 0.06) 


(b) 


Figure 12. (a) N(6); (b) N[6]. 


Theorem 4. For each edge of an IN-graph 6, there exists an edge in N[6]. 


Proof. Suppose (w, z) is an edge of an IN-graph 6 = (V,h, k). Suppose N[6] = (V, h, k’) is the 
corresponding closed neighborhood of an IN-graph. Suppose w, z € N[w] and w, z € N[z]. Then, w, 
z € N[w] NN[z]. Hence, 


Ay, (N[w] NN[z}) 40, 
Ha (N[w] NN[z]) 40, 
H3(N[w] ON[z]) # 0. 





Then, 


ki (w,z) = [hy (w) A hy (2) i (N[w] NN[z]) 4 0, 
k5(w,z) = [h2(w) A h2(z)] Ho (N[w] NN[z]) 4 0, 
Ks(w,2) = [hs (00) V hs (2)]Hs Noo] ONEz]) + 0. 





Thus, for each edge (w, z) in IN-graph 6, there exists an edge (w, z) in N[6]. 











Definition 13. The support of an IN-set A = (w, tx,ix, fx) in X is the subset A of X defined by: 


A= {we X:tx(w) £0,iz(w) £0, fx(w) 41} 


and |supp(A)| is the number of elements in the set. 


We now discuss p-competition intuitionistic neutrosophic graphs. ae 
an Suppose p is a positive integer. Then, p-competition IN-graph C?(6) of the IN-digraph 
6 = (X,h,k) is an undirected IN-graph 6 = (X, h, k), which has the same intuitionistic neutrosophic 
set of vertices as in 6 and has an intuitionistic neutrosophic edge between two vertices w, z € X in 
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CP(G 6) if and only if |supp(N* (w) : > p. The truth-membership value of edge (w, z) in crs ) 
eee) ae ea) 

fe, piwit(O) maitw, 4) = = 
6 


ANT (z 

Hi (Nt (w) A N*(z)); the indeterminacy-membership value of edge 

H Thy (w ; A h2(z)|Ho(N*(w) N N*(z)); and the falsity-membership 
fw, 2) = “—D*' ths (w) v hg (2)]Ha(N*(w) MN N*(z)) where 





P) 

1 

value of edge (w, z) in C?(G) is 
i = |supp(N* (w) NN*(z))- 

The three-competition IN-graph is illustrated by the following example. 


Example 6. Consider 6 = (X,h, k) to be an IN-digraph, such that X = {w1, w2, W3, 21, Z2, 23}, h = {(w1, 
0.5, 0.1, 0.2), (w2, 0.1, 0.6, 0.3), (w3, 0.1, 0.2, 0.5), (z1, 0.7, 0.2, 0.1), (zp, 0.5, 0.2, 0.3), (za, 0.3, 0.7, 0.2)} 
and k = {((w1,21),0.4, 0.1, 0.1), ((w1,2Z2),0.5, 0.1, 0.3), ((w1,23),0.2, 0.1, 0.1), ((we2,z1),0.1, 0.1, 0.2), 
((wW2,Z2),0.1, 0.1, 0.2), ((w2,z3),0.1, 0.5, 0.2), ((w3,Z1),0.1, 0.1, 0.1) ((w3, Z2),0.1, 0.1, 0.2)}, as shown in 
Figure 13. Then, Nt(w,) = {(21, 0.4, 0.1, 0.1), (z2, 0.5, 0.1, 0.3), (z3, 0.2, 0.1, 0.1)}, Nt (wo) = {(21, 
0.1, 0.1, 0.2), (za, 0.1, 0.1, 0.2), (z3, 0.1, 0.5, 0.2)} and N+(w3) = {(z1, 0.1, 0.1, 0.1), (Z2, 0.1, 0.1, 0.2)}. 
Therefore, Nt (w1) AN* (we) = {(21, 0.1, 0.1, 0.2), (Zz, 0.1, 0.1, 0.3), (z3, 0.1, 0.1, 0.2) }, Nt (w1) NNT (w3) = 
{(z1, 0.1, 0.1, 0.1), (zz, 0.1, 0.1, 0.3)} and N+ (w2) AN+(w3) = {(z, 0.1, 0.1, 0.2), (za, 0.1, 0.1, 0.2)}. 

Now, i = |supp(Nt(w 1) NNt(w2))| = 3. For p = 3, t(w1, w2) = 0.003, i(w 1, w2) = 0.003 and 
f(w1, wz) = 0.02. As shown in Figure 14. 


w} (0.5, 0.1, 0.2) 21(0.7, 0.2, 0.1) 
w(0.1, 0.6, 0.3) © 2(0.5,0.2, 0.3) 
w3(0.1, 0.2, 0.5) 23(0.3, 0.7, 0.2) 


Figure 13. IN-digraph. 


w1(0.5, 0.1, 0.2) @ ~,(0.7,0.2,0.1) 
a 
oO 
S 
26 
j=) 
oO 
S 
j=) 
oO 
S 
w2(0.1, 0.6, 0.3) @ 2(0.5, 0.2, 0.3) 
w3(0.1,0.2,0.5) @ e@ 23(0.3, 0.7, 0.2) 


Figure 14. Three-competition IN-graph. 
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We now define another extension of INC-graph known as the m-step INC-graph. 
Zw: a directed intuitionistic neutrosophic path of length m from z to w. 
Nj, (z): single-valued intuitionistic neutrosophic m-step out-neighborhood of vertex z. 
N,,(z): single-valued intuitionistic neutrosophic m-step in-neighborhood of vertex z. 


— ~~ 
Cm(G): m-step INC-graph of the IN-digraph 6. 


Definition 14. Suppose 6 = (X,h,k) isan IN-digraph. The m-step IN-digraph of © is denoted by rem = (SX i®) 
where the intuitionistic neutrosophic set of vertices of © is the same as the intuitionistic neutrosophic set of vertices of 
m and has an edge between z and w in Cx if and only if there exists an intuitionistic neutrosophic directed path 
yy in ©. 
z,w 


Definition 15. The intuitionistic neutrosophic m-step out-neighborhood of vertex z of an IN-digraph cf = (X,h,k) 
is IN-set: 


Nile) Oe78 2). “where 


X+ = {w| there exists a directed intuitionistic neutrosophic path of length m from z to w, Pm}, tt} : xX} — [0,1], 
it : X$ — [0, 1] and fe : Xf — (0, 1| are defined by tf = min{t(wy, w2), (wi, W2) is an edge of 
wus if = min{i(wy, w2), (wy, w2) is an edge of P3',} and f° = max{f(wy1, wz), (w1, W2) is an edge of 


rw }, respectively. 


Definition 16. The intuitionistic neutrosophic m-step in-neighborhood of vertex z of an IN-digraph 6= (X, h, k) 
is IN-set: 


Nile) = OgrigvGacls “where 


Xz; = {w| there exists a directed intuitionistic neutrosophic path of length m from w to z, Pm}, t, : Xz; — [0,1], 
i, : X; — (0, lj and fp : XP — (0, 1] are defined by tr = min{t(w , w2), (wy, w2) is an edge of 
Pr}, i, = min{i(wy, w2 ), (w 1, W2) is an edge of Pm} and f; = max{f(w1, W2), (W1, W2) is an edge of 
P tz}, respectively. 


Definition 17. Suppose 6 = (X, h, k) is an IN-digraph. The m-step INC-graph of IN-digraph ® is denoted 
by Cm( 6) = (X, h, k), which has the same 2 intuitionistic neutrosophic set of vertices as in © and has an 
edge between two vertices w, z € X in Cm( ©) if and only if (Nii (w) A Ni (z)) is a non-empty IN-set in 
6. The truth-membership value of edge (w, z) in Cm(@ ) is t(w, z) = [hy(w) A hy (z)|Hy (Nt (w) AN} (z)); 
the indeterminacy-membership value of edge (w,z) in Cm(6 ) is i(w, z) = [ho(w) A ho(z)]Ho(Nt (w) NZ (z)); 
and the falsity-membership value of edge (w, z) in Cm(G ) is f(w, z) = [hg(w) V h3(z)|H3(Nt (w) O Nit (z)). 


The two-step INC-graph is illustrated by the following example. 


Example 7. Consider 6 = (X,h, k) is an IN-digraph, such that, X = {w4, W2, 21, 22, 23}, h = {(w1, 
0.3, 0.4, 0.6), (we, 0.2, 0.5, 0.3), (21, 0.4, 0.2, 0.3), (22, 0.7, 0.2, 0} (z3, 0.5, 0.1, 0.2), (za, 0.6, 0.3, 0.2)}, 
and k = {((w1, 21 ), 0.2, 0.1, 0.2), ((we, z4), 0.1, 0.2, 0.3), ((Z1, 23), 0.3, 0.1, 0.2), ((21, Z2 ), 0.3, 0.1, 0.2), 
((Z4, Z2), 0.2, 0.1, 0.1), and ((Z4, 23), 0.4, 0.1, 0.4) }, as shown in Figure 15. 

Then, Nj (wi) = {(z2, 0.2, 0.1, 0.2), (zs, 0.2, 0.1, 0.2)} and NJ (wz) = {(z2, 0.1, 0.1, 0.3), (z3, 0.1, 
0.1, 0.4)}. Therefore, NJ (wi) ANZ (wz) = {(Z2, 0.1, 0.1, 0.3), (z3, 0.1, 0.1, 0.4)}. Thus, t(w1,w2) = 0.02, 
i(wW1,W2) = 0.04 and f(w1,w2) = 0.18. This is shown in Figure 16. 
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wy (0.3, 0.4, 0.6) we(0.2, 0.5, 0.3) 





(0.2, 0.1,0.2) 





21(0.4, 0.2, 0.3) z4(0.6, 0.3, 0.2) 


23(0.5, 0.1, 0.2) 


Figure 15. IN-digraph. 


(0.02, 0.04, 0.18) 


w1(0.3,0.4,0.6) © @——_—_—__ i? 2 (0.2, 0.5, 0.3) 


21(0.4,0.2,0.3) @ e@ 24(0.6, 0.3, 0.2) 


e 
29(0.7, 0.2, 0.1) 


e 
23(0.5, 0.1, 0.2) 


Figure 16. Two-step INC-graph. 


Definition 18. The intuitionistic neutrosophic m-step out-neighborhood of vertex z of an IN-digraph 6 = (G44) 
is IN-set: 
Nin(Z) = (Xz, tz, iz, fz), where 


Xz = {w| there exists a directed intuitionistic neutrosophic path of length m from z to w, Pry}, tz : Xz > 
[0, 1], i, : X, — [0, 1] and f, : X, — [0, 1] are defined by tz = min{t(w1, w2), (wi, wW2) is an edge of 
a ee iz = min{i(w 1, W2), (W1, W2) is an edge of Prt and f, = max{f (wy, W2), (W1, W2) is an edge of 


Pry}, respectively. 
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Definition 19. Suppose 6 = (X, h, k) is an IN-graph. Then, the m-step intuitionistic neutrosophic 
neighborhood graph (IN-neighborhood-graph) Nm(G) is defined by Nm(G) = (X, h, «), where hh = (hy, ho, 
h3), K = (K1, Ko, K3), Ky: X x X — [0,1], x: X x X — [0,1] and x3 : X x X — [0,1] are such that: 


Ky (w,z) = hy(w) Ahy(z) Hi (Nn (w) ONmn(z)), 

K2(w,z) = ho(w) A ho(z)Ho(Nin(w) A Nn (z)), 

K3(w,Z) = h3(w) V h3(z)H3(Nm(w) ANm(z)), respectively. 
Theorem 5. If all the edges of IN-digraph 6= (X, h, k) are independent strong, then all the edges of Cm (8) 
are independent strong. 


Proof. Suppose 6 = (X, h, k) is an IN-digraph and Cmn( 8) = (X, h, k) is the corresponding 
m-step INC-graph. Since all the edges of 6 are independent strong, then H,(Nji(w) O Nii (z)) > 0.5, 
Hy (Ni (w) N NF (z)) < 0.5 and H3(Nit(w) NNj(z)) < 0.5. Then, t(w,z) = (h1(w) A hy (z)) Hi (Ni (w) 9 





Ni (z)), or #(w,z) > 0.5(hy(w) A hy(z)), or petites > 0.5, i(w,z) = (h2(w) A hp(z))Ho(Nt(w) N 
Njfi(z)), or i(w, 2) < 0.5(ha(w) Aa (2)), or gacbtad  < 0.5 and f(w,z) = (ts(w) V ha (z)) Hs (Nii (w) 9 





Nii(z)), or f(w,z) < 0.5(hg(w) Vha(z)), or @aA bea < 05. 
Hence, the edge (w, z) is independent strong in C;( 6 ). Since, (w, z) is taken to be the arbitrary 


edge of Cy, (8), thus all the edges of C,,,( 6 ) are independent strong. 














3. Applications 


Competition graphs are very important to represent the competition between objects. However, 
still, these representations are unsuccessful to deal with all the competitions of world; for that purpose, 
INC-graphs are introduced. Now, we discuss the applications of INC-graphs to study the competition 
along with algorithms. The INC-graphs have many utilizations in different areas. 


3.1. Ecosystem 


Consider a small ecosystem: human eats trout; bald eagle eats trout and salamander; trout eats 
phytoplankton, mayfly and dragonfly; salamander eats dragonfly and mayfly; snake eats salamander and frog; 
frog eats dragonfly and mayfly; mayfly eats phytoplankton; dragonfly eats phytoplankton. These nine species 
human, bald eagle, salamander, snake, frog, dragonfly, trout, mayfly and phytoplankton are taken as vertices. 
Let the degree of existence in the ecosystem of human be 60%, the degree of indeterminacy of existence be 
30% and the degree of false-existence be 10%, i.e., the truth-membership, indeterminacy-membership and 
falsity-membership values of the vertex human are (0.6, 0.3, 0.1). Similarly, we assume the truth-membership, 
indeterminacy-membership and falsity-membership values of other vertices as (0.7, 0.3, 0.2), (0.4, 0.3, 0.5), 
(0.3, 0.5, 0.1), (0.3, 0.4, 0.5), (0.3, 0.5, 0.2), (0.7, 0.3, 0.2), (0.6, 0.4, 0.2) and (0.3, 0.5, 0.2). Suppose that human 
likes to eat trout 20%, indeterminate to eat 10% and dislike to eat, say 10%. The likeness, indeterminacy and 
dislikeness of preys for predators are shown in Table 7. 

It is clear that if trout is removed from the food cycle, then human must be lifeless, and in such a situation 
bald eagle, phytoplankton, dragonfly and mayfly grow in an undisciplined manner. Thus, we can evaluate 
the food cycle with the help of INC-graphs. 
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Table 7. Likeness, indeterminacy and dislikeness of preys and predators. 





Name of Predator NameofPrey LiketoEat Indeterminate to Eat Dislike to Eat 
Human Trout 20 10 10 
Bald eagle Trout 20 20 20 
Bald eagle Salamander 30 20 30 
Snake Salamander 20 20 10 
Snake Frog 30 20 40 
Salamander Dragonfly 20 20 20 
Salamander May fly 20 20 40 
Frog Dragonfly 30 30 30 
Trout Dragonfly 20 40 10 
Trout May fly 30 10 10 
Trout Phytoplankton 20 10 10 
Dragonfly Phytoplankton 10 10 10 
May fly Phytoplankton 30 30 20 
Frog May fly 10 10 10 


For this food web Figure 17, we have the following Table 8 of IN-out-neighborhoods. 


Human 
(0.6, 0.3, 0.1) 


Bald eagle 
(0.7, 0.3, 0.2) 


(0.2, 0.2, 0.2) 


Trout 
(0.3, 0.5, 0.2) Frog 


(0.2, 0.4, 0.1) (0.3, 0.4, 0.5) 


Dragonfly 
(0.6, 0.4, 0.2) 


a 
3 
= 
a 
= 





Figure 17. IN-food web. 


Table 8. IN-out-neighborhoods. 





weEex Nt (w) 
Human { (Trout, 0.2, 0.1, 0.1) } 
Bald eagle (Trout, 0.2, 0.2, 0.2), (Salamander, 0.3, 0.2, 0.3) 


{ } 

Salamander { (Dragon fly, 0.2, 0.2, 0.2), (Mayfly, 0.2, 0.2, 0.4) 
Snake { (Salamander, 0.2, 0.2, 0.1), (Frog, 0.3, 0.2, 0.4) } 

{( ) 


} 
) 
Frog Dragonfly, 0.3, 0.3, 0.3), (May fly, 0.1, 0.1, 0.1) } 


Mayfly { (Phytoplankton, 0.3, 0.3, 0.2) } 
Phytoplankton a) 
Dragonfly { (Phytoplankton, 0.1, 0.1, 0.1)} 
Trout { (Phytoplankton, 0.2, 0.1, 0.1), (Mayfly, 0.3, 0.1, 0.1), (Dragon fly, 0.2, 0.4, 0.1) } 
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Therefore, Nt(Human NM Bald eagle) = {(Trout, 0.2, 0.1, 0.2)}, N*(Bald eagle Snake) = 
{ (Salamander, 0.2, 0.2, 0.3)}, N* (Salamander M Frog) = {(Dragonfly, 0.2, 0.2, 0.3), (Mayfly, 0.1, 0.1, 
0.4)}, N* (Salamander N Trout) = {(Dragon fly, 0.2, 0.2, 0.2), (Mayfly, 0.2, 0.1, 0.4)}, Nt (Trout N Frog) = 
{(Dragonfly, 0.2, 0.3, 0.3), (Mayfly, 0.1, 0.1, 0.1)}, N* (Mayfly M Trout) = {(Phytoplankton, 0.2, 0.1, 
0.2)}, Nt (Mayfly M Dragonfly) = {(Phytoplankton, 0.1, 0.1, 0.2)} and N*(Dragonfly M Trout) = 
{ (Phytoplankton, 0.1, 0.1, 0.1) }. 

Now, there is an edge between human and bald eagle; snake and bald eagle; salamander and trout; 
salamander and frog; trout and frog; trout and dragonfly; trout and mayfly; dragonfly and mayfly in the 
INC-graph, which highlights the competition between them; and for the other pair of species, there is no 
edge, which indicates that there is no competition in the INC-graph Figure 18. For example, there is an 
edge between human and bald eagle indicating a 12% degree of likeness to prey on the same species, 
a 3% degree of indeterminacy and a 4% degree of non-likeness between them. 









Human 
(0.6, 0.3, 0.1) 






(0.06, 0.06, 0.06) 







(0.12, 0.03, 0.04) 

(0.06, 0.06, 0.15) 
Salamander 

(0.06, 0.06, 0.1) (0.4, 0.3, 0.5) 













(0.06, 0.12, 0.05) 


Trout 
(0.3, 0.5, 0.2) 


Frog 
(0.3, 0.4, 0.5) 






Dragonfly (0.03, 0.04, 0.04) 


(0.03, 0.04, 0.02) (0.6, 0.4, 0.2) 








(0.06, 0.05, 0.04) 
Figure 18. Corresponding INC-graph 
We present our method, which is used in our ecosystem application in Algorithm 1. 


Algorithm 1: Ecosystem. 





Step 1. Input the truth-membership, indeterminacy-membership and falsity-membership values 
for set of n species. 
Step 2. If for any two distinct vertices w; and wj, t(wjtw;) > 0, i(wjw;) > 0, f(wiw;) > 0, then 


(w;, t(w;tv;), i(w;w;), f (witw;)) € N* (wi). 


Step 3. Repeat Step 2 for all vertices w; and w; to calculate IN-out-neighborhoods N* (w;). 
Step 4. Calculate N* (w;) M N* (w,) for each pair of distinct vertices w; and wj. 

Step 5. Calculate H[N*(w;) NN*(w,)]. 

Step 6. If N*(w;) NN* (w;) # @, then draw an edge wjw;. 

Step 7. Repeat Step 6 for all pairs of distinct vertices. 

Step 8. Assign membership values to each edge wjw; using the conditions: 


t(wjw;) = (w; A w;) Hi [N* (w;) NN* (w,)] 
i(wjw;) = (w; A w;)H2[N* (w;) Nt (w;)] 


f (w;w;) = (w; V w;)H3[N* (w;) ON* (w,)). 
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3.2. Career Competition 


particular career. 


N 
N 
NA 












urgery 
0.3, 0.4, 0.5) 





Medicine 
0.7, 0.3, 0.2) 


Figure 19. IN-digraph. 





{ (Medicine, 0.1, 0.2, 0.5), (Anatomy, 0.1, 0.4, 0.5)}. 


Table 9. IN-out-neighborhoods. 





wex Nt (w) 
Nazneen { (Surgery, 0.2, 0.2, 0.2), (Pharmacy, 0.1, 0.4, 0.2)} 
Rosaleen { (Surgery, 0.2, 0.3, 0.4) } 
Amara { (Medicine, 0.5, 0.3, 0.1), (Pharmacy, 0.2, 0.5, 0.3) } 
Casper {(Medicine, 0.1, 0.2, 0.3), (Anatomy, 0.1, 0.5, 0.2) } 


Abner { (Medicine, 0.3, 0.4, 0.5), (Anatomy, 0.2, 0.4, 0.5), (Pharmacy, 0.2, 0.4, 0.5) } 


Consider the IN-digraph Figure 19 representing the competition between applicants for a career. 
Let {Rosaleen, Nazneen, Abner, Amara, Casper} be the set of applicants for the particular careers 
{ Medicine, Pharmacy, Anatomy, Surgery}. The truth-membership value of each applicant represents the 
degree of loyalty quality; the indeterminacy-value represents the indeterminate state of loyalty; and the 
false-membership value represents the disloyalty of each applicant towards their careers. Let the degree of 
truth-membership of Nazneen of her loyalty towards her career be 30%: degree of indeterminacy is 50%, 
and degree of disloyalty is 10%, i.e., the truth-membership, indeterminacy and falsity-membership values 
of the vertex Nazneen are (0.3, 0.5, 0.1). The truth-membership value of each directed edge between 
an applicant and a career represents the eligibility for that career; the indeterminacy-value represents 
the indeterminate state of that career; and the false-membership value represents non-eligibility for that 


Thus, in Table 9, Nt (Nazneen) 1 Nt (Rosaleen) = {(Surgery, 0.2, 0.2, 0.4)}, Nt (Nazneen) N 
N* (Amara) = {(Pharmacy, 0.1, 0.4, 0.3)}, N*(Nazneen) ON* (Abner) = {(Pharmacy, 0.1, 0.4, 0.5)}, 


+ (Nazneen) 1 Nt (Casper) = ©, N*(Rosaleen) 0 N* (Amara) = ©, Nt (Rosaleen) N Nt (Casper) = @, 
+ (Rosaleen) N Nt (Abner) = ©, Nt (Amara) N N* (Casper) = { (Medicine, 0.1, 0.2,0.3)}, Nt (Amara) N 
(Abner) = {(Medicine, 0.3, 0.3, 0.5), (Pharmacy, 0.2, 0.4, 0.5)} and N* (Casper) 1 Nt (Abner) = 
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The INC-graph is shown in Figure 20. The solids lines indicate the strength of competition between 
two applicants, and dashed lines indicate the applicant competing for the particular career. For example, 
Nazneen and Rosaleen both are competing for the career, surgery, and the strength of competition 
between them is (0.06, 0.1, 0.08). In Table 10, W(z, c) represents the competition of applicant z for career 
c with respect to loyalty quality, indeterminacy and disloyalty to compete with the others. The strength 
to compete with the other applicants with respect to a particular career is calculated in Table 10. 

From Table 10, Nazneen and Rosaleen have equal strength to compete with the other for the career, 


surgery. Abner and Casper have equal strength of competition for the career, anatomy. Amara competes 
with the others for the career, pharmacy and medicine. 


-- 





eg en een 5 













Abner : 
0.3, 0.5, 0.6) Rosaleen 
0.3,0-5.0-2) 





fan 


ee ep 


-- anit 


(0.01, 0.10, 0.09) 


Figure 20. Corresponding INC-graph. 


Table 10. Strength of competition of the applicant for a particular career. 

















(Applicant, Career) In Competition |W(Applicant, Career) S(Applicant, Career) 
(Nazneen, Surgery) Rosaleen (0.06, 0.1, 0.08) 0.88 
(Rosaleen, Surgery) Nazneen (0.06, 0.1, 0.08) 0.88 
(Abner, Anatomy) Casper 0.01, 0.20, 0.30) 0.51 
(Casper, Anatomy) Abner 0.01, 0.20, 0.30) 0.51 
(Nazneen, Pharmacy) Abner, Amara 0.03, 0.20, 0.18) 0.65 
(Abner, Pharmacy) Amara, Nazneen 0.06, 0.20, 0.30) 0.56 
(Amara, Pharmacy) Nazneen, Abner 0.06, 0.20, 0.18) 0.68 
(Amara, Medicine) Abner, Casper (0.05, 0.15, 0.195) 0.705 
(Casper, Medicine) Abner, Amara (0.01, 0.15, 0.195) 0.665 
(Abner, Medicine) Casper, Amara 0.05, 0.20, 0.30) 0.55 


We present our method, which is used in our career competition application in Algorithm 2. 
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Algorithm 2: Career Competition 
Step 1. Input the truth-membership, indeterminacy-membership and falsity-membership 
values for set of n applicants. 
Step 2. If for any two distinct vertices z; and z;, t(zjz;) > 0, i(zizj) > 0, f(ziz;) > 0, then 


(Zi tleazi), 1 Gee) f (iz) EN): 
Step 3. Repeat Step 2 for all vertices z; and z; to calculate IN-out-neighborhoods N* (z;). 
Step 4. Calculate N* (z;) M N* (z;) for each pair of distinct vertices z; and z;. 
Step 5. Calculate H[N* (z;) NN* (z;)]. 
Step 6. If N*(z;) NN*(z;) 4 @, then draw an edge z;z;. 
Step 7. Repeat Step 6 for all pairs of distinct vertices. 
Step 8. Assign membership values to each edge z;z; using the conditions: 


t(z;z;) = (zi \zj) Hi [NT (zi) NN* (z))] 
i(z;z;) = (Z; /\ 2;) He [Nt (z;) Nr (z;)] 
f (iz) = (2 V 2) Hg [Nt (z;) NN* (z,)]. 
Step 9. If z,11, 12,13, ..., fn are the applicants competing for career c, then the strength of 
competition W(z, c) = (t(z, c), i(z, c), f(z, c)) of each applicant z for the career c is: 











W(z,c) = RE eh ie) A YN) ea ; 
Step 10. Calculate S(z,c), the strength of competition of each applicant z for career c. 


S(z,c) = t(z,c) — (i(z,c) + f(z,c)) +1. 


4. Conclusions 


Graphs serve as mathematical models to analyze many concrete real-world problems successfully. 
Certain problems in physics, chemistry, communication science, computer technology, sociology 
and linguistics can be formulated as problems in graph theory. Intuitionistic neutrosophic set theory 
is a mathematical tool to deal with incomplete and vague information. Intuitionistic neutrosophic set 
theory deals with the problem of how to understand and manipulate imperfect knowledge. In this 
research paper, we have described the concept of intuitionistic neutrosophic competition graphs. We have 
also presented applications of intuitionistic neutrosophic competition graphs in ecosystem and career 
competition. We aim to extend our research work of fuzzification to (1) fuzzy soft competition graphs, 
(2) fuzzy rough soft competition graphs, (3) bipolar fuzzy soft competition graphs and (4) the application 
of fuzzy soft competition graphs in decision support systems. 
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1. Introduction 


As a generalization of fuzzy sets, Atanassov [1] introduced the degree of nonmembership / 
falsehood (f) in 1986 and defined the intuitionistic fuzzy set. 

Smarandache proposed the term “neutrosophic” because “neutrosophic” etymologically comes 
from “neutrosophy” [French neutre < Latin neuter, neutral, and Greek sophia, skill/wisdom] which 
means knowledge of neutral thought, and this third/neutral represents the main distinction 
between “fuzzy” /“intuitionistic fuzzy” logic/set and “neutrosophic” logic/set, i.e., the included middle 
component (Lupasco-Nicolescu’s logic in philosophy), i.e., the neutral/indeterminate/unknown 
part (besides the “truth”/“membership” and “falsehood” /“non-membership” components that 
both appear in fuzzy logic/set). Smarandache introduced the degree of indeterminacy /neutrality 
(i) as an independent component in 1995 (published in 1998) and defined the neutrosophic set on 
three components 


(t, i, f) = (truth, indeterminacy, falsehood). 


For more details, refer to the site http: / /fs.gallup.unm.edu/FlorentinSmarandache.htm. 

Jun et al. [2] introduced a new function which is called negative-valued function, and 
constructed A/-structures. Khan et al. [3] introduced the notion of neutrosophic /V-structure 
and applied it to a semigroup. Jun et al. [4] applied the notion of neutrosophic \-structure to 
BCK/BCI-algebras. They introduced the notions of a neutrosophic \’-subalgebra and a (closed) 
neutrosophic V-ideal ina BCK/BCI-algebra, and investigated related properties. They also considered 
characterizations of a neutrosophic \V-subalgebra and a neutrosophic /V-ideal, and discussed relations 
between a neutrosophic \’-subalgebra and a neutrosophic \V-ideal. They provided conditions for 
a neutrosophic \V-ideal to be a closed neutrosophic \V-ideal. BCK-algebras entered into mathematics in 
1966 through the work of Imai and Iséki [5], and have been applied to many branches of mathematics, 
such as group theory, functional analysis, probability theory and topology. Such algebras generalize 
Boolean rings as well as Boolean D-posets (= MV-algebras). Also, Iséki introduced the notion of 
a BCI-algebra which is a generalization of a BCK-algebra (see [6]). 


Information 2017, 8, 130; doi:10.3390/info8040130 www.mdpi.com/journal/information 


Information 2017, 8,130 2 of 9 


In this paper, we introduce the notion of a neutrosophic commutative \V-ideal in BCK-algebras, 
and investigate several properties. We consider relations between a neutrosophic \V-ideal and 


a neutrosophic commutative V-ideal. We discuss characterizations of a neutrosophic commutative 
N-ideal. 


2. Preliminaries 


By a BCI-algebra, we mean a system X := (X, *,0) € K(T) in which the following axioms hold: 


(I) ((x *y) * (x *z)) *(Z¥y) =0, 
(I) (xa (x*y))*y=0, 
dp x*x*x=0, 

(NY): #ySyexra0 > gay 








for all x,y,z € X. Ifa BCI-algebra X satisfies 0 * x = 0 for all x € X, then we say that X is a BCK-algebra. 
We can define a partial ordering =< by 


(Vx,y © X)(x~y > xxy=0). 
In a BCK/BCI-algebra X, the following hold: 


(Vx € X) (x*0=x), (1) 
(Vx,y,z © X) ((x xy) *z = (x *z) xy). (2) 


A BCkK-algebra X is said to be commutative if it satisfies the following equality: 
(Vx,y € X) (x* (x*y) = y* (y*x)). (3) 
A subset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies 


OE], (4) 
(Vx,yeE X)(xxyel,yel > xel). (5) 


A subset I of a BCK-algebra X is called a commutative ideal of X if it satisfies (4) and 
(Vx,y,z € X)((x*xy)*zELze1 > xx*(y*(y*x)) ED). (6) 
Lemma 1. An ideal I is commutative if and only if the following assertion is valid. 
(Vx,y € X)(xey el = x*(y*(y*x)) €1). (7) 


We refer the reader to the books [7,8] for further information regarding BCK/BCI-algebras. 
For any family {a; | i € A} of real numbers, we define 
Wie een max {aj |i EA} if Ais finite, 
sup{a;|i¢ A} otherwise. 
min{a;|i¢ A} if A is finite, 
Af i= 
Mai lie A} inf{a;|i¢ A} — otherwise. 
Denote by F(X, [—1,0]) the collection of functions from a set X to [—1, 0]. We say that an element of 
F(X, [—1,0]) is a negative-valued function from X to [-1,0] (briefly, ’-function on X). By an N-structure, 


we mean an ordered pair (X, f) of X and an N-function f on X (see [2]). A neutrosophic N-structure 
over a nonempty universe of discourse X (see [3]) is defined to be the structure 
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— x _ x 
XN . (Ty In-En) (natn | a x} (8) 


where Ty, Iy and Fy are \’-functions on X which are called the negative truth membership function, 
the negative indeterminacy membership function and the negative falsity membership function, respectively, 
on X. 

Note that every neutrosophic V-structure Xj over X satisfies the condition: 


(Wx € X)(—3 < Ty(x) + In(x) + En(x) <0). 


3. Neutrosophic Commutative \V-Ideals 


In what follows, let X denote a BCK-algebra unless otherwise specified. 


Definition 1 ([4]). A neutrosophic N-structure Xj over X is called a neutrosophic N-ideal of X if the 
following assertion is valid. 


Tn (0) S Tn(x) S$ V{Tn(x * y), Tu(y)} 
(vx,y € X) | Iv(0) > In(x) > A{In(x*y),In(y)} J. (9) 
Fy (0) < Fru (x) < VtEw(x*y), Fu (y)t 


Definition 2. A neutrosophic N-structure Xx over X is called a neutrosophic commutative N-ideal of X if 
the following assertions are valid. 


(Vx € X) (Ty (0) < T(x), In(0) 2 In(x), Fu(0) S Fruy(x)), (10) 
Ty(x* (y* (y*x))) S ViTn((x *y) #2), Tu(Z)} 

(x,y,z © X) | In(x* (y* (y*x))) 2 AtIn((x*y) #2), In(@)} (11) 
Fry (x * (y* (y*x))) S ViEN((x *y) * 2), Fu (Z)} 


Example 1. Consider a BCK-algebra X = {0,1,2,3,4} with the Cayley table which is given in Table 1. 


RT 


Table 1. Cayley table for the binary operation 


* 





BwoNr OO 

BPwWNrF OC]O 
BwWON OC] = 
BPwWOoOrO!N 
BPOoONr OC] Ww 
OCOWNF OC] > 


The neutrosophic N-structure 








ee 0 1 2 3 4 
N (—0.8,—02,—0.9)’ (—0.3,-0.9,-05)’ (—0.7,-0.7,-04)’ (—0.3,—0.6,-0.7)’ (-05,—03,—0.1) 


over X is a neutrosophic commutative N -ideal of X. 
Theorem 1. Every neutrosophic commutative N-ideal is a neutrosophic N-ideal. 


Proof. Let Xx be a neutrosophic commutative N-ideal of X. For every x,z € X, we have 
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Tye) = Tyee esx) )) < V{Tn((x * 0) *Z), Ty(z)} = V{Tn(x we) Deity 
Inte) = Intes (Ce 0 ex)) > {ln ((x tO) e2) Iy(2)} = fin (x * Z), In(z)}, 
Pu(x) = Ente = (0 = (0%2))) < \V {En ((x * 0) *z), Fy (z)} = VV {En (x * Z), Fy(z)} 











by putting y = 0 in (11) and using (1). Therefore, Xy is a neutrosophic commutative \’-ideal of X. 





The converse of Theorem 1 is not true in general as seen in the following example. 
Example 2. Consider a BCK-algebra X = {0,1,2,3,4} with the Cayley table which is given in Table 2. 


Table 2. Cayley table for the binary operation “+” 


* 





BwoON rR OO 

BPwWNrF OC] SO 
BwWON OO] = 
zwWOoOrO!N 
wWwooaond| w 
oooco]| 


The neutrosophic N'-structure 


X= 








0 1 2 3 4 
{; 0.8,-0.1,-0.7)’ (-0.7,-0.6,-0.6)’ (—0.6,-0.2,-04)’ (—0.3,-08,-04)’ (—03,-08, on} 


over X is a neutrosophic N-ideal of X. But it is not a neutrosophic commutative N-ideal of X since Fy (2 * (3 * 
(3 *2)) = Fy(2) = —0.4 € —0.7 = V{En((2 * 3) « 0), Fy (0)}- 


We consider characterizations of a neutrosophic commutative V-ideal. 


Theorem 2. Let Xn be a neutrosophic N-ideal of X. Then, Xj is a neutrosophic commutative N-ideal of X if 
and only if the following assertion is valid. 


Ty (x * (y * (y*x))) S Tu(x *y), 
(Vx,y © X) | In(x* (y* (y*x))) > In(x*y), y (12) 
Fry (x * (y* (y*x))) S F(x *y) 
Proof. Assume that Xn is a neutrosophic commutative \V-ideal of X. The assertion (12) is by taking 


z = Oin (11) and using (1) and (10). 
Conversely, suppose that a neutrosophic N-ideal Xj of X satisfies the condition (12). Then, 


Ty(x*y) < V{Tn((x*y) *2Z), Tw(z)} 
(Vx,y eX) |] In(xxy) > A{In((x * y) *z), In(z)} : (13) 
Fu(x*y) < V{En((x *y) *z), Fn(z)t 


It follows that the condition (11) is induced by (12) and (13). Therefore, Xx is a neutrosophic 
commutative \V-ideal of X. 














Lemma 2 ([4]). For any neutrosophic N-ideal Xj of X, we have 


Ty(x) S$ V{Tn(y), Tn(2)} 
(Vx,y,ZEX)| x¥yXz > 4 In(x) 2 AtIn(y),In(z)} (14) 
Fru (x) S$ ViEw(y), F(2)} 
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Theorem 3. In a commutative BCK-algebra, every neutrosophic N-ideal is a neutrosophic commutative 
N-ideal. 


Proof. Let Xn be a neutrosophic N-ideal of a commutative BCK-algebra X. For any x,y,z € X, 
we have 


((x * (y * (y*x))) * (ey) #2) #2 
= ((x* (y* (y*x))) *Z) * (vey) #2) 
x (x (y* (y*x))) * (ay) 

= (x* (x¥y)) * ¥* y¥*x)) = 0, 


that is, (x * (y * (y * x))) * ((x *y) *Z) ~ z. It follows from Lemma 2 that 


Ty (x * (y* (y*x))) < V{Tn((x*y) *2), Tw(2)}, 
In (x * (y* (y*x))) = A{In((x*y) *2), In(2)}, 
Fx (x (y* (y*x))) < \V{Fw((x*y) *2), Fu(2)}. 











Therefore, Xy is a neutrosophic commutative N-ideal of X. 





Let Xy be a neutrosophic N-structure over X and let «, 6, y € [—1,0] be such that —3 < a+ B+ 
 < 0. Consider the following sets. 


Te = {x € X | T(x) < a}, 
If = {x € X | In(x) > B}, 
Fy, = {x € X | Fy (x) < 7}. 


The set 
Xn (a, Br) == {x © X | Ty (x) < oy In(x) = BEN) < } 
is called the (a, B, y)-level set of Xn. It is clear that 
Xn (a, B,) = TS OIG, 1 Fy. 


Theorem 4. If Xj is a neutrosophic N-ideal of X, then TX, I . and Fx, are commutative ideals of X for all 
a, B,y € [-1,0] with -3 <a+B++¥ < 0 whenever they are nonempty. 


We call Tx, I fo and Fe level commutative ideals of Xn. 


Proof. Assume that T%, If, and Fy, are nonempty for all «, B,y € [-1,0] with -3 < a+B+7 <0. 
Then, x € Ty, y € ite andz € e for some x,y,z € X. Thus, Ty (0) < Ty(x) < a, In(0) > In(y) = B, 
and Fy(0) < Fy(z) < 7, that is, 0 € TEN ie Fi. Let (x*y)*z € T% and z € T%. Then, 
Tn((x * y) *z) <a and Ty(z) < a, which imply that 


Ty (x * (y * (y*x))) < V{Tn((« *y) *2), Tn(z)} So, 


that is, x * (y* (y*x)) € Ty. If (a*b)*ce€ ie andc € ibe then Iy((a*b) *c) > Band In(c) > B. 
Thus 


Iy(a* (b* (b*c))) > Ailn((a* b) «c), In(c)} > B, 
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and so a*(b*(bx*c)) € i Finally, suppose that (uv) *w € Fi and w € Fi. Then, 
Fy((uxv) *w) <yand Fy(w) < y. Thus, 


Fy(u* (v* (v*w))) < V {Fn ((u * 0) *w),Fn(w)} <7, 














that is, u * (v * (v*w)) € Fi). Therefore, TS, ite and F,, are commutative ideals of X. 


Corollary 1. Let Xn be a neutrosophic N-structure over X and let x,B,y € [—1,0] be such that 
—3<a+f6+¥7<0. If Xn is a neutrosophic commutative N-ideal of X, then the nonempty («, B, y)-level 
set of Xx is a commutative ideal of X. 











Proof. Straightforward. 





Lemma 3 ([4]). Let Xn be a neutrosophic N-structure over X and assume that Ty, I . and Fy, are ideals of X 
forall x, B,y € [—1,0] with -3 <a+B+¥ <0. Then Xy is a neutrosophic N-ideal of X. 


Theorem 5. Let Xy be a neutrosophic N-structure over X and assume that TX, I a and Ee are commutative 
ideals of X for all x, B,y € [—1,0] with -3 <a+fB++¥7 <0. Then, Xn is a neutrosophic commutative 
N-ideal of X. 


Proof. If Tx, I a and ioe are commutative ideals of X, then they are ideals of X. Hence, Xn is a 

neutrosophic \’-ideal of X by Lemma 3. Let x,y € X and a, B, y € [—1,0] with -3 <a+B+7<0 

such that Ty(x *y) = a, In(x*y) = Band Fy(x*y) = 7. Then, x*y € TAN ie nN Fy. Since 

THA te A Fy, is a commutative ideal of X, it follows from Lemma 1 that x * (y * (y* x)) € TEM te AE. 
Hence 


Ty (x * (y * (y*x))) S& = Tyy(x* y), 
In (x * (y* (Y*x))) 2 B= In(o*y), 
Fx (x * (y * (y*x))) S 7 = F(x). 














Therefore, Xy is a neutrosophic commutative N-ideal of X by Theorem 2. 


Theorem 6. Let f : X — X be an injective mapping. Given a neutrosophic N-structure Xn over X, 
the following are equivalent. 


(1) Xn is a neutrosophic commutative N-ideal of X, satisfying the following condition. 


= Ty(x) 
(Vx EX) | In(f(x)) = eke ) |. (15) 
Fr (f(x)) = F(x) 


(2) Ty, 1 fo and FX, are commutative ideals of Xx, satisfying the following condition. 
FTX) = TR FIN) = IN FEN) = FR (16) 


Proof. Let Xj be a neutrosophic commutative \V-ideal of X, satisfying the condition (15). Then, Ty, 
if and Fy, are commutative ideals of Xj by Theorem 4. Let « € Im(Ty), B € Im(In), 7 € Im(Fy) and 
xE Te OTE OES. Then Ty (f(x)) = Tn(x) < a, In(f(x)) = In(x) > Band Fy(f(x)) = Fn(x) < 7. 
Thus, f(x) € T¢, If, 0 F2,, which shows that f(T%,) © T%, f(IR) C If and f (Fy) C Fz. Let y € X 
be such that f(y) = x. Then, Ty(y) = Tn(f(y)) = Tn(x) < & In(y) = Infy)) = In(x) = B 
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and Fy(y) = Fy(f(y)) = F(x) < 7, which imply that y € Te VIR ES. Thus, x = f(y) € 
(TR) 1 (IR) OF (ER), and so TS, C f(TR), 18 C F(R) and Fy, C f (Fy). Therefore (16) is valid. 
Conversely, assume that Ty, I i and ba are commutative ideals of Xj, satisfying the condition (16). 


Then, Xn is a neutrosophic commutative N-ideal of X by Theorem 5. Let x,y,z € X be such that 
Tn (x) = 4, In(y) = Band Fy(z) = x. Note that 


Ty(x) =a => x € Th and x ¢ T# forall a > i, 


In(y) =B <> ye If andy ¢ If forall B < B, 
Fy(z) =y => 2 € Fe andz ¢ Fy for all y > 7. 


It follows from (16) that f(x) € Té, f(y) € If and f(z) € Fy). Hence, Ty(f(x)) < a, In(f(y)) > B 
and Fy(f(z)) < 7. Let & = Tn(f(x)), B = In(f(y)) and ¥ = Fn(f(z)). Ifa > &, then f(x) € TS = 
f (T#,), and thus x € TN since f is one to one. This is a contradiction. Hence, Ty(f(x)) = « = Tn(x). 


If B < B, then f(y) € He =f (1 3 which implies from the injectivity of f that y € I . a contradiction. 
Hence, Iy(f(x)) = B = In(x). If y > 7, then f(z) € Fe =f (et). Since f is one to one, we have 
ZE Fy, which is a contradiction. Thus, Fy (f(x)) = 7 = Fy(x). This completes the proof. 














For any elements w, Wj, w fe X, we consider sets: 
x = {x € X | Ty(x) < Tn(wr)}, 
ee r= {x € X | In(x) > In(a;)}, 


Xv = {x EX | Ey(x) < Fy(w,)}. 
Obviously, w; € XX', w; € Xyi and wr € Xe ; 


Lemma 4 ([4]). Let w;, w; and wy be any elements of X. If Xx is a neutrosophic N-ideal of X, then Xx", 
XNi and ee are ideals of X. 


Theorem 7. Let w, w; and wy be any elements of X. If Xx is a neutrosophic commutative N-ideal of X, 
then Xx, Xxi and ee are commutative ideals of X. 


Proof. If Xj is a neutrosophic commutative N-ideal of X, then it is a neutrosophic N-ideal of X and 
so XX!, Xyi and < are ideals of X by Lemma 4. Let x xy € XN'N XIN x for any x,y € X. Then, 
Tn (x *y) < Tn(we), In(x *y) = Tn (aj) and Fy(x *y) < Fy(we). It follows from Theorem 2 that 


Tn (x * (y * (y*x))) S Tu(x *y) < Tn(or), 
In (x * (y * (y*x))) 2 In(x*y) 2 In(@i), 
Fry (x * (y * (y*x))) S Fu(x*y) S Frwy). 


Hence, x * (y * (y*x)) € XXPN XMM X\ and therefore X¢!, X¢i and XX! are commutative 
ideals of X by Lemma 1. 














Theorem 8. Any commutative ideal of X can be realized as level commutative ideals of some neutrosophic 
commutative N-ideal of X. 


Proof. Let A be a commutative ideal of X and let Xj be a neutrosophic /V-structure over X in which 
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a if xEeA, 


Ty: X > |-1,0|, xv . 
mM |, x 0 otherwise, 


Bp ifxeEA, 


Ivy: X > |-1,0|, xr ; 
» be —1 otherwise, 


y if xEA, 


Fy: X—- |-1,0), xv : 
ey | x . otherwise 


where «,y € [—1,0) and B € (—1,0]. Division into the following cases will verify that Xn is 
a neutrosophic commutative \-ideal of X. 
If (x*y) *z € Aandz € A, then x * (y * (y* x) € A. Thus, 


Ty ((x *y) *Z) = Tn(z) = T(x (y* (y*x))) =a, 

In ((x *) *Z) = In(z) = In(x* (y* (y*x))) = 8B, 

Fry ((x *y) *Z) = Fy(z) = Fru(x > (y* (y*x))) = 1% 
and so (11) is clearly verified. 


If (x xy) *z¢Aandz ¢ A, then Ty ((x * y) *z) = Tn(z) = 0, In((x xy) *z) = In(z) = —Land 
Fu((x* y) *Z) = F(z) = 0. Hence 


Ty (x (y* (y*x))) < V{Tw((x*y) *2), Tn(z)}, 
In (x * (y* (y*x))) > A{In((x *y) #2), In(2)} 
Fry (x * (y* (y*x))) < \V{Fn((x *y) #2), Frv(z)}- 
If (x*y)*z € Aandz € A, then Ty ((x xy) *z) = a, Ty(z) = 0, In((x *y) *z) = B, In(z) = -L 
Fy ((x * y) *Z) = y and Fy(z) = 0. Therefore, 
T(x * (y* (y*x))) < V{Tn((x*y) *2), T(z), 
In (x * (y* (y*x))) > A{UIn((x *y) #2), In(2)}, 
Fru (x* (y* (y*x))) < \V{Fn((x *y) #2), Fn(z)}- 


Similarly, if (x * y) *z ¢ Aandz € A, then (11) is verified. Therefore, Xj is a neutrosophic 











commutative \-ideal of X. Obviously, Ts, = A, I a = Aand Fy, = A. This completes the proof. 





4. Conclusions 


In order to deal with the negative meaning of information, Jun et al. [2] have introduced a 
new function which is called negative-valued function, and constructed N-structures. The concept 
of neutrosophic set (NS) has been developed by Smarandache in [9,10] as a more general platform 
which extends the concepts of the classic set and fuzzy set, intuitionistic fuzzy set and interval valued 
intuitionistic fuzzy set. In this article, we have introduced the notion of a neutrosophic commutative 
N-ideal in BCK-algebras, and investigated several properties. We have considered relations between 
a neutrosophic \V-ideal and a neutrosophic commutative \V-ideal. We have discussed characterizations 
of a neutrosophic commutative \V-ideal. 
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1. Introduction 


BCK-algebras entered into mathematics in 1966 through the work of Imai and Iséki [1], and 
they have been applied to many branches of mathematics, such as group theory, functional analysis, 
probability theory and topology. Such algebras generalize Boolean rings as well as Boolean D-posets 
(MV-algebras). Additionally, Iséki introduced the notion of a BCI-algebra, which is a generalization of 
a BCK-algebra (see [2]). 

A (crisp) set A in a universe X can be defined in the form of its characteristic function a : 
X — {0,1} yielding the value 1 for elements belonging to the set A and the value 0 for elements 
excluded from the set A. So far, most of the generalizations of the crisp set have been conducted 
on the unit interval [0,1], and they are consistent with the asymmetry observation. In other words, 
the generalization of the crisp set to fuzzy sets relied on spreading positive information that fit the crisp 
point {1} into the interval [0,1]. Because no negative meaning of information is suggested, we now 
feel a need to deal with negative information. To do so, we also feel a need to supply a mathematical 
tool. To attain such an object, Jun et al. [3] introduced a new function, called a negative-valued 
function, and constructed \/-structures. Zadeh [4] introduced the degree of membership /truth (t) 
in 1965 and defined the fuzzy set. As a generalization of fuzzy sets, Atanassov [5] introduced the 
degree of nonmembership /falsehood (f) in 1986 and defined the intuitionistic fuzzy set. Smarandache 
introduced the degree of indeterminacy /neutrality (i) as an independent component in 1995 (published 
in 1998) and defined the neutrosophic set on three components: 


(t, i, f) = (truth, indeterminacy, falsehood) 
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For more details, refer to the following site: 
http://fs.gallup.unm.edu/FlorentinSmarandache.htm 


In this paper, we discuss a neutrosophic \V-structure with an application to BCK/ BCI-algebras. 
We introduce the notions of a neutrosophic V-subalgebra and a (closed) neutrosophic /V-ideal in a 
BCK/BClI-algebra, and investigate related properties. We consider characterizations of a neutrosophic 
N-subalgebra and a neutrosophic V-ideal. We discuss relations between a neutrosophic N-subalgebra 
and a neutrosophic \V-ideal. We provide conditions for a neutrosophic V-ideal to be a closed 
neutrosophic \-ideal. 


2. Preliminaries 


We let K(T) be the class of all algebras with type tT = (2,0). A BCI-algebra refers to a system 
X := (X,*,0) € K(t) in which the following axioms hold: 


() (xy) * (x *z))*Zey) = 8, 
(I) (x*(x*y)) *y =8, 

(il) x*x =8@, 

(IV) xxy=y*x=0 x=y. 








for all x,y,z € X. Ifa BCLalgebra X satisfies 0 * x = @ for all x € X, then we say that X is a BCK-algebra. 
We can define a partial ordering = by 


(Vx,ye X)(xxy > x*y=8) 
In a BCK/BCI-algebra X, the following hold: 


(Vx € X) (x*0 =x) (1) 
(Vx, y,z © X) ((x*y) *Z = (x*Z) ¥Y) (2) 


A non-empty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x xy € S for all 
xyes. 
A subset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies the following: 


(1) O€L, 
(2) (VxyEe X)(xxyeELyel >xel). 


We refer the reader to the books [6,7] for further information regarding BCK/BClI-algebras. 
For any family {a; | i € A} of real numbers, we define 


Via; |i A} = max{a;|i¢ A} if A is finite 
“ ) sup{a;|i¢ A} otherwise 
min{a;|i€ A} if A is finite 
i A} := 
{ai | 1€ } inf{a; | i€ A} otherwise 


We denote by F(X, |—1,0]) the collection of functions from a set X to [—1,0]. We say that an 
element of F(X,{—1,0]) is a negative-valued function from X to [—1,0] (briefly, N-function on X). 
An N-structure refers to an ordered pair (X, f) of X and an N-function f on X (see [3]). In what 
follows, we let X denote the nonempty universe of discourse unless otherwise specified. 

A neutrosophic N-structure over X (see [8]) is defined to be the structure: 








pes x _ x 
XN: (Ty In Fy) { esensarRey |x x} (3) 
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where Ty, Ij and Fy are \V-functions on X, which are called the negative truth membership function, 
the negative indeterminacy membership function and the negative falsity membership function, respectively, 
on X. 

We note that every neutrosophic /V-structure Xj over X satisfies the condition: 


(Vx € X) (—3 < Ty(x) + In(x) + F(x) < 0) 


3. Application in BCK/BCI-Algebras 
In this section, we take a BCK/BCI-algebra X as the universe of discourse unless 


otherwise specified. 


Definition 1. A neutrosophic N-structure Xx over X is called a neutrosophic N-subalgebra of X if the 
following condition is valid: 


Ty(x*y) < V{Tn(x), Tw(y)} 
(vay X) | In(x*y) = ACIn(x), In(y)} (4) 
Fu(x*y) < V{En(x),Fn(y)} 


Example 1. Consider a BCK-algebra X = {0,a,b,c} with the following Cayley table. 





a Fra D| * 
a Fra D/D 
ao 2 0370/8 
qa oo D/C 
oaera Dia 


The neutrosophic N-structure 


<= 








0 a b c 
{7 0.7,—0.2,—0.6)” (—0.5,—0.3,—0.4)’ (—0.5,—0.3,—0.4)’ (—0.3,—0.8, a} 


over X is a neutrosophic N -subalgebra of X. 


Let Xy be a neutrosophic N-structure over X and let «, 8, y € [—1,0] be such that —3 < a+ B+ 
¥y < 0. Consider the following sets: 


Ty := {x € X | Ty(x) < a} 
I := {x € X | In(x) > B} 
Fe := {x © X | Ey(x) < 7} 


The set 
Xn (a, B,) = {x € X | T(x) < 4, In(x) 2 B, F(x) < 7} 
is called the (a, B, y)-level set of Xn. Note that 
Xn (0, Bry) = TH OTK NER 


Theorem 1. Let Xj be a neutrosophic N-structure over X and let «,B,y € [—1,0] be such that —3 < 
a+pBt+y7 <0. If Xn is a neutrosophic N-subalgebra of X, then the nonempty («, B, y)-level set of Xx is a 
subalgebra of X. 


Information 2017, 8, 128 4 of 12 


Proof. Let a, 8B, y € [—1,0] be such that —-3 <a+fB++7< Oand Xy(a,B,7) #@. If x,y € Xn(a, 8,7), 
then Ty(x) < a, In(x) > B, Fn(x) < y% Tn(y) < «, In(y) > Band Fy(y) < ¥. It follows from 
Equation (4) that 


Tn(x *y) < V{Tn(x),Tn(y)} <a 
Ty(x*y) = A{In(x), In(y)} = B 
Fy(x*y) < V{En(x : NYE SY 
aoe 


Hence, x *y € Xn (a, and therefore Xn(a, 6, 7) is a subalgebra of X. 














Theorem 2. Let Xn be a neutrosophic N-structure over X and assume that TX, I le and Fy, are subalgebras of 
X for all x, B,y € [—1,0] with -3 <a+B++¥ <0. Then Xj is a neutrosophic N-subalgebra of X. 


Proof. Assume that there exist a,b € X such that Ty(a*b) > V{Tn(a), Ty(b)}. Then Ty (a*b) > ty > 
V{Tn (a), Tn (b)} for some ty € [—1,0). Hence a,b € T but a*b ¢ T\*, which is a contradiction. Thus 


Tn(x *¥) S V{Tn(x), Ty) 
for all x,y € X. If In(a*b) < A{In(a), In(b)} for some a,b € X, then 


Iy(a*b) < te < \{In(@), In(b)} 


where tg := 5 {In(a*b) + A{In(a), In(b)}}. Thus a,b € Le andaxb ¢ i which is a 
contradiction. Therefore 


In(x*y) = AtIn(x), In(y)} 
for all x,y € X. Now, suppose that there exist a,b € X and t, € [—1,0) such that 


Fy (a*b) > ty > \/ {Fr (a), En(b)} 
Then a,b € FY anda*xb¢F a which is a contradiction. Hence 


Fy(x*y) < \V{Fw(x),Fu(y)} 


for all x,y € X. Therefore Xj is a neutrosophic \V-subalgebra of X. 














Because [—1,0] is a completely distributive lattice with respect to the usual ordering, we have the 
following theorem. 


Theorem 3. If {Xvw, | i € N} is a family of neutrosophic N-subalgebras of X, then ({Xw, | i € N}, C) forms 
a complete distributive lattice. 


Proposition 1. Ifa neutrosophic N-structure Xj over X is a neutrosophic N-subalgebra of X, then Ty (0) < 
Tn (x), In(@) > In(x) and Fy(@) < F(x) for all x € X. 














Proof. Straightforward. 


Theorem 4. Let Xn be a neutrosophic N-subalgebra of X. If there exists a sequence {ay} in X such that 
lim Ty (an) = —-1, lim In (an) = Oand lim Fy (an) = —1, then Ty (0) = —1, In(0) = Oand Fy (0) = —1. 
n foe) nN CO n CO 


Proof. By Proposition 1, we have Ty(@) < Ty(x), In(@) . Iy(x) and Fy(@) < Fy(x) for all x € 
X. Hence Ty (9) < Ty(4n), In(4n) < In(@) and Fy(9) < Fr(a 


a n) for every positive integer n. It 
follows that 
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-l1< Tn (0) < lim Tn (an) =-1 
noo 

0 > In (0) = Jim In (4n) =0 

-l1< Fu (0) < lim Fu(an) =-1 
n—0o 





Hence Ty (0) = —1, In(@) =O and Fy(@) = —1. 











Proposition 2. If every neutrosophic N-subalgebra Xj of X satisfies: 


Ty (x *y) < Ty (y), In(x *y) = In(y), F(x *y) < Fry) (5) 


forall x,y € X, then Xj is constant. 


Proof. Using Equations (1) and (5), we have Ty (x) = Ty(x * 0) < Tn (8), In(x) = In(x * 0) > In (0) 
and Fy(x) = Fy(x *@) < Fx(@) for all x € X. It follows from Proposition 1 that Ty (x) = Ty(@), 
Iy(x) = In (0) and Fy(x) = Fy (@) for all x € X. Therefore Xj is constant. 














Definition 2. A neutrosophic N-structure Xx over X is called a neutrosophic N-ideal of X if the following 
assertion is valid: 


~~ < Ty(x) < V{Tn(x * y), Tn(y)} 
(Vx,yeX)} In(@) > In(x) = AfIn(x *y), In(y)} (6) 
Fy(0) <F A ) < V{ENn(x *y), Fn (y)} 


Example 2. The neutrosophic N-structure Xj over X in Example 1 is a neutrosophic N-ideal of X. 


Example 3. Consider a BCI-algebra X := Y x Z where (Y,*,@) is a BCI-algebra and (Z, —,0) is the adjoint 
BCI-algebra of the additive group (Z, +,0) of integers (see [6]). Let Xx be a neutrosophic N-structure over X 
given by 


Xn = {aig lee Vx WU LOH }U{ gig lx EY x (NU {oH} 
where x,y € [—1,0) and B € (—1,0]. Then Xj is a neutrosophic N-ideal of X. 


Proposition 3. Every neutrosophic N-ideal Xj of X satisfies the following assertions: 


(x,y € X)(x xy => Ty(x) < Tn(y), In(x) = In(y), Fx(x) < Fru(y)) (7) 


Proof. Let x,y € X be such that x x y. Then x * y = @, and so 


Tn (x) < V{Tw(x * y), Tu(y)} = V{Tn (0), Tn(y)} = Tn(y) 
Iy(x) = AtIn(x* 9), In(y)} = AtIn (9), In(y) } = In(y) 
F(x) < V{Fw(x *y), Fn(y)} = V{Fw(), En(y)t = Fn(y) 











This completes the proof. 





Proposition 4. Let Xj be a neutrosophic N-ideal of X. Then 


(1) Tu(x*y) S Ty((x*y) *Y¥) <> Tr ((x*2) * (y*2)) S Ty ((x *y) *2) 
(2) In(x*y) 2 In((x*y) *Y¥) > In((x #2) * (y*2)) = In((x *y) *2) 
(3) Fu(x*y) < Fru((x*y) *y) > Fry((x *2) * (y*2z)) S Fr((x*y) *2) 


forall x,y,z € X. 


ale 
= £ 
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Proof. Note that 

((x * (y*Z)) *z) *z~X (x RY) *zZ (8) 
for all x,y,z € X. Assume that Ty (x *y) < Ty((x*y) *y), In(x*y) > In((x *y) xy) and Fy(x*xy) < 
Fx ((x * y) * y) for all x,y € X. It follows from Equation (2) and Proposition 3 that 


Ty ((x *z) * (y*Z)) = Try ((x* (y *2)) *2) 


and 


for all x,y € X. 
Conversely, suppose 


Tn ((x * Zz) * (y*Zz)) < Ty((x * y) *Z) 
In ((x *Z) * (y*z)) 2 In((x*y) #2) (9) 
Fu((x *z) * (y*z)) < En((x *y) *z) 


for all x,y,z € X. If we substitute z for y in Equation (9), then 


Tn (x *Z) = Ty((x *z) * 0) = Ty ((x *Z) & (Z*Z)) < Ty ((x *z) *Z) 
In(x *Z) = In((x *Z) * 0) = In((x *z) * (zZ*Z)) > In((x *Z) *Z) 


> In((x * 
Fru(x*z) = Ey((x *z) * 0) = Fy((x *Z) * (Z*Z)) < F((x *Z) 


) 











for all x,z € X by using (III) and Equation (1). 





Theorem 5. Let Xn be a neutrosophic N-structure over X and let a,B,y € [—1,0] be such that 
—3 <a+B+y¥ < 0. If Xn is a neutrosophic N-ideal of X, then the nonempty (a, B,y)-level set of 
Xn is an ideal of X. 


Proof. Assume that Xn(a,B, 7) # © for «,B,y € [-1,0] with -3 < a+f+y7 < 0. Clearly, 0 € 
Xn (a, B,y). Let x,y € X be such that x * y © Xn (a, B,y) andy € Xn(a,B,y). Then Ty(x*y) < a, 
In(x*y) > B, F(x *y) < 7, Tn(y) < &, In(y) > Band Fy(y) < ¥. It follows from Equation (6) that 


Ty (x) < V{Tn(x*y),Tn(y)} < 
(x) > Af{In(x*y), In(y)} = B 
ey 


In > 
F(x) < \V/{Fu(x*y), Fu (y)} < 


2 
= 











so that x € Xn(a, B, y). Therefore Xn (a, B, 7) is an ideal of X. 
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Theorem 6. Let Xj be a neutrosophic N-structure over X and assume that TX, I R and Fy, are ideals of X for 
all x, B, y € [—1,0] with -3 <a+B+~+ <0. Then Xy is a neutrosophic N-ideal of X. 


Proof. If there exist a,b,c € X such that Ty(@) > Tn(a), In(@) < In(b) and Fy(@) > FEn(c), 
respectively, then Ty(9@) > a: > Tn(a), In(@) < bj < In(b) and Fy(@) > ce > Fr(c) for some 
at,cp € [-1,0) and bj € (—1,0]. Then 0 ¢ TK, 8 ¢ IX and @ ¢ F,!. This is a contradiction. 
Hence, Ty (0) < Ty(x), In(@) > In(x) and Fy (0) < Fy(x) for all x € X. Assume that there exist 
at, by, a;,b;,a¢,b¢ € X such that Ty (ar) > V{T (at * br), Tw (bt) }, In (ai) < A{ In (ai * bi), In (bi) } and 
Fx (ap) > V{En(a¢ * bf), Fn (by) }. Then there exist s+,s¢ € [-1,0) and s; € (—1,0] such that 


Tn (ap) > s> V {TN (at * bt), Tn (bt) } 


In (ai) < si < [\{In (ai * bi), In (bi) } 
Fy (af) > Sf = V {Fn (ap * br), En (Dg) } 
It follows that a; * by € Ty, bt € Ty, a «0; © Thi, b; € IX, apxbe € FY and by € FY. However, 
a, € Txt, a; ¢ IX, and ar ¢ Fe. This is a contradiction, and so 
Ty(x) < V{Tw(x* 9), Tw(y)} 


In(x) > (Un (x *y), In(y)} 
Fy (x) < \V {Fn (x *y), Fr(y)} 











for all x, y € X. Therefore Xy is a neutrosophic N-ideal of X. 





Proposition 5. For any neutrosophic N-ideal Xj of X, we have 


Tn (x) < V{Tw(y), Tn (2)} 
(Vx,y,zEX) | xey xz =) In(x) > AfIn(y), In(z)} (10) 
Fx (x) < VtEn(y), En (2)t 


Proof. Let x,y,z € X be such that x * y < z. Then (x * y) *z = 6, and so 


Tn(x xy) < \V/{Tn((x *y) *z), Tw(z)} = \V {Tw (8), Tn (z)} = T(z) 
In(x*y) = A\fIn((x *y) *2), In(@)} = Afi (9), In (Z)} = In 














Fy (x *y) < \V{Fn((x *y) *2), Fu(z)} = {Fr (8), Fr (z)} = Fr(z) 
It follows that 
Ty (x) < \V{Tn(x*y),Tw(y)} < V{Tn(y), Tw(z)} 
In(x) > AfIn(x*y), In(y)} => A{In(y), In(z)} 
Fy(x) < \V{En(x *y), Fu(y)} < VV {En (y), En (z)} 
This completes the proof. 


Theorem 7. In a BCK-algebra, every neutrosophic N-ideal is a neutrosophic N-subalgebra. 


Proof. Let Xj be a neutrosophic N-ideal of a BCK-algebra X. For any x,y € X, we have 
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Ty(x*y) < \V{Tw((x *y) * x), Tw(x)} = \V {Tn ((x * x) *y), T(x) } 
= \V/{Tw(0*y), Tw(x)} = {Tw (0), Tw (x) } 
< V{Tn(x), Tu(y)} 


In(x*y) > A{In((x *y) * x), In(x)} = A {n(x * x) * y), In(x)} 
= A{In(@ *y), In(x)} = An (9), Lv (x)} 
> /[\{In(y), In(x)} 


and 
Fy (x *y) < \/{Fw((x*y) * x), Fx (x) } = ne (x * x) *y), F(x) } 
= V{Ew (0 * y), Fu(x)} = VV {Fn (0), E(x) } 
< VV {Fu (x),F(y)} 


Hence Xn is a neutrosophic \V-subalgebra of a BCK-algebra X. 














The converse of Theorem 7 may not be true in general, as seen in the following example. 


Example 4. Consider a BCK-algebra X = {0,1,2,3,4} with the following Cayley table. 





PWN FEF DB! ¥ 
PwON Fe DD 
Ror D De 
Pwo DD BN 
opmpro aw 
Saooo DF 


Let Xj be a neutrosophic N-structure over X, which is given as follows: 








er 0 1 
N (—0.8,0,—-1)’ (—0.8,—0.2,—0.9)’ 





2 3 4 
(—0.2,—0.6,—0.5)’ (—0.7,-04,-0.7)’ (—0.4,—0.8,—0.3) 





Then Xj is a neutrosophic N-subalgebra of X, but it is not a neutrosophic N-ideal of X as 
Ty(2) = —0.2 > —0.7 = V{Tn(2 *3),Tn(3)}, In(4) = —0.8 < —0.4 = A{In(4 * 3), In(3)}, or 
Fy (4) = —0.3 > —0.7 = V{Fu(4*3), Fn(3)}. 


Theorem 7 is not valid in a BCI-algebra; that is, if X is a BCI-algebra, then there is a neutrosophic 
N-ideal that is not a neutrosophic \V-subalgebra, as seen in the following example. 


Example 5. Consider the neutrosophic N-ideal Xj of X in Example 3. If we take x := (0,0) and y := (0,1) 
in Y x (NU {0}), then x x y = (0,0) * (0,1) = (0,-1) € Y x (NU {0}). Hence 
Tn (x * y) = Sr=\/{Ty@) x ma 
In(x*y) = B<0= A{In(x),In(y)} o 
Fu(x*y) =0>7= V{Fn(x) Fy] 


Therefore Xx is not a neutrosophic N -subalgebra of X. 
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For any elements w;, Wj, w cS X, we consider sets: 
x = {x EX | Tn (x) < Tn (wz) } 
XN = {x € X | In(x) = In(wi)} 
XV i= {x EX|Ey(x) < Fy (w,)} 


Clearly, w; € Xx', wi € x and w € Xt . 


Theorem 8. Let w;, w; and wr be any elements of X. If Xn is a neutrosophic N-ideal of X, then Xx', Bet 
and X,j' are ideals of X. 


Proof. Clearly, 6 € Xy!',0 € Xi and 6 € a . Let x,y € X be such that x * y € XN'N XNIN 5a and 
y € X@! 9 X#i A XA’. Then 


Ty (x *y) < Tw(wr), Tn(y) < Tn(2) 
In(x *y) = In(@), In(y) = In(@) 
Fy (x *y) < Fn(we), En(y) S Fr (ws) 


It follows from Equation (6) that 


Ty (x) < V{Tn(x*y),Tn(y)} < Tw(wt) 
In(x) > Af{In(x* y), In(y)} = In (wi) 
Fy(x) < \V {Fu (x *y),Fu(y)} < Fu(ws) 














Hence x € Pas a) Pee ‘a raed , and therefore ney ae and pees are ideals of X. 


Theorem 9. Let w, Wj, W FE X and let Xx be a neutrosophic N-structure over X. Then 
) If Xxt, Xyi and ya are ideals of X, then the following assertion is valid: 
T(x) = V{Tn(y *z), Tn(z)} => Tn(x) 2 Try) 
In(y 


) 
n(x) S$ A{In(y *2),In(2)} => In(x) < Inly) (11) 


(Vx,y,zE€X)] I 
Fy(x) > V{En(y *Z),Fu(z)} = Fr(x) = Frn(y) 


If Xw satisfies Equation (11) and 
(Vx € X) (Ty (@) < Tn (x), In (0) = In(x), Fn (0) < Fr(x)) (12) 
then XX, Xyji and sae are ideals of X for all w, € Im(Ty), w; € Im(Iy) and wy € Im(Fy). 


Proof. (1) Assume that bccn bee and x are ideals of X for Ww}, Wj, wr € X. Let x,y,z € X be such 
that Tw(x) > W{Tuly #2) Tyl2)}, In) < Mv (y2)fle)} and F(x) > V{En(y2) (2) 
Then y*z € XI'AN XIN x and z € XViN Xin x , where w; = Ww; = wy = x. It follows 
from (12) that y € XB X¥in XV for w = wi = wy = x. Hence Ty(y) < Ty(wt) = Tn(x), 
In(y) = In(w;) = Iy(x and BG). < Fy(wy) = Fr (x). 
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(2) Let w, € Im(Ty), w; € Im(In) and w, € Im(Fy) and suppose that Xj satisfies Equations (11) 
aa (12). Clearly, 0 € XN’ 0 Xn al x by Equation (12). Let x,y € X be such that x * y € XX'N XXiN 
Xx’ and y € XN'N Xx N Xy/. Then 


Ty (x *y) < Tw(wr), Tn(y) < Tn(2) 
In(x *y) = In(@), In(y) = In(@) 
Fy (x *y) < Fn(we), En(y) S Fr (ws) 


which implies that V{Tw(x «y),Tw(y)} < Tywe), A{ln(x « 9), Iv(y)} = In(wi), and VF (x # 
y),En(y)} < Fu(we). It follows from Equation (11) that Ty(w:) > Tn(x), In(wi) < In(x) and 


Fy (wy) > Fy(x). Thus, x € XX'N XN Xy) and therefore X@", Xf! and X\/ are ideals of X. 














Definition 3. A neutrosophic N-ideal Xj of X is said to be closed if it is a neutrosophic N-subalgebra of X. 


Example 6. Consider a BCI-algebra X = {0,1,a,b,c} with the following Cayley table. 





a Fa FP DBD! ¥ 
a Faroe 
a Fa oD Des 
STa va ala 
ama eceteo 
DBaA Fanta 


Let Xj be a neutrosophic N-structure over X which is given as follows: 


XN = 








Cd 1 a 
{, 0.9,—0.3,—0.8)’ (—0.7,—0.4,—0.7)’ (—0.6,—0.8,—0.3) ” 





b c 
(—0.2,—0.6,—0.3)” (—0.2,—0.8, or} 





Then Xj is a closed neutrosophic N-ideal of X. 


Theorem 10. Let X be a BCI-algebra, For any «4, &2,71,Y2 € [—1,0) and By, Bz € (—1,0] with a, < a, 
1 <2 and By > Bo, let XN := aoe be a neutrosophic N’-structure over X given as follows: 


ay ifx € X+ 


Ty :X > |-1,0|, x ‘ 
" ! ee &) otherwise 


ifx € X4 


By 
Iy: X —1 
a a B2 otherwise 


1 «ifx € Xp 


Fy : X > |-1,0], xb : 
” | lp ® Y2 otherwise 


where X, = {x € X|@~= x}. Then Xn is a closed neutrosophic N-ideal of X. 


Proof. Because 6 € X,, we have Ty (0) = a, < Ty(x), In(0) = Bi = In(x) and Fy(@) = 11 < Fr(x) 
for all x € X. Let x,y € X. If x € X4, then 


Ty (x) = a1 < \V{Tn(x*y), Tn(y)} 
In(x) = Bi > A\f{In(x*y), In(y)} 
Fy(x) = < \V {F(x *y), Fu(y)} 
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Suppose that x ¢ X,. Ifx*xy € X, theny ¢ X,,andif y € X; thenx*y ¢ X4. In either case, 
we have 


Ty (x) = a2 = \V {T(x *y), Ty (y)} 
In(x) = Bo = Af In(x *y), In(y)} 
Fy (x) = 2 = \V {F(x *y), F(y)} 


For any x,y € X, if any one of x and y does not belong to X+, then 


Tn(x*Yy) <a = V {Tn (x) y)} 
In(x*y) > Bo = {In (x) M0) 
Fy(x*y) < y2 = VE (x) y)} 


Ifx,y € X,, then x xy € X,. Hence 


T(x *y) = 0 = \V/{Tn(x), Tw(y)} 
In(x*y) = Bi = A{In(x), oe 
Enixeg) = = \/{Fn(x) y)} 














Therefore Xj is a closed neutrosophic N-ideal of X. 
Proposition 6. Every closed neutrosophic N-ideal Xx of a BCI-algebra X satisfies the following condition: 


(Vx € X) (Tn (0 *x) < Ty (x), In(O* x) > In(x), Fy (0 * x) < Fr(x)) (13) 











Proof. Straightforward. 





We provide conditions for a neutrosophic \-ideal to be closed. 


Theorem 11. Let X be a BCI-algebra. If Xn is a neutrosophic N-ideal of X that satisfies the condition of 
Equation (13), then Xj is a neutrosophic N-subalgebra and hence is a closed neutrosophic N -ideal of X. 


Proof. Note that (x * y) * x =< 6 *y for all x,y € X. Using Equations (10) and (13), we have 


Ty(x*y) < \V{Tw(x), Tw (0 *y)} < V{Tw(x), Tu(y)} 
In(x¥y) > A{In(x),In(@*y)} > A {In (x), In(y)} 
Fy(x*y) < \V {Fn (x), Fu (0 *y)} < \VV {Fw (x), Fu (y)} 














Hence Xy is a neutrosophic \-subalgebra and is therefore a closed neutrosophic N-ideal of X. 
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Abstract: Recently, the TODIM has been used to solve multiple attribute decision making (MADM) 
problems. The single-valued neutrosophic sets (SVNSs) are useful tools to depict the uncertainty of 
the MADM. In this paper, we will extend the TODIM method to the MADM with the single-valued 
neutrosophic numbers (SVNNs). Firstly, the definition, comparison, and distance of SVNNs are 
briefly presented, and the steps of the classical TODIM method for MADM problems are introduced. 
Then, the extended classical TODIM method is proposed to deal with MADM problems with the 
SVNNs, and its significant characteristic is that it can fully consider the decision makers’ bounded 
rationality which is a real action in decision making. Furthermore, we extend the proposed model to 
interval neutrosophic sets (INSs). Finally, a numerical example is proposed. 


Keywords: multiple attribute decision making (MADM); single-valued neutrosophic numbers; 
interval neutrosophic numbers; TODIM method; prospect theory 





1. Introduction 


Multiple attribute decision making (MADM) is a hot research area of the decision theory domain, 
which has had wide applications in many fields, and attracted increasing attention [1,2]. Due to the 
fuzziness and uncertainty of the alternatives in different attributes, attribute values in decision making 
problems are not always represented as real numbers, and they can be described as fuzzy numbers 
in more suitable occasions, such as interval-valued numbers [3,4], triangular fuzzy variables [5-8], 
linguistic variables [9-13] or uncertain linguistic variables [14-21], intuitionistic fuzzy numbers 
(IFSs) [22-27] or interval-valued intuitionistic fuzzy numbers (IVIFSs) [28-31], and SVNSs [32] or 
INSs [33]. Since Fuzzy set (FS), which is a very useful tool to process fuzzy information, was 
firstly proposed by Zadeh [34], it has been regarded as an useful tool to solve MADM [35,36], 
fuzzy logic [37], and patterns recognition [38]. Atanassov [22] introduced IFSs with the membership 
degree and non-membership degree, which were extended to IVIFSs [28]. Smarandache [39,40] 
proposed a neutrosophic set (NS) with truth-membership function, indeterminacy-membership 
function, and falsity-membership function. Furthermore, the concepts of a SVNS [32] and an INS [33] 
were presented for actual applications. Ye [41] proposed a simplified neutrosophic set (SNS), including 
the SVNS and INS. Recently, SNSs (INSs, and SVNSs) have been utilized to solve many MADM 
problems [42-67]. 

In order to depict the increasing complexity in the actual world, the DMs’ risk attitudes 
should be taken into consideration to deal with MADM [68-70]. Based on the prospect theory, 
Gomes and Lima [71] established TODIM (an acronym in Portuguese for Interactive Multi-Criteria 
Decision Making) method to solve the MADM problems with the DMs’ psychological behaviors 
are considered. Some scholars have paid attention to depict the DMs’ attitudinal characters in the 
MADM [72-74]. Also, some scholars proposed fuzzy TODIM models [75,76], intuitionistic fuzzy 
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TODIM models [77,78], the Pythagorean fuzzy TODIM approach [68], the multi-hesitant fuzzy 
linguistic TODIM approach [79,80], the interval type-2 fuzzy TODIM model [81], the intuitionistic 
linguistic TODIM method [82], and the 2-dimension uncertain linguistic TODIM method [83]. However, 
there is no scholar to investigate the TODIM model with SVNNS. Therefore, it is very necessary to pay 
abundant attention to this novel and worthy issue. The aim of this paper is to extend the TODIM idea 
to solve the MADM with the SVNNs, to fill up this vacancy. In Section 2, we give the basic concepts of 
SVNSs and the classical TODIM method for MADM problems. In Section 3, we propose the TODIM 
method for SVN MADM problems. In Section 4, we extend the proposed SVN TODIM method to 
INNs. In Section 5, an illustrative example is pointed out and some comparative analysis is conducted. 
We give a conclusion in Section 6. 


2. Preliminaries 


Some basic concepts and definitions of NSs and SVNSs are introduced. 


2.1. NSs and SVNSs 


Definition 1 [39,40]. Let X be a space of points (objects) with a generic element in fix set X, denoted 
by x. NSs A in X is characterized by a truth-membership function T(x), an indeterminacy-membership 
I4(x) and a falsity-membership function F,(x), where T,(x):X —>]~0,1*[|,I4(x):X > ]70,1* 
[and Fa(x): X —]~0,1*[ and 0~ < supT,(x) +supI,(x) + supFa(x) < 3°. 

The NSs was difficult to apply to real applications. Wang [32] develop the SNSs. 


Definition 2 [32]. Let X be a space of points (objects); a SVNSs A in X is characterized as the following: 


A = {(x,Ta(x),1a(x),Fa(x)) |x € X} (1) 


where the truth-membership function T., (x), indeterminacy-membership I, (x) and falsity-membership function 
Fa(x), Ta(x) : X > [0,1], I4(x) : X — [0,1] and Fa(x) : X > [0,1], with the condition 0 < Ta(x) + 
I(x) + Fa(x) <3. 

For convenience, a SVNN can be expressed to be A = (T4,14,F,), Ta € [0,1], 1, € [0,1], Fa € [0,1], 
andO<Tya+I,+F, <3. 


Definition 3 [50]. Let A = (T,y,1,,F,) bea SVNN, a score function S(A) is defined: 


2h Tamla FA) 


s(A) = | : 


, S(A) € [0,1]. (2) 





Definition 4 [50]. Let A = (Ty, 14, F,) bea SVNN, an accuracy function H(A) of a SVNN is defined: 
H(A) = Ta — Fa, H(A) € [-1,]]. (3) 


to evaluate the degree of accuracy of the SVNN A = (Ta,I,4,Fa), where H(A) € [—1,1]. The larger the value 
of H(A) is, the higher the degree of accuracy of the SVNN A. 


Zhang et al. [50] gave an order relation between two SVNNs, which is defined as follows: 


Definition 5 [50]. Let A = (Ty, I,4,F,) and B = (Tz, Ip, Fp) be two SVNNs, if S(A) < S(B), then A < B; 
if S(A) = S(B), then 

(1) if H(A) = H(B), then A = B; 

(2) if H(A) < H(B), then A < B. 
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Definition 6 [32]. Let A and B be two SVNNs, the basic operations of SVNNs are: 


(1) A@®B= (T,+Tp— TaTz, IaIp, FaFp); 

(2) A@B= (TaTs, 14 + Ip — Iglp, Fa + Fp — FaFp); 
3) AA= (1 1-1 (Fa)*),a > 0; 

(4) (AY = ((Ta)*, Gay = (1 Fay"), > 0. 


Definition 7 [42]. Let A and B be two SVNNs, then the normalized Hamming distance between A and B is: 





1 
d(A,B) = 3 (ITA Tp| + |I4 — Ip| + |Fa — Fa)) (4) 


2.2. The TODIM Approach 


The TODIM approach [71], developed to consider the DM’s psychological behavior, can effectively 
solve the MADM problems. Based on the prospect theory, this approach depicts the dominance of 
each alternative over others by constructing a function of multi-attribute values [69]. 

Let G = {Gy,Go,--- , Gy} be the attributes, w = (w 1, wW2,--- , Wn) be the weight of Gj,0<wj <1, 


n 


and }} wj) = 1. A = {A1,Az,---,Am} are alternatives. Let A = (ai) be a decision matrix, 


mxn 


j=l 
where ij is given for the alternative A; under the G;,i = 1,2,---,m, andj = 1,2,---,n. We set 
Wir = W;/wr(j,7 = 1,2,--+ ,n) are relative weight of G; to G,, and w, = max {7w;|j = 12st 


and 0 < Wir S 1. 
Then the traditional TODIM model concludes the following computing steps: 


Step 1. Normalizing A = (a;;) into B = (bij) maser 


mxn 
Step 2. Computing the dominance degree of A; over every alternative A; under attribute G;: 





nN 
5(Aj, At) => YE (Ai At), (i,t =1,2,--- ,M) (5) 
j=l 
where 
n 
i Wir (bij — aj) / Le Wir if bij — by > 0 
J= 
gi(Ai Ar) = 4 % HPO (6) 





nN 
]= 


and the parameter 6 shows the attenuation factor of the losses. If bj; — bj; > 0, then 9; (Aj, At) 
represents a gain; if bj; — bj; < 0, then $;(Aj, At) signifies a loss. 
Step 3. Deriving the overall dominance value of A; by the Equation (7): 


¥ (Aa An= min . sai, A} 

(Ai) _ t=1 1 t=1 

max YG s(Ai, Aa) } = min Ye s(Ai, Ai) } 
t=1 1 t=1 





y i=1,2,--+,m. (7) 
1 
Step 4. Ranking all alternatives and selecting the most desirable alternative in accordance with 


$(A;). The alternative with minimum value is the worst. Inversely, the maximum value is 
the best one. 
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3. TODIM Method for SVN MADM Problems 
Let A = {A1,Ap,--- , Am} be alternatives, and G = {G1,G),--- ,G,} be attributes. Let w = 


mxn 


n 
(w1,W2,+++ , Wn) be the weight of attributes, where w; € [0,1], 1 w; = 1. Suppose that R = (rj) 
j=l 


(te li, eee be a SVN matrix, where 7; = ae Leayy which is an attribute value, given by an 
expert, for the alternative A; under Gj, Tj € (0, 1], ij € (0, 1], Fi € [0,1], 0o< Tj + [ij + Fi < 3, 
i=1,2,---,m,j =1,2,--+ ,n. 

To solve the MADM problem with single-valued neutrosophic information, we try to present 
a single-valued neutrosophic TODIM model based on the prospect theory and can depict the DMs 


behaviors under risk. 


y 


Firstly, we calculate the relative weight of each attribute G; as: 
Wir = Wj/Uy, jv =1,2,--+,n. (8) 
where w; is the weight of the attribute of Gj, wy = max {wj|j =1,2,---,n},and0< WS, 


Based on the Equation (8), we can derive the dominance degree of A; over each alternative A; 
with respect to the attribute G;: 





n 
ere em rij) Be Wir, if rij > Vj 
$j(Air At) = 0, ft a ty (9) 


n 
(3 vy) ary Pyles. A ears 
J= 





TR 


1 
5 (ITs — Tel + [Fj — Ll + [Fj — Fyl)- (10) 


where the parameter 6 shows the attenuation factor of the losses, and d(rij, rt) is to measure the 
distances between the SVNNs rj; and 1; by Definition 7. If rj; > r;;, then @;(Aj, Ar) represents a gain; 
if rj; < rj, then ;(Aj, At) signifies a loss. 

For indicating functions (Aj, Ar) clearly, a dominance degree matrix ?; = [G(Ai, At) oe 


d(rij, rt) = 





under G; is expressed as: 


Ay As ee Am 
Ay 0 pj(A1,A2) +++ pj(A1, Am) 
A (Ay, A 0 ees bl Apts 

Q= [Pi(Air Ab)] acm = ; a ; : : wise i : ae silt 
Am | Qj(Am A1)  $j(Am, Az) ++ 0 


(11) 
On the basis of Equation (11), the overall dominance degree 5(Aj, Ay) of the Aj over each A; can 
be calculated: 


5(Aj, At) => SOA (i,t => 1,2,- 28 ,M). (12) 
j=l 


Thus, the overall dominance degree matrix 6 = [6(Aj, At)| can be derived by Equation (12): 


mxm 


AG A> an Ae 
Ay 0 6(Ay, Az) see 6(A1,Am) 
Az | 6(A2,A1) 0 -++ O(Az,Am) |, (13) 
b= [5(Ai, At) |maxm = : : : 


Am | 6(Am,A1) 6(Am,A2) +-: 0 
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Then, the overall value of each A; can be calculated Equation (14): 


y 5(Aj, At) ~ min . a(Ai, A) } 
5(Aj) = —S el = , i= 12,00 5m. (14) 
max 2 s(Ai, Aa) } min Lm s(Ai, Ai) } 

i s—7) i 


t=1 





Also the greater the overall value 6(A;), the better the alternative Aj. 
In general, single-valued neutrosophic TODIM model includes the computing steps: 
(Procedure one) 


Step 1. Identifying the single-valued neutrosophic matrix R = (rj) Tigi Lig, Fj) won, i the 


MADM, where rij isaSVNN. 
Step 2. Calculating the relative weight of G; by using Equation (8). 


mxn ( 


Step 3. Calculating the dominance degree $;(Aj;, Ar) of Aj over each alternative A; under attribute 
G; by Equation (9). 

Step 4. Calculating the overall dominance degree 5(Aj, At) of A; over each alternative A; by using 
Equation (12). 

Step 5. Deriving the overall value 5(A;) of each alternative A; using Equation (14). 

Step 6. Determining the order of the alternatives in accordance with 6(A;)(i = 1,2,--+,m). 


4. TODIM Method for Interval Neutrosophic MADM Problems 
Furthermore, Wang et al. [33] defined INSs. 


Definition 8 [33]. Let X be a space of points (objects) with a generic element in fix set X, an INSs A in X is 
characterized as follows: 
A= {Ue Telia Fale) |e es } (15) 


where truth-membership function T x(x), indeterminacy-membership I x(x) and falsity-membership function 
F;(x) are interval values, Ta(x) C [0,1],I4(x) © [0,1] and Fa(x) C [0,1], and 0 < sup(Tz(x)) + 
sup(Iz(x)) + sup(Fz(x)) <3. D 
An interval neutrosophic number (INN) can be expressed as A = (Tj,1z,Fx) = 
L 7R| |7L 7R L pR L TR L 7R L pR 
([7 8), [1 08) Ps) | ener (PL | eo ak) << joa Pes cio) 


R47R R 
andQ < TF +15 + FF S33. 


Definition 9 [84]. Let A= (re, TR] F [T, 8) P Fe, FR]) be an INN, a score function S of an INN can be 
represented as follows: 








s(A) = (? ia Fi) ; (? sh Fa) s(a) E [0,1]. (16) 


Definition 10 [84]. Let A= bss rl, ie, i, Ee FR) be an INN, an accuracy function H(A) 
is defined: 
L R\ (pL R 
H(A) = (+74) 5 ED (a) Sea (17) 





Tang [84] defined an order relation between two INNs. 
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Definition 11 [84]. Let A = (ee Ty es i, [Fe FR)) and B = (2 rs, [i i), [FE, FR)) 


(rnp irt) eens) 


(5475) = (FL+ER ) 








B 3) be the 








be two INNs, s(A) _ _ (247-1 Fa)+ (2475 [&—FR 


(pert) (et 








scores, and H (4) = and H (2) = be the accuracy function, then if 
s(A) < 5(B), then A < Bit s(A A) = $(B), then 

(1) if H(A) = H(B), then A =B; 

(2) if H(A) Pe H(B),A < B. 


Definition 12 [33,61]. Let Ay = ([TE, TR], [b, IR], [FL ER]) and Ap = ([TE, TR], [15, 8), [FE FR) 
be two INNs, and some basic operations on them are defined as follows: 
(1) Ar @ Ag = ([T + Ty — TETY, TR + TE — TETE], (ee RG) [FP PRS); 
Lea mm TM +o - be +i Iet], |, 

8 eee ee amaen een) ) 

i Xr Xr A Xr A Xr 
(3) AA, = ([1- (1- TH)”, - @— TR)" |, [GE G9)", [ED (R)"]),4 > 0 

~\A A A A A A A 
@) (A) = ([(t)”, (t8)") [4% 8)"], [1 @- FE) 1 - 0 - FR)"]), A > 0. 
Definition 13 [84]. Let Ay = ([TL, TR], [1t, IR], [FL ER]) and Ap = ([Tz, Tie lee |) 


be two INNs, then the normalized Hamming distance between Ay = (ee TR sR EEE) ane 
A> = ({Th, TR], [15,18], (EE, ER]) is defined as follows: 





a eee | 
d(Ay, Az) =-(|tt Ty| + |TR- TH] + | — + |e - 8) +|AR- e+ |FR- FE) as) 


Let A, G and w be presented as in Section 3. Suppose that R = (Fin 


(|i, TRI, lth, RI, [Fi FR)) is the interval neutrosophic decision matrix, where 
} ye mxn 


te, TR, lth, IR), [EE FR] is truth-membership function, indeterminacy-membership function and 


falsity-membership function, iT, TR] C [0,1], lH, IR] ¢ [0,1], [Fi FRI c (0,1,0< TR +IR+ FR <3, 
12m 7S Le 


To cope with the MADM with INNs, we develop interval neutrosophic TODIM model. 
Firstly, we calculate the relative weight of each attribute G; as: 


Wir = Wj/Wy,j,t =1,2,-++,n (19) 
where w; is the weight of the attribute of Gj, w, = max {wj|j =1,2,---,n iy and 0 < wj, <1. 


Based on the Equation (20), we can derive the dominance degree of A; over each alternative A; 
with respect to the attribute G;: 





n 
jetta) u Wir, if Fig > Te 
J= 
pj(Ai, At) = ui af ap Fey (20) 


4 (3 v5) (Fite) DO. Af yey 





lr 
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L L 
se: Th ! 





R R 
ies TR| 





ve E 
i: I 





piss iR| 





L L 
Fi FF 





FR FR)). (21) 


d(Fij,Fj) = = ( 
where the parameter 6 shows the attenuation factor of the losses, and d (7,71) is to measure the 
distances between the INNs Vij and tj by Definition 13. If Vij > Vij, then pj(Ai, At) represents a gain; if 
ij <7, then $;(Aj, At) signifies a loss. 

For indicating functions pj (Aj, At) clearly, a dominance degree matrix $j = [9(Ai At) ods 
under G; is expressed as: 


Ay A2 Cet Am 
a 0 $j)(A1,Az) +++ $j(At Am) 
A (Ao, A 0 Meee (Ao, Am _ _ 
#5= [Ar ANag = | ON ORR a ene 
Am | Qj(Am/A1) $j(Am,A2) ++ 0 


(22) 
On the basis of Equation (22), the overall dominance degree 5(Aj, Ar) of the Aj over each A; can 
be calculated: 7 
6(Aj, At) = )) (Ai, At), (i, =1,2,--+,m) (23) 
j=l 


Thus, the overall dominance degree matrix 6 = [5(Aj, Ar)| can be derived by Equation (23): 


mxm 


At A> ate Am 
Ay 0 6(Ay,A2) +++ 6(A1,Am) 
Az | 6(A2,A1) 0 ++ 6(A2, Am) 24 
= [OCA Ar) en = : ‘ : : 
Am | 6(AmcAy) 6(Am:A2) +> 0 


Then, the overall value of each A; can be calculated Equation (25): 


2 6(Ai, At) = min 2 5(Ai, ay} 

6(Aj) _ t=1 E t=1 

max 5 a(Ai, Aa) } - min{ xe ai, Aa) } 
uy t=1 


i U1 





b= 1,2,-++ mm. (25) 


Also the greater the overall value 5(A;), the better the alternative Aj. 
In general, interval neutrosophic TODIM model includes the computing steps: 
(Procedure two) 


Step 1. Identifying the interval neutrosophic matrix R = (ee = ( [T, spd , [H, IR] F [Fh FR) ie 
in the MADM, where Vij is an INN. 

Step 2. Calculating the relative weight of G; by using Equation (19). 

Step 3. Calculating the dominance degree $;(Aj, At) of A; over each alternative A; under attribute 
G; by Equation (20). 

Step 4. Calculating the overall dominance degree 5(Aj;, Ar) of A; over each alternative A; by using 
Equation (23). 

Step 5. Deriving the overall value 6(A;) of each alternative A; using Equation (25). 

Step 6. Determining the order of the alternatives in accordance with 5(A;)(i = 1,2,--- ,m). 
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5. Numerical Example and Comparative Analysis 


5.1. Numerical Example 1 


In this part, a numerical example is given to show potential evaluation of emerging 
technology commercialization with SVNNs. Five possible emerging technology enterprises (ETEs) 
Aj(i = 1,2,3,4,5) are to be evaluated and selected. Four attributes are selected to evaluate the 
five possible ETEs: @ Gy, is the employment creation; @ G2 is the development of science and 
technology; © G3 is the technical advancement; and @ Gy is the industrialization infrastructure. The 
five ETEs A;(i = 1,2,3,4,5) are to be evaluated by using the SVNNs under the above four attributes 
(whose weighting vector w = (0.2,0.1, 0.3, 0.4)"), as listed in the following matrix. 


G Go G3 Ga 
A; [ (0.5,0.8,0.1) (0.6,0.3,0.3) (0.3,0.6,0.1) (0.5, 0.7, 0.2) 
Aa | (0.7,0.2,0.1) (0.7,0.2,0.2) (0.7,0.2,0.4) (0.8, 0.2,0.1) 

R= Az | (06,0.7,0.2) (0.5,0.7,0.3) (0.5,0.3,0.1) (0.6, 0.3,0.2) 
A, | (0.8,0.1,0.3) (0.6,0.3,0.4) (0.3,0.4,0.2) (0.5, 0.6,0.1) 
As | (0.6,0.4,0.4) (0.4,0.8,0.1) (0.7,0.6,0.1) (0.5, 0.8, 0.2) 


Then, we use Procedure One to select the best ETE. 

Firstly, since wg = max{w1,w2,w3,w4}, then Gg is the reference attribute and the reference 
attribute’s weight is w, 0.4. Then, we can calculate the relative weights of the attributes 
Gj (j = 1,2,3,4) as wi, = 0.50, w2, = 0.25, w3, = 0.75 and wa, = 1.00. Let @ = 2.5, then the dominance 
degree matrix $;(Aj, Ar) (j = 1,2,3,4) with respect to G; can be calculated: 


Aj A2 A3 Ag As 
Aj 0.0000 —0.4619 —0.2828 —0.5657 —0.4619 
Ad 0.2309 0.0000 0.2160 0.1633 0.2000 
gi= Az 0.1414 —0.4320 0.0000 -—0.4899 —0.3651 
Ag, 0.2828 —0.3266 0.2449 0.0000 0.2000 
As 0.2309 —0.4000 0.1826 —0.4000 0.0000 
He as A3 Ay As 
Aj 0.0000  —0.4000 0.1291 0.0577 0.1732 
Ad 0.1000 0.0000 0.1633 0.1155 0.1826 
gz = Az —0.5164 —0.6532 0.0000 —0.5657 —0.4619 
Ag, —0.2309 —0.4619 0.1414 0.0000 0.1826 
As —0.6928  —0.7303 0.1155 —0.7303 0.0000 
Aj A2 A3 A4 As 
Aj 0.0000 —0.4422 —0.2981 —0.2309 —0.2667 
A2 0.3317 0.0000 —0.3266 0.2828 0.2646 
$3 = Az 0.2236 0.2449 0.0000 0.2000 0.2236 
Ag, 0.1732 —0.3771 —0.2667 0.0000  —0.3528 
As 0.2000 —0.3528 —0.2981 0.2646 0.0000 
ee ve A3 Ag As 
Aj 0.0000 —0.3464 —0.2582 —0.1633 0.1155 
A2 0.3464 0.0000 0.2309 0.3055 0.3651 
ga = Az 0.2582 —0.2309 0.0000 0.2582 0.2828 
Ag, 0.1633 —0.3055 —0.2582 0.0000 0.2000 
As —0.1155 —0.3651 —0.2828  —0.2000 0.0000 
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The overall dominance degree 5(Aj, At) of the candidate A; over each candidate A; can be derived 
by Equation (13): 


Ai Ae he fy Ae 

A, [ 0.0000 —1.6505 -—0.7100 —0.9022 —0.4399 

A> | 1.0090 0.0000 0.2836 0.8671 1.01234 
6= Az; | 0.1068 —1.0712 0.0000 —0.5974 —0.3206 
As | 0.3884 —1.4711 —0.1386 0.0000 0.2298 

As | —0.3774 —1.8482 —0.2828 —1.0657 0.0000 


Then, we get the overall value 5(A;)(i = 1,2,3,4,5) by using Equation (14): 


5(A1) = 0.0000, 5(Az) = 1.0000, 5(A3) = 0.2648 
5(Aq) = 0.3944, 5(As) = 0.0187 


Finally, we get order of ETEs by 6(A;) (i = 1,2,3,4,5): Az > Ag > A3 > As > Aj, and thus the 
most desirable ETE is Ap. 


5.2. Comparative Analysis 1 
In what follows, we compare our proposed method with other existing methods including the 


SVNWA operator and SVNWG operator proposed by Sahin [85] as follows: 


Definition 14 [85]. Let Aj = (T;, es F) (j =1,2,--+ ,n) beacollection of SVNNs, w = (w ,W2,--- Wn)? 


n 
be the weight of Aj(j =1,2,---,n),and w; >0, Vw) =1. Then 
j=l 


r; = (T,, i, F) 
n 
= SVNWA ow (Tit, 7:2, * /Tin) = ® (wjrij) 
j=l (26) 
n w; w; lt Ww; 
= (1- F115), TE (ay), FL)” 
j=l = j=1 
= (1,4,5) 
n Ww: 
= SVNWGw (Fit, Tin, Tin) = ® (rif) 
j=l (27) 
n oe n wi n w: 
=| ay =e 
j=l j=l j=l 


By utilizing the R, as well as the SVNWA and SVNWG operators, the aggregating values are 
derived in Table 1. 





Table 1. The aggregating values of the emerging technology enterprises by the SVNWA 
(SVNWG) operators. 
SVNWA SVNWG 

Ay (0.4591, 0.6307, 0.1473) (0.4369, 0.6718, 0.1627) 

Ad (0.7449, 0.2000, 0.1625) (0.7384, 0.2000, 0.2124) 

A3 (0.5627, 0.3868, 0.1692) (0.5578, 0.4571, 0.1822) 

Ag (0.5497, 0.3464, 0.1762) (0.4799, 0.4381, 0.2067) 

As (0.5822, 0.6389, 0.1741) (0.5610, 0.6933, 0.2083) 
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According to the aggregating results in Table 1, the score functions are listed in Table 2. 


Table 2. The score functions of the emerging technology enterprises. 





SVNWA SVNWG 
A 0.5604 0.5341 
Ao 0.7942 0.7753 
A3 0.6689 0.6398 
A4 0.6757 0.6117 
As 0.5898 0.5531 


According to the score functions shown in Table 2, the order of the emerging technology 
enterprises are in Table 3. 


Table 3. Order of the emerging technology enterprises. 





Order 
SVNWA Ao > Ag > A3 > As > Ay 
SVNWG Az > A3>Aq>A5 >A, 


From the above analysis, it can be seen that two operators have the same best emerging technology 
enterprise Ay and two methods’ ranking results are slightly different. However, the SVN TODIM 
approach can reasonably depict the DMs’ psychological behaviors under risk, and thus, it may deal 
with the above issue effectively. This verifies the method we proposed is reasonable and effective in 
this paper. 


5.3. Numerical Example 2 


If the five possible emerging technology enterprises A;(i = 1,2,3,4,5) are to be evaluated by 
using the INNS under the above four attributes (whose weighting vector w = (0.2,0.1,0.3,0.4)"), 
as listed in the matrix R, then: 


( 
( 
( 
( 
( 


Then, we use Procedure Two to select the best ETE. 
Firstly, since wy = max{wy ,W2,Ww3,W4}, then Gy, is the reference attribute and the reference 
attribute’s weight is w, = 0.4. Then, we can calculate the relative weights of the attributes 


0.5, 0.6], (0.8, 0.9], (0.1, 0.2 
0.7, 0.9], {0.2, 0.3], [0.1, 0.2 
al 
Al 


[ Al }) ({0.6,0.7], (0.3, 0.4], (0.3, 0.4 
ii I,[ )) ( 
([0.6, 0.7], (0.7, 0.8], [0.2,0.3]) ( 
([ I, [ )) ( 
([ l, ) ( 


Al [ 
(0.7, 0.8], (0.1, 0.2], (0.2, 0.3] 
(0.5, 0.6], [0.7, 0.8], [0.3, 0.4] 
[ Al al : 


, y 


0.8, 0.9], (0.1, 0.2], [0.3, 0.4 
(0.6, 0.7], [0.4, 0.5], [0.4, 0.5 


) 
) 
) 
0.6,0.7], [0.3, 0.4], (0.4, 0.5]) 
(0.4, 0.5], (0.8, 0.9], [0.1,0.2]) 
ee ea ({0.5, 0.6], [0.7, 0.8], [0.1, 0.2]) 
(0.7, 0.9], [0.2,0.3], [0.4,0.5]) ([0.8, 0.9], [0.2, 0.3], [0.1, 0.2]) 
(0.5, 0.6], (0.3, 0.4], [0.1,0.2]) ({0.6, 0.7], [0.3, 0.4], [0.2, 0.3]) 
(0.3, 0.4], [0.4,0.5], [0.2,0.3])  ([ L[ Al ]) 
[0.7, 0.8], [0.6,0.7}, [0.1,0.2]) ([ Al LL }) 


0.5, 0.6], |0.6, 0.7], |0.1, 0.2 
0.5, 0.6], [0.8, 0.9], [0.2, 0.3 


y 
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Gj(j = 1,2,3,4) as: wy, = 0.50, w2, = 0.25, w3, = 0.75 and w4, = 1.00. Let 6 = 2.5, then the dominance 
degree matrix 9 (A;, At) (j = 1,2,3,4) with respect to Gj can be calculated: 


Aj A2 A3 Ag A5 

Aj 0.0000 —0.4761 —0.2828 —0.5657 —0.4619 

Ad 0.2380 0.0000 0.2236 0.1528 0.2082 

gi= Az 0.1414 —0.4472 0.0000 -—0.4899 —0.3651 
Ag, 0.2828 —0.3055 0.2449 0.0000 0.2000 

As 0.2309 —0.4163 0.1826 —0.4000 0.0000 

Ay A A3 Ag As 

Aj 0.0000 -—0.4619 0.1291 0.0577 0.1732 

Ad 0.1155 0.0000 0.1732 0.1291 0.1915 

g2 = Az —0.5164 —0.6928 0.0000 —0.5657 —0.4619 
Ag, —0.2309 —0.5164 0.1414 0.0000 0.1826 
As —0.6928 —0.7659 0.1155 —0.7303 0.0000 
Ay Ad A3 A4 As 

Aj 0.0000 —0.4522 —0.2981 —0.2309 —0.2667 
A2 0.3391 0.0000 0.2550 0.2915 0.2739 
A3 0.2236 —0.3399 0.0000 0.2000 0.2236 
A4 0.1732 —0.3887 —0.2667 0.0000 —0.3528 
As 0.2000 —0.3651 —0.2981 0.2646 0.0000 
At Ao Ae Ag Ag 

Aj 0.0000 —0.3266 —0.2828 —0.1155 0.1633 
A2 0.3266 0.0000 0.2309 0.3055 0.3651 
ga = Az 0.2828 —0.2309 0.0000 0.2582 0.2828 
A4 0.1155 —0.3055 —0.2582 0.0000 0.2000 

As —0.1633 —0.3651 —0.2828 —0.2000 0.0000 


$3 


nn i, en i, ee | 


The overall dominance degree 5(Aj, Ar) of the candidate A; over each candidate A; can be derived 
by Equation (24): 


Ay As A3 Aj As 
A, [ 0.0000 1.7168 —0.7346 —0.7506 0.0698 
Ay | 1.0192 0.0000 0.3727 0.3513 (0.8305 
6= A; | 0.1314 1.0310 0.0000 —0.4726 0.0445 
A, | 0.3406 1.5161 —0.1386 0.2000 0.0298 
As | —0.4252 —1.9124 —0.8654 —0.6657 0.0000 


Then, we get the overall value 6(A;) (i = 1,2,3,4,5) by using Equation (25): 


6(A1) = 0.1143, 5(Az) = 1.0000, 6(A3) = 0.3944 
6(Ag) = 0.4322, 5(As) = 0.0000 


Finally, we get order of ETEs by 6(A;)(i = 1,2,3,4,5): Az > Ag > A3 > Ay > As, and thus the 
most desirable ETE is Ap. 


5.4. Comparative Analysis 2 


In what follows, we compare our proposed method with other existing methods including the 
INWA operator and INWG operator proposed by Zhang et al. [50] as follows: 
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Definition 15 [50]. Let A; = (| re), ie nua ee Fs ) (j =1,2,--+ ,n) be a collection of INNs, 


n 
wW = (W1,W2,--- Wy)? be the weight of Aj(j =1,2,---,n),and w,>0, w=. Then 
j=l 


om 


i = ((TH, ey [TP IF], [Fr Ff) 


= INWAo (Fit, Ti2, +++ Tin) = & (wri) 
{= 


i (a—Th)",1- tl (1- 7)" (28) 


j=l j=l 


Rey” Aca)” [en Ay" 


‘ae 


ra! 


% = ((TP TR], [UP TR), (FP FR]) 
INWGp (Fi1,7 2," * + Tin) = 


© (F)” 


Fea)” AeH)"| oa) ay], | 


- j=l 


1 Anya fia) 


j=l j=l 


By utilizing the decision matrix R, and the INWA and INWG operators, the aggregating values 
are in Table 4. 


Table 4. The aggregating values of the emerging technology enterprises by the INWA and 























INWG operators. 
INWA 
Ay ([0.4591, 0.5611], [0.6307, 0.7342], [0.1116, 0.2144]) 
Ag ([0.7449, 0.8928], [0.1866, 0.2881], [0.1625, 0.2742]) 
A3 ([0.5627, 0.6634], [0.3868, 0.4925], [0.1692, 0.2734]) 
Ag ([0.5497, 0.6674], [0.3464, 0.4657], [0.1762, 0.2844]) 
As ([0.5822, 0.6863], [0.6389, 0.7421], [0.1741, 0.2825]) 
INWG 
Ay ([0.4369, 0.5395], [0.6718, 0.7805], [0.1223, 0.2227]) 
Ad ([0.7384, 0.8895], [0.1905, 0.2906], [0.2124, 0.3144]) 
A3 ([0.5578, 0.6581], [0.4571, 0.5685], [0.1822, 0.2825]) 
Ag ([0.4799, 0.5851], [0.4381, 0.5440], [0.2067, 0.3077]) 
As ([0.5610, 0.6624], [0.6933, 0.8082], [0.2083, 0.3097]) 


According to the aggregating values in Table 4, the score functions are in Table 5. 


Table 5. The score functions of the emerging technology enterprises. 





INWA INWG 
Ay 0.5549 0.5298 
Ag 0.7877 0.7700 
A3 0.6507 0.6209 
Ag 0.6574. 0.5948 


As 0.5718 0.5340 
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According to the score functions shown in Table 5, the order of the emerging technology 
enterprises are in Table 6. 


Table 6. Order of the emerging technology enterprises. 





Ordering 
INWA Ag > Aqg>A3>A5 >A, 
INWG Ay >A3>Aq>A5 >A, 


From the above analysis, it can be seen that two operators have the same best emerging 
technology enterprise Ay and two methods’ ranking results are slightly different. However, the 
interval neutrosophic TODIM approach can reasonably depict the DMs’ psychological behaviors under 
risk, and thus, it may deal with the above issue effectively. This verifies the method we proposed is 
reasonable and effective. 


6. Conclusions 


In this paper, we will extend the TODIM method to the MADM with the single-valued 
neutrosophic numbers (SVNNs). Firstly, the definition, comparison and distance of SVNNs are 
briefly presented, and the steps of the classical TODIM method for MADM problems are introduced. 
Then, the extended classical TODIM method is proposed to deal with MADM problems with the 
SVNNs, and its significant characteristic is that it can fully consider the decision makers’ bounded 
rationality which is a real action in decision making. Furthermore, we extend the proposed 
model to interval neutrosophic sets (INSs). Finally, a numerical example is proposed to verify the 
developed approach. 

In the future, the application of the proposed models and methods of SVNSs and INSs needs 
to be explored in the decision making [86-99], risk analysis and many other uncertain and fuzzy 
environment [100-112]. 
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Abstract: Visual object tracking is a critical task in computer vision. Challenging things always exist 
when an object needs to be tracked. For instance, background clutter is one of the most challenging 
problems. The mean-shift tracker is quite popular because of its efficiency and performance in a 
range of conditions. However, the challenge of background clutter also disturbs its performance. 
In this article, we propose a novel weighted histogram based on neutrosophic similarity score to 
help the mean-shift tracker discriminate the target from the background. Neutrosophic set (NS) is a 
new branch of philosophy for dealing with incomplete, indeterminate, and inconsistent information. 
In this paper, we utilize the single valued neutrosophic set (SVNS), which is a subclass of NS to 
improve the mean-shift tracker. First, two kinds of criteria are considered as the object feature 
similarity and the background feature similarity, and each bin of the weight histogram is represented 
in the SVNS domain via three membership functions T(Truth), I(indeterminacy), and F(Falsity). Second, 
the neutrosophic similarity score function is introduced to fuse those two criteria and to build the 
final weight histogram. Finally, a novel neutrosophic weighted mean-shift tracker is proposed. 
The proposed tracker is compared with several mean-shift based trackers on a dataset of 61 public 
sequences. The results revealed that our method outperforms other trackers, especially when 
confronting background clutter. 


Keywords: tracking; mean-shift; neutrosophic set; single valued neutrosophic set; neutrosophic 
similarity score 





1. Introduction 


Currently, applications in the computer vision field such as surveillance, video indexing, traffic 
monitoring, and auto-driving have come into our life. However, most of the key algorithms still lack 
the performance of those applications. One of the most important tasks is visual object tracking, and it 
is still a challenging problem [1-3]. 

Challenges like illumination variation, scale variation, motion blur, background clutters, etc. 
may happen when dealing with the task of visual object tracking [2]. A specific classifier is always 
considered for tackling such kinds of challenging problems. Boosting [4] and semi-supervised 
boosting [5] were employed for building a robust classifier; multiple instance learning [6] was 
introduced into the classifier training procedure due to the interference of the inexact training instance; 
compressive sensing theory [7] was applied for developing effective and efficient appearance models 
for robust object tracking, due to factors such as pose variation, illumination change, occlusion, and 
motion blur. 
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The mean-shift procedure was first introduced into visual object tracking by Comaniciu et al. [8,9]. 
The color histogram was employed as the tracking feature. The location of the target in each frame was 
decided by minimizing the distance between two probability density functions, which are represented 
by a target histogram and a target candidate histogram. By utilizing the color histogram feature 
and the efficient seeking method, such a mean-shift tracker demonstrates high efficiency and good 
performance, even when confronting motion blur and deformation problems. On the other hand, the 
color histogram feature cannot help the tracker discriminate the target from the background effectively, 
especially when background clutter exists. Several new metrics or features were considered to deal 
with such a problem. For instance, Cross-Bin metric [10], SIFT (Scale-invariant feature transform) [11], 
and texture feature [12] were introduced into the mean shift based tracker, and the proposed trackers all 
earn a better performance than the traditional one. Besides, Tomas et al. [13] exploited the background 
to discriminate the target and proposed the background ratio weighting method. In addition, since 
estimating an adequate scale is essential for robust tracking, a more robust method for estimating the 
scale of the searching bounding box was proposed through the forward—backward consistency check. 
This mean-shift based tracker [13] outperforms several state-of-the-art algorithms. Robert et al. [14] also 
proposed a scale selecting scheme by utilizing the Lindeberg’s theory [15] based on the local maxima 
of differential scale-space filters. Although so many kinds of visual trackers have been proposed, the 
visual tracking is still an open problem, due to the challenging conditions in the real tracking tasks. All 
in all, the mean-shift tracker demonstrates high efficiency and may earn an even better performance if 
a more effective method can be found to discriminate the target from the background. Thus, finding 
a suitable way to represent the information presented by the background, as well as the target, is of 
high relevance. 

Neutrosophic set (NS) [16] is a new branch of philosophy to deal with the origin, nature, and 
scope of neutralities. It has an inherent ability to handle the indeterminate information like the noise 
included in images [17-21] and video sequences. Until now, NS has been successfully applied in 
many areas [22]. For the computer vision research fields, the NS theory is widely utilized in image 
segmentation [17-21], skeleton extraction [23] and object tracking [24], etc. Before calculating the 
segmentation result for an image, a specific neutrosophic image was usually computed via several 
criteria in NS domain [17-21]. For object tracking, in order to improve the traditional color based 
CAMShift tracker, the single valued neutrosophic cross-entropy was employed for fusing color and 
depth information [24]. In addition, the NS theory is also utilized for improving the clustering 
algorithms, such as c-means [25]. While several criteria are always proposed to handle a specific image 
processing problem, an appropriate way for fusing information is needed. Decision-making [26-30] 
can be regarded as a problem-solving activity terminated by a solution deemed to be satisfactory, and 
it has been frequently employed for dealing with such an information fusion problem. The similarity 
measurement [30] using the correlation coefficient under single valued neutrosophic environment 
was successfully applied into the issue of image thresholding [21]. A single valued neutrosophic set 
(SVNS) [31] is an instance of a neutrosophic set and provides an additional possibility to represent 
uncertainty, imprecise, incomplete, and inconsistent information, which exists in the real world. The 
correlation coefficient of SVNS was proposed by the authors of [30] and was successfully applied for 
handling the multicriteria decision making problem. For the mean-shift tracker, the color histogram is 
employed for representing the tracked target. Due to the challenging conditions during the tracking 
procedure, indeterminate information always exists. For instance, object feature may changes due 
to object pose or external environment changes between frames. It is difficult to localize the object 
exactly during the tracking procedure. Thus, there exists indeterminate information when you try to 
utilize the uncertain bounding box to extract object feature. All in all, how to utilize the information 
of the object and the corresponding background to help the tracker discriminate the object is also an 
indeterminate problem. 

In this work, we propose a novel mean-shift tracker based on the neutrosophic similarity 
score [21,30] under the SVNS environment. We build a neutrosophic weight histogram, which jointly 
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considered the indeterminate attributes of the object and the background information. First, we 
propose two criteria of the object feature similarity and the background feature similarity, where each 
one is represented as its bin of the histogram corresponding to three membership functions for the 
T(Truth), (indeterminacy), and F(Falsity) element of the neutrosophic set. Second, the neutrosophic 
similarity score function is introduced to fuse those two criteria and build the final weighted histogram. 
Finally, the weight of each bin of the histogram is applied to modify the traditional mean-shift tracker, 
and a novel neutrosophic weighted mean-shift tracker is proposed. To our own knowledge, it is the 
first time to introduce the NS theory into the mean-shift procedure. Experiments results revealed that 
the proposed neutrosophic weighted mean-shift tracker outperforms several kinds of mean-shift based 
trackers [9,13,14]. 

The remainder of this paper is organized as follows: in Section 2, the traditional mean-shift 
procedure for visual object tracking and the definition of the neutrosophic similarity score are first 
given. Then the details of the method for calculating the neutrosophic weight histogram are presented, 
and the main steps of the proposed mean-shift tracker are illustrated in the following subsection. 
Experimental evaluations and discussions are presented in Section 3, and Section 4 has the conclusions. 


2. Problem Formulation 


In this section, we present the algorithmic details of this paper. 

For the visual tracking problem, the initial location of the target will be given in the first frame, and 
the location is always represented by a rectangle bounding box [1-3]. Then the critical task for a visual 
tracker is to calculate the displacement of the bounding box in the following frame corresponding to 
the previous one. 


2.1. Traditional Mean-Shift Tracker 


The main steps of the traditional mean-shift visual tracker are summarized in this subsection. 
The kernel-based histogram is employed by the traditional mean-shift tracker. At the beginning, 
the feature model of the target is calculated by 


fu = CLR( Ib IP) 810088) — a (1) 


m 
where @ is the target model, 9 = {Guby—t...mi Gu is the u-th bin of the target model satisfying 0 gu = 1; 


u=1 

x; is the normalized pixel location which located in the initial bounding box; and n is the number of 
pixels belonging to the target. In order to reduce the interference of the background clutters, the kernel 
k(x) is utilized. k(x) is an isotropic, convex, and monotonic decreasing kernel. The kernel assigns smaller 
2 _ . 
weights to pixels farther than the center. In this work, k(x) is defined as k(x) = 0 Be : : : 

else 
The function b(x): R? + 1...m associates to the pixel at location x the index b(x) of the histogram bin 
corresponding to the color of that pixel. Then, C is the normalization constant, which is denoted by 


1 
"1 k( hx?) 


The function 6(x) is the Kronecker delta function. Let y be the center of the target candidate and 
{xi}i =1,..., nn be the pixel locations in the bounding box of the target candidate. Here, nh is the total 
number of the pixels falling in the bounding box. Then when using the same kernel profile k(x), the 
probability of the feature in the target candidate is given by 


(2) 





Nh 2 
6, =C, Yk PN )5[o(x; — 3 
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where hi is the bandwidth and C;, is the normalization constant derived by imposing the condition 
m 


Le Pu = 1. 
u=1 
The metric based on Bhattacharyya coefficient is proposed to evaluate the similarity between 


the probability distributions of the target and the candidate target. Let p{p(¥), 4] be the similarity 
probability, then it can be calculated by 


plp(y), 4] = WE P(Y)4u (4) 


For the mean-shift tracker, the location Yo in the previous frame is employed as the starting 
location for searching the new target location in the current frame. The estimate of a new target 
location is then obtained by maximizing the Bhattacharyya coefficient p{p(¥), q] using a Taylor series 
expansion, see [8,9] for further details. To reach the maximum of the Bhattacharyya coefficient, the 
kernel is repeatedly moved from the current location ¥o to the new location 








nay 
pay x;w wig (1%; Xi I ) 
ji = — (5) 
Nh —Xj 
27 wig (31°) 
where g(x) is the negative derivative of the kernel k(x), i.e., g(x) = —k’(x). Furthermore, it is assumed 


that ¢(x) exists for all x € [0,00) except for a finite set of points. The parameter w; in Equation (5) is 


denoted by 
m A 
qu 
Wi= o{b(x;) — u],/ — = (6) 
py P(x) Weis 








2.2. Neutrosophic Similarity Score 


A neutrosophic set with multiple criteria can be expressed as follows: 
Let A = {Aj, Az,... , Am} be a set of alternatives and C = {Cj, Co,... , Cy} be a set of criteria. Then 
the character of the alternative A; (i= 1, 2,... ,m) can be represented by the following information: 


Ai = { (Cj To, 1c,(Ai), F(A) ) (Cj € Chi=1...mj=1...n (7) 


where Te, (Aj),Ic,(Ai), Fc;(Ai) € [0,1]. Here, Tc, (Aj) denotes the degree to which the alternative A; 
satisfies the criterion C;; Ic, (A;) indicates the indeterminacy degree to which the alternative A; satisfies 
or does not satisfy the criterion Cj Fe; (A;) indicates the degree to which the alternative A; does not 
satisfy the criterion Cj. 

A method for multicriteria decision-making based on the correlation coefficient under 
single-valued neutrosophic environment is proposed in [30]. The similarity degree between two 
elements A; and A; is defined as: 


Te, (Az) To, (Aj) + Io, (Aiyic, (Ay) + Fe, (Ai)Fe, (Aj) 
© Te2A i) + Io,?(Aj) + Fo,2(A af To2(A oA (Ag) + Fo (Ay) 





Sc, (Ai Aj) (8) 
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Assume the ideal alternative A* = { (Cj, Tc, (A*), Ic, (A*), Fc,(A*)) Ic € ch cS. Mees thy 
j =1...n. Then the similarity degree between any alternative A; and the ideal alternative A’ can be 
calculated by 


Te (Ag) te (A) + te (Aa) le (A*) +e, (Ante (A) 
VTe.2(Ai) + Lo,2(Ai) + Fo,2(Ai) yf Toy2(A*) + 10,2(A*) + Fe2(A*) 





Sc, (Ai, A*) = (9) 





Suppose w; € [0,1] is the weight of each criterion C; and ee 1 W; = 1, then the weighted correlation 
coefficient between an alternative A; and the ideal aliemarvs A’ is defined by 


To, (Ai) Tc, (A*) + Iq, (Ai) Ic, (A*) + Fo, (Ai) Fo, (A*) 


n 
W(Aj, A*) = 2m 
EA Te,2(Ai) + He,2(Ai) + Fey2(Ai) \/To,2(A) + lo2(A*) + Fo.2(4") 


(10) 








The alternative with high correlation coefficient is considered to be a good choice for the 
current decision. 


2.3. Calculate the Neutrosophic Weight Histogram 


Employing the information discriminated from the background is one of the most important 
issues for robustly tacking a visual object. As shown in Figure 1, the smallest region Go inside the 
red bounding box is the object region and this region corresponds to the location of the object in the 
corresponding frame. Then Go is decided by the tracker and its accuracy depends on the robustness of 
the tracker. In this work, the surrounding area of Go is defined as the background region Gz. In order 
to eliminate the indeterminacy of the region Go to some extent, the region far from Go is employed as 
Gp and Gp = BGo = aGo. 


Object region: Go 








Background region: Gz 


Figure 1. Illustration of the object region. 
To enhance the robustness of the traditional mean-shift tracker, a novel weight histogram wN® 
is defined in the neutrosophic domain. Each bin of the weighted histogram w'® is expressed in the 
SVNS domain via three membership functions T (Truth), (indeterminacy), and F(Falsity). 

For the proposition of object feature is a discriminative feature, Tco, Ico, and Fco represent the 
probabilities when a proposition is true, indeterminate and false degrees, respectively. Finding the 
location of the tracked object in a new frame is the main task for a tracker, and the target model (object 
feature histogram in the initial frame) is frequently employed as major information to discriminate the 
object from the background. The region which owns more similarity to the object feature is more likely 
to be the object region. Using the object feature similarity criterion, we can further give the definitions: 


Tco(u) = Gu (11) 


Ico(u) = |qu — Gu(t — 1)| (12) 
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Feo(u) =1—Teo(u) (13) 


where q,, is the u-th bin of the target model corresponding to the object region Go in the first frame of 
the tracking process and it is calculated by using Equation (1). 

The indeterminacy degree Ico (u) is defined in Equation (12). Then, 7, (t — 1) is the u-th bin of the 
updated object feature histogram in the previous frame. Suppose f(t — 1) is the feature histogram 
corresponding to the extracted object region at time t—1, then 4,,(t — 1) is calculated by 


Gu(t —1) = (1—A)qu(t — 2) + Apult — 1) (14) 





where A is the updating rate for A € (0,1). 

As the tracker may drift from the object due to the similar surroundings, using the object features 
with high similarity to the background will bring risk to the accuracy of the tracker. The background 
feature similarity criterion is considered in this work. The corresponding three membership functions 
Tcp,_Icg and Fcp are defined as follows: 


Tcp(u) = qu (15) 
0 if by =0 

Icp( ) = 1 if by > Gu (16) 
bu/Gu else 

Fog(u) = by (17) 


where 5, is the u-th bin of the object background feature histogram. This histogram is initialized 
in the background region Gg in the first frame, as shown in Figure 1. For 4,,, Equation (1) is also 
employed to calculate bu, and bu, which will be updated when the surroundings of the tracked target 
change dramatically. 

By substituting the corresponding T(Truth), I(indeterminacy), and F(Falsity) under the criteria of 
the object feature similarity and the background feature similarity into Equation (10), the u-th bin of 
the neutrosophic weight histogram can be calculated by 

wn® = weoSco(u, A*) + wcBScp(u, A*) 
_ Teo (#) Tc, (A*) +Ico (uy ic, (A*) + Feo (u) Fc, (A*) 
Wco 
VTco?() +1co?(u) +Fco?(u) \/Te,?(A*)+1g,2(A*)+Fo,2(A*) (18) 
Tep(u) To, (A*)+Icp(u)Ic, (A*)+Fen (u) Fo, (A*) 
rWcB 
VTea?(u)+Icp?(u) +Fee?(W) \/To,2(A*) +o? (A*)+Fo,2(A*) 














where Wco, Wcp € [0,1] are the corresponding weights of criteria and wco + Wcg = 1. The ideal 
alternative under two criteria is the same as A* = (1, 0, 0). 


2.4. Neutrosophic Weighted Mean-Shift Tracker 


In this work, the neutrosophic weighted histogram is introduced into the traditional mean-shift 
procedure, and this improved mean-shift tracker is called the neutrosophic weighted mean-shift tracker. 
The basic flow of the proposed tracker is described below: 


Initialization 

Step 1: Read the first frame and select an object on the image plane as the target to be tracked. 

Step 2: Calculate the object feature histogram g and object background feature histogram b by using 
Equation (1). 


Tracking 

Input: (f + 1)-th video frame 

Step 3: Employ the location Yo in the previous frame as the starting location for searching the new 
target location in the current frame. 
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Step 4: Based on the mean-shift algorithm and neutrosophic weight histogram, derive the new 
location of the object according to Equation (19) and Equation (5) as follows: 


m 


w; = Y° d[b(x) — ul, | wh ae (19) 
u=1 





A 


Pu (Yo) 
Step 5: If ||%1 — Yo|| < €0, stop. Otherwise, set fo < 9 and go to Step 4. 
Step6: Derive 4,,(f— 1) according to Equation (14) and then update object background feature 


histogram be b. when the Bhattacharyya coefficient pb, b.| < &€,, where b. is the 
corresponding feature histogram in the current background region Gg. 


Output: Tracking location. 


3. Experiment Results and Analysis 


We tested the neutrosophic weighted mean-shift tracker on a challenging benchmark [2]. 
As mentioned at the outset, background clutter is one of the most challenging problems for the 
mean-shift tracker. Besides the 50 challenging sequences in this benchmark [2], another 10 sequences 
with the challenge of background clutter are also selected as testing sequences. The information of 
those 10 sequences is given in Table 1. The abbreviations of several kinds of challenges included in the 
testing sequences are shown in the footer of Table 1. 


Table 1. An overview of another 10 sequences. 





Sequence Target Challenges Frames 
Board board SV, MB, FM, OPR, OV, BC 698 
Bolt2 human DEF, BC 293 

Box box IV, SV, OCC, MB, IPR, OPR, OV, BC, LR 1161 
ClifBar book SV, OCC, MB, FM, IPR, OV, BC 472 
Coupon coupon OCC, BC 327 
Crowds human IV, DEF, BC 347 

Car2 car IV, SV, MB, FM, BC 913 

Carl car IV, SV, MB, FM, BC, LR 1020 

Human3 human SV, OCC, DEF, OPR, BC 1698 
Car24 car IV, SV, BC 3059 


Note: IV: Illumination Variation, SV: Scale Variation, OCC: Occlusion, DEF: Deformation, MB: Motion Blur, FM: Fast 
Motion, IPR: In-Plane Rotation, OPR: Out-of-Plane Rotation, OV: Out-of-View, BC: Background Clutters, and LR: 
Low Resolution. 


To gauge the performance of the proposed tracker, we compare our results to another three 
mean-shift based trackers including ASMS [13], KMS [9] and SMS [14]. Some experimental results 
have shown that ASMS [13] outperforms several state-of-the-art algorithms. KMS is the traditional 
mean-shift tracker. Both SMS and ASMS are scale adaptive. All of the tested algorithms employ the 
color histogram as object feature. 


3.1. Setting Parameters 


For the proposed neutrosophic weighted mean-shift tracker, the parameter a and f relate to the 
background region Gg are set to 1.2 and 1.48 respectively. The parameter A in Equation (14) decides 
the updating rate of the object feature histogram. With the assumption that the appearance of the 
tracked object will not change dramatically, a low updating rate should be given. In this work, A is set 
to 0.05. As seen in the Section 2.4, the accuracy of the result of the mean-shift procedure depends on 
the parameter ¢9 to some extent, where €g is set to 0.1. A much greater value of 9 may lead to failure. 
The parameter ¢; is a threshold for updating the object background feature histogram. During the 
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tracking procedure, the surroundings of the object always change. Hence, it is essential to update 
the object background feature histogram when the similarity between the current surroundings and 
the object background feature falls to a specific value. If €1 is set to 0, the updating process of the 
background feature will stop. If ¢1 is set to 1, the updating frequency will be too high. Thus, a medium 
value is chosen as €; = 0.5. The neutrosophic weight histogram plays an essential role in this proposed 
mean-shift based tracker. In order to emphasize the background information when constructing the 
neutrosophic weight histogram, the corresponding parameter wep should be set to a relatively high 
value. However, if this value is set too high, the effect of the first neutrosophic criteria will reduce, even 
to zero. In this work, weg is set to 0.6, and weg is set to 0.4. Finally, all the values of these parameters 
are chosen by hand-tuning, and all of them are constant for all experiments. 


3.2. Evaluation Criteria 


The overlap rate of the bounding box is used as the evaluation criterion, and the overlap rate is 


defined as 
__ area(ROIz, M ROIg,) 


* ~ area(ROIz, UROIg,) 





(20) 


where ROIz; is the target bounding box in the i-th frame and ROIg; is the corresponding ground truth 
bounding box. For the video datasets applied in this work, the ground truth bounding boxes of the 
tracked target are manually labeled for each frame. The success ratio is defined as: 


R=). ui/N, u={ 1 ifs; >r oe 


0 otherwise 


where N is the number of frames and r is the overlap threshold which decides the corresponding 
tracking result is correct or not. The success ratio is R € [0,1]. When the overlap ratio s; is greater than 
ron each frame, R achieves the maximum, and then this means the corresponding tracker performs 
very well in this sequence. On the contrary, R achieves the minimum when s; is smaller than r on each 
frame, and then this means the corresponding tracker performs the worst. 

Both the one-pass evaluation (OPE) and temporal robustness evaluation (TRE) are employed as 
the evaluation metric. For the TRE, each testing sequence is partitioned into 20 segments, and each 
tracker is tested throughout all of the segments. The results for the OPE evaluation metric are derived 
by testing the tracker with one time initialization from the ground truth position in the first frame of 
each testing sequence. Finally, we use the area under curve (AUC) of each success plot to rank the 
tracking algorithms. For each success plot, the tracker with a greater value of AUC ranks better. 


3.3. Tracking Results 


Several screen captures for some of the testing sequences are given in Figures 2-5. Success plots 
of TRE and OPE for the whole testing sequences are shown in Figures 6a and 7a, and the success plots 
for those sequences including background clutter challenge are shown in Figures 6b and 7b. In the 
following section, a more detailed discussion of the tracking results is documented. 
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Figure 2. Screenshots of tracking results of the video sequence used for testing (mountainBike, target is 
selected in frame #1). 














ASMS 


NEUTMS SMS 


Figure 3. Screenshots of tracking results of the video sequence used for testing (Box, target is selected 
in frame #1). 


MountainBike sequence: This sequence highlights the challenges of BC, IPR and OPR. As shown in 
Figure 2, an improper scale of the bounding box is estimated by the SMS tracker, and the SMS tracker 
has failed in frame #26. The ASMS tracker, as can be seen in frame #32, has drifted from the tracking 
target because of the similar color of the surroundings, although an appropriate scale is given. During 
the first half of the tracking process, both of the KMS and our NEUTMS perform well. However, 
compared to the NEUTMS, the KMS tracker sometimes drifts a little farer from the biker, as seen in 
frame #38. When the challenge of background clutter appears, the KMS tracker may also drift from the 
right location of the target, as seen in frame #178. During the whole tracking process, the NEUTMS 
tracker performs the best result. 
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NEUTMS ASMS SMS 











Figure 4. Screenshots of tracking results of the video sequence used for testing (Football, target is 
selected in frame #1). 


Box sequence: The challenges included in this sequence can be found in Table 1. This sequence is 
more challenging than the MountainBike sequence. As seen in frame #31 in Figure 3, all the trackers 
except for the SMS tracker can give a right location of the tracked box, and the ASMS performs the 
best result so far. Due to the black background upon the box, the SMS tracker fails soon. While the 
box is passing by the circuit board on the table, both the ASMS and the KMS tracker begin to lose the 
box. By employing the information of the background region, our NEUTMS tracker has successfully 
overcome the challenges like BC and MB during this sequence. 

Football sequence: Challenges of BC, OCC, IPR and OPR are presented in this sequence. As shown 
in Figure 4, the SMS tracker has already failed in frame #10. The ASMS and KMS trackers fail when 
the tracked player getting close to another player on account of the factor of all the players wear the 
same helmet. However, the NEUTMS tracker performs well even the tracked player runs through 
some players with similar feature. 





NEUTMS 


Figure 5. Screenshots of tracking results of the video sequence used for testing (Bolt, target is selected 
in frame #1). 


Bolt sequence: This sequence presents the challenges of OCC, DEF, IPR and OPR. As shown in 
Figure 5, all the trackers perform well till frame #117. Compared to the ASMS and SMS trackers, the 
KMS and NEUTMS trackers cannot calculate a proper size for the bounding box due to the fixed 
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scale. The KMS tracker has begun to drift form the target on the account of the improper size of the 
bounding box since frame #117. By fusing the information of the feature of the object and background 
region, the NEUTMS tracker has successfully tracked the target throughout this sequence even with an 
inappropriate scale. Though a good scale is estimated by the ASMS tracker, it fails when Bolt passes by 
some other runners, as seen in frame #142 and #160. 


Success plots of OPE Success plots of OPE - background clutter (31) 
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Figure 6. Success plots of one-pass evaluation (OPE): (a) Success plots of OPE over all the testing 
sequences; (b) Success plots of OPE over all the 31 testing sequences included the challenge of 
background clutters (BC). The value shown between the brackets is the area under curve (AUC) 
value corresponds to the tracker. 
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Figure 7. Success plots of temporal robustness evaluation (TRE): (a) Success plots of TRE over all the 
testing sequences; (b) Success plots of TRE over all the 31 testing sequences included the challenge of 
BC. The value shown between the brackets is the AUC value corresponds to the tracker. 


We employ all the 61 sequences as the testing sequence dataset. Success plots of OPE and TRE 
over all the sequences are shown in Figures 6a and 7a respectively, which show our NEUTMS tracker is 
superior to other trackers. Due to the fact that the focus of our work in this paper is to employ both the 
object and background feature to enhance the mean-shift tracker’s ability of overcoming the problem 
of similar surroundings, only the success plots for the challenge of BC are given, and then the BC 
challenge is one of the most challenging problems for the traditional mean-shift tracker [13]. The results 
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of the corresponding success plots are shown in Figures 6b and 7b, which show the robustness of the 
NEUTMS tracker when handling the challenge of BC. 

In order to test the performance of the proposed NEUTMS tracker over other kinds of challenges, 
all the AUC results for each tracker are given in Tables 2 and 3. The best result is highlighted in red 
italic type and the second result is highlighted in bold type. As seen in Tables 2 and 3, the NEUTMS 
tracker performs the best result when tackling the challenge of BC, MB, DEF, IPR, OCC or OPR when 
the OPE evaluation is considered. For TRE, the NEUTMS tracker performs the best result when 
confronting the same kind of challenge to OPE except for the challenge of MB. The ASMS tracker wins 
over SV because a robust scale updating scheme is used. The NEUTMS tracker performs the second 
best result over FM, IV and OV mainly because some inaccurate background information may be 
brought into the background feature model. The NEUTMS tracker performs the second best result 
when confronting the challenge of LR on account of less information can be employed for enhancing 
the tracker. 


Table 2. AUC results of each tracker on sequences with different challenge for OPE. 


Challenge BC FM MB DEF _ IV IPR LR OCC OPR OV SV Total 
NEUTMS 0.374 0409 0.408 0.444 0.306 0.365 0.235 0.413 0.422 0.380 0.340 0.404 





ASMS 0.358 0.436 0.406 0.399 0.338 0.346 0.271 0.387 0.393 0.413 0.390 0.382 
KMS 0.284 0.325 0.322 0.302 0.292 0.277 0.185 0.315 0.315 0.369 0.290 0.306 


SMS 0.180 0.255 0.222 0.219 0.193 0.184 0.131 0.251 0.235 0.274 0.242 0.220 


Table 3. AUC results of each tracker on sequences with different challenge for TRE. 


Challenge BC FM MB DEF _ IV IPR LR OCC OPR OV SV Total 
NEUTMS 0.395 0422 0.418 0.480 0.361 0.402 0.252 0.432 0.442 0.392 0.366 0.432 





ASMS 0.389 0.442 0.434 0.453 0.392 0.401 0.271 0.416 0.437 0.418 0.387 0.421 
KMS 0.328 0.346 0.342 0.371 0.328 0.334 0.237 0.361 0.363 0.357 0.320 0.354 
SMS 0.209 0.274 0.243 0.277 0.224 0.220 0.153 0.281 0.268 0.258 0.247 0.249 





4. Conclusions 


In this paper, a neutrosophic weighted mean-shift tracker is proposed. The experimental results 
have revealed its robustness. While calculating the neutrosophic weighted histogram, two kinds of 
criteria are considered as the object feature similarity and the background feature similarity, and each 
bin of the weight histogram is represented in the SVNS domain via three membership functions T, I 
and F. Both the feature in the object and the background region are fused by introducing the weighted 
neutrosophic similarity score function. Finally, the neutrosophic weighted histogram is employed to 
decide the new location of the object. As discussed in this work, we have not considered the scale 
variation problem. To further improve the performance of our tracker in the future, our primary 
mission is to introduce a scale updating scheme into this neutrosophic weighted mean-shift tracker. 


Acknowledgments: This work is supported by National Natural Science Foundation of China under Grant 
No. 61603258, the public welfare technology application research project of Zhejiang province under Grant 
No. 2016C31082, and National Natural Science Foundation of China under Grant No. 61703280, 61772018. 


Author Contributions: Keli Hu conceived and designed the algorithm; Keli Hu, En Fan, Jun Ye and Changxing Fan 
performed and implemented experiments; Keli Hu and Shigen Shen analyzed the data; Keli Hu wrote the paper; 
Jun Ye and Yuzhang Gu have fully supervised the work and approved the paper for submission. 


Conflicts of Interest: The authors declare no conflict of interest. 


References 


1. Yilmaz, A.; Javed, O.; Shah, M. Object tracking: A survey. ACM Comp. Surv. 2006, 38, 13. [CrossRef] 
2. Wu, Y.; Lim, J.; Yang, M.H. Online object tracking: A benchmark. In Proceedings of the IEEE Conference on 
Computer Vision and Pattern Recognition (CVPR), Portland, OR, USA, 23-28 June 2013; pp. 2411-2418. 


Information 2017, 8, 122 13 of 14 


10. 


11. 


12. 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


22, 


23. 


24. 


25. 


26. 


27, 


Smeulders, A.W.M.; Chu, D.M.; Cucchiara, R.; Calderara, S.; Dehghan, A.; Shah, M. Visual tracking: 
An experimental survey. IEEE Trans. Pattern Anal. Mach. Intell. 2014, 36, 1442-1468. [PubMed] 

Grabner, H.; Bischof, H. On-line boosting and vision. In Proceedings of the IEEE Conference on Computer 
Vision Pattern Recognition (CVPR), New York, NY, USA, 17-22 June 2006; pp. 260-267. 

Grabner, H.; Leistner, C.; Bischof, H. Semi-supervised on-line boosting for robust tracking. In Proceedings of 
the European Conference on Computer Vision (ECCV), Marseille, France, 12-18 October 2008; Forsyth, D., 
Torr, P., Zisserman, A., Eds.; Springer: Berlin/Heidelberg, Germany, 2008; pp. 234-247. 

Babenko, B.; Ming-Hsuan, Y.; Belongie, S. Robust object tracking with online multiple instance learning. 
IEEE Trans. Pattern Anal. Mach. Intell. 2011, 33, 1619-1632. [CrossRef] [PubMed] 

Kaihua, Z.; Lei, Z.; Ming-Hsuan, Y. Fast compressive tracking. IEEE Trans. Pattern Anal. Mach. Intell. 2014, 
36, 2002-2015. 

Comaniciu, D.; Ramesh, V.; Meer, P. Real-time tracking of non-rigid objects using mean shift. In Proceedings 
of the IEEE Conference on Computer Vision and Pattern Recognition (CVPR), Hilton Head Island, SC, USA, 
15 June 2000; pp. 142-149. 

Comaniciu, D.; Ramesh, V.; Meer, P. Kernel-based object tracking. IEEE Trans. Pattern Anal. Mach. Intell. 2003, 
25, 564-577. [CrossRef] 

Leichter, I. Mean shift trackers with cross-bin metrics. IEEE Trans. Pattern Anal. Mach. Intell. 2011, 34, 
695-706. [CrossRef] [PubMed] 

Zhu, C. Video Object Tracking Using Sift and Mean Shift. Master’s Thesis, Chalmers University of Technology, 
Gothenburg, Sweden, 2011. 

Bousetouane, F.; Dib, L.; Snoussi, H. Improved mean shift integrating texture and color features for robust 
real time object tracking. Vis. Comput. 2013, 29, 155-170. [CrossRef] 

Vojir, T.; Noskova, J.; Matas, J. Robust scale-adaptive mean-shift for tracking. Pattern Recognit. Lett. 2014, 49, 
250-258. [CrossRef] 

Collins, R.T. Mean-shift blob tracking through scale space. In Proceedings of the IEEE Conference on 
Computer Vision Pattern Recognition (CVPR), Madison, WI, USA, 18-20 June 2003; p. 234. 

Lindeberg, T. Scale-Space Theory in Computer Vision; Kluwer Academic: Norwell, MA, USA, 1994; pp. 349-382. 
Smarandache, F. Neutrosophy: Neutrosophic Probability, Set and Logic; American Research Press: Rehoboth, DE, 
USA, 1998; p. 105. 

Guo, Y.; Sengiir, A. A novel image segmentation algorithm based on neutrosophic similarity clustering. 
Appl. Soft Comp. 2014, 25, 391-398. [CrossRef] 

Anter, A.M.; Hassanien, A.E.; Elsoud, M.A.A.; Tolba, M.F. Neutrosophic sets and fuzzy c-means clustering 
for improving CT liver image segmentation. Adv. Intell. Syst. Comput. 2014, 303, 193-203. 

Karabatak, E.; Guo, Y.; Sengur, A. Modified neutrosophic approach to color image segmentation. J. Electron. 
Imag. 2013, 22, 4049-4068. [CrossRef] 

Zhang, M.; Zhang, L.; Cheng, H.D. A neutrosophic approach to image segmentation based on watershed 
method. Signal Process. 2010, 90, 1510-1517. [CrossRef] 

Guo, Y.; Sengiir, A.; Ye, J. A novel image thresholding algorithm based on neutrosophic similarity score. 
Measurement 2014, 58, 175-186. [CrossRef] 

El-Hefenawy, N.; Metwally, M.A.; Ahmed, Z.M.; El-Henawy, I.M. A review on the applications of 
neutrosophic sets. J. Comput. Theor. Nanosci. 2016, 13, 936-944. [CrossRef] 

Guo, Y.; Sengur, A. A novel 3D skeleton algorithm based on neutrosophic cost function. Appl. Soft Comput. 
2015, 36, 210-217. [CrossRef] 

Hu, K.; Ye, J.; Fan, E.; Shen, S.; Huang, L.; Pi, J. A novel object tracking algorithm by fusing color and depth 
information based on single valued neutrosophic cross-entropy. J. Intell. Fuzzy Syst. 2017, 32, 1775-1786. 
[CrossRef] 

Guo, Y.; Sengur, A. NCM: Neutrosophic c-means clustering algorithm. Pattern Recognit. 2015, 48, 2710-2724. 
[CrossRef] 

Biswas, P.; Pramanik, S.; Giri, B.C. Topsis method for multi-attribute group decision-making under 
single-valued neutrosophic environment. Neural Comput. Appl. 2015, 27, 727-737. [CrossRef] 

Kharal, A. A neutrosophic multi-criteria decision making method. New Math. Nat. Comput. 2014, 10, 143-162. 
[CrossRef] 


Information 2017, 8, 122 14 of 14 


28. Ye, J. Single valued neutrosophic cross-entropy for multicriteria decision making problems. Appl. Math. 
Model. 2014, 38, 1170-1175. [CrossRef] 

29. Majumdar, P. Neutrosophic sets and its applications to decision making. Adapt. Learn. Optim. 2015, 19, 
97-115. 

30. Ye, J. Multicriteria decision-making method using the correlation coefficient under single-valued 
neutrosophic environment. Int. J. Gen. Syst. 2013, 42, 386-394. [CrossRef] 

31. Wang, H.; Smarandache, F.; Zhang, Y.; Sunderraman, R. Single valued neutrosophic sets. Multisp. Multistruct. 
2010, 4, 410-413. 


@) © 2017 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access 
(c) article distributed under the terms and conditions of the Creative Commons Attribution 
BY 


(CC BY) license (http: //creativecommons.org/licenses/by/4.0/). 





01010 


01010 information fmoP4| 
Z 


01010 


Article 
Linguistic Neutrosophic Cubic Numbers and Their 
Multiple Attribute Decision-Making Method 


Jun Ye © 
Department of Electrical and Information Engineering, Shaoxing University, 508 Huancheng West Road, 
Shaoxing 312000, China; yehjun@aliyun.com or yejun@usx.edu.cn; Tel.: +86-575-8832-7323 


Received: 25 August 2017; Accepted: 6 September 2017; Published: 8 September 2017 


Abstract: To describe both certain linguistic neutrosophic information and uncertain linguistic 
neutrosophic information simultaneously in the real world, this paper originally proposes the 
concept of a linguistic neutrosophic cubic number (LNCN), including an internal LNCN and external 
LNCN. In LNCN, its uncertain linguistic neutrosophic number consists of the truth, indeterminacy, 
and falsity uncertain linguistic variables, and its linguistic neutrosophic number consists of the 
truth, indeterminacy, and falsity linguistic variables to express their hybrid information. Then, 
we present the operational laws of LNCNs and the score, accuracy, and certain functions of 
LNCN for comparing/ranking LNCNs. Next, we propose a LNCN weighted arithmetic averaging 
(LNCNWAA) operator and a LNCN weighted geometric averaging (LNCNWGA) operator to 
aggregate linguistic neutrosophic cubic information and discuss their properties. Further, a multiple 
attribute decision-making method based on the LNCNWAA or LNCNWGA operator is developed 
under a linguistic neutrosophic cubic environment. Finally, an illustrative example is provided to 
indicate the application of the developed method. 


Keywords: linguistic neutrosophic cubic number; score function; accuracy function; certain 
function; linguistic neutrosophic cubic number weighted arithmetic averaging (LNCNWAA) 
operator; linguistic neutrosophic cubic number weighted geometric averaging (LNCNWGA) operator; 
decision-making 





1. Introduction 


In terms of complex objective aspects of real life, human preference judgments may use linguistic 
expression, instead of numerical value expression, in order to be more suitable for people’s thinking 
habits. Hence, Zadeh [1] firstly introduced the concept of a linguistic variable and applied it to 
fuzzy reasoning. After that, linguistic decision analysis and linguistic aggregation operators have 
been proposed to solve linguistic decision-making problems [2-5]. Due to the incompleteness 
and uncertainty of linguistic decision environments, uncertain linguistic variables and their 
various aggregation operators were developed and applied to uncertain linguistic decision-making 
problems [6-11]. As to the extension of linguistic variables, the concept of linguistic intuitionistic 
fuzzy numbers and their linguistic intuitionistic multicriteria group decision-making methods were 
introduced in the literature [12,13], and then linguistic intuitionistic multicriteria decision-making 
method was proposed based on the Frank Heronian mean operator [14]. Recently, the concept 
of a neutrosophic linguistic number, which indicates a changeable uncertain linguistic number 
corresponding to some specified indeterminate range, and some weighted aggregation operators 
of neutrosophic linguistic numbers, were presented to solve multiple attribute group decision-making 
problems with neutrosophic linguistic numbers [15]. Then, the concept of a linguistic neutrosophic 
number, which is described independently by the truth, indeterminacy, and falsity linguistic variables, 
and some aggregation operators of linguistic neutrosophic numbers, were proposed to solve multiple 
attribute group decision-making problems with linguistic neutrosophic numbers [16,17]. 


Information 2017, 8, 110; doi:10.3390/info8030110 www.mdpi.com/journal/information 


Information 2017, 8, 110 2 of 11 


To express vagueness and uncertainty in real life, the concept of a (fuzzy) cubic set (including 
the internal cubic set and external cubic set) was introduced based on the hybrid information of both 
partial certain and partial uncertain values in [18], where the first component is an interval/uncertain 
value and the second component is an exact/certain value. After that, the concept of a neutrosophic 
cubic set (including the internal neutrosophic cubic set and external neutrosophic cubic set), 
where a neutrosophic cubic number (a basic element in a neutrosophic cubic set) is composed 
of both the interval neutrosophic number and the single-valued neutrosophic number, and the 
distance measure of neutrosophic cubic sets were proposed and applied to pattern recognition [19,20]. 
Then, decision-making methods with neutrosophic cubic information were put forward based on grey 
relational analysis [21] and cosine measures [22], respectively. 

However, all the existing linguistic variables, including: uncertain linguistic variables, linguistic 
intuitionistic fuzzy numbers (basic elements in a linguistic intuitionistic fuzzy set), neutrosophic 
linguistic numbers (basic elements in a neutrosophic linguistic set), and linguistic neutrosophic 
numbers (basic elements in a linguistic neutrosophic set), cannot express the hybrid information of 
both uncertain linguistic and certain linguistic neutrosophic numbers simultaneously in linguistic 
decision-making environments. Furthermore, the cubic set and neutrosophic cubic set cannot 
also express linguistic arguments and handle linguistic decision-making problems under linguistic 
environments. Hence, it is necessary to extend neutrosophic cubic sets to linguistic neutrosophic 
arguments. For this purpose, this study presents a new concept of a linguistic neutrosophic cubic 
number (LNCN), where the uncertain linguistic neutrosophic number corresponding to its first part 
is composed of the truth, indeterminacy, and falsity uncertain linguistic variables and the linguistic 
neutrosophic number corresponding to its second part is composed of the truth, indeterminacy, 
and falsity linguistic variables. Then, we propose the operational laws of LNCNs and the score, 
accuracy, and certain functions of LNCN for comparing/ranking LNCNs. Further, we present a LNCN 
weighted arithmetic averaging (LNCNWAA) operator and a LNCN weighted geometric averaging 
(LNCNWGA) operator. Moreover, we develop a decision-making method based on the LNCNWAA or 
LNCNWGA operator and the score, accuracy, and certain functions to solve decision-making problems 
with the hybrid information of both certain linguistic neutrosophic numbers and uncertain linguistic 
neutrosophic numbers under linguistic environments. 

The rest of this paper is structured as follows: Section 2 proposes the concept of LNCN (including 
the internal LNCN and external LNCN), the operational laws of LNCNs, and the score, accuracy, 
and certain functions of LNCNs to rank LNCNs. In Section 3, we propose the LNCNWAA and 
LNCNWGA operators to aggregate LNCNs and discuss their properties. In Section 4, a multiple 
attribute decision-making method is developed based on the LNCNWAA or LNCNWGA operator 
under a LNCN environment. In Section 5, an example illustrates the application of the proposed 
method. Section 6 gives conclusions and future work. 


2. Linguistic Neutrosophic Cubic Numbers (LNCNs) and Their Operational Laws 


This section proposes the concept of LNCN, which include the internal LNCN and external 
LNCN, and the operational laws of LNCNs. 


Definition 1. Let a linguistic term set be S = {s;| j € [0, p]}, where p + 1 is an odd number/cardinality. ALNCN 
h in S is constructed as h = (u,c), where u = ([Sta,S7p|, [Sta S10], [SEa, SEp]) is an uncertain linguistic 
neutrosophic number with the truth, indeterminacy, and falsity uncertain linguistic variables [sqy, Spl, [Stq, Stpl, 
and [Srq, Sey] for Sta, Star SEa STbr SIbr SEL € S and Ta < Tb, Ia < Ib, Fa < Fb; c = (s7,81,8p) is a linguistic 
neutrosophic number with the truth, indeterminacy, and falsity linguistic variables st, sj, and sr for st, st, 
spe S. 





Definition 2. Let a LNCN be h = (([Sta, $70], (81a, S16], [SFar SFb])+ (ST, 81, SF) ) fOr Star Sta SEa STbr SIby SEbr ST: 
s1, Sg € S. Then, we call 
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(1) han internal LNCN if Ta < T < Tb, la<I< Ib, Fa<F < Fb; 
(2) han external LNCN if T ¢ (Ta, Th), I ¢ (la, Ib), and F € (Fa, Fb). 





Based on the operational laws of linguistic intuitionistic fuzzy numbers and linguistic 
neutrosophic numbers introduced in the existing literature [12-14,16,17], we propose the following 
operational laws of LNCNs. 


Definition 3. Let two LNCNs be hy = (({Stw1/Stoi], [Sia1/ S101], [Sat Srb1]), (STi, S11,SF1)) and 
hy = (([Sta2/STv2l, {S1a2, $1b21, [SEa2/ SEb2]), (ST2, $12, SF2)). Then, their operational laws are defined as follows: 


Sra +Ta2 Tal-Tn2 » Spy LTb2 sa | , s ead S mg , s raga smage| ) 





hy @ hz = 





Sq | T1-T2 ,S I-12, S F1-F2 
T1+T2 Di 7 p 











s maa, Sa. ssa 1 Tq2— lal-la2s Sty Ho nga. sea | Fq2— Fal-Fa2s Spyy 1 pp nage 
P P P P P P 




















hy @h2 = 
S711-72,5 11-12,Spq4 F1-F2 
a M+12 7 F1+F2 D ) 
5 Tal Ar $ Tb1 | s ta1y975 11 | s Fat\4/5 rot ‘)) 
Ake = (| p—pl—“)  p—-p(l-+>) PCS) pF) POS) PF) Se 

Ss A,S A,S A 
popll-a) Be) PC) 

8 taiydrS_ ro :}: s Ia1yA78 Ib1 :}: s Fa1\A78 Fb1 1 y 

hh = (la coay PCS) p=p0=a i peptla se) Pal Paps) A>0 





S A,Ss A,S Xr 
(sm) poleg) ponte) 


Then, the above operational results are still LNCNs. 
Based on the score and accuracy functions of a linguistic neutrosophic number in the literature [16], 
we present the score, accuracy, and certain functions of LNCN to compare/rank LNCNs. 


Definition 4. Let a LNCN be h = (([Sta, Sto], [Star Sp], (Sra, Srp), (St, ST, Sr) ) for STay Slar SFa STby SIbr SEby ST, 
sz, Se € S. Then, its score, accuracy, and certain functions are defined as follows: 








s(h) = spl(4P | Ta+ Tb — Ia —Ib—Fa—Fb)+(2p+T—I-—E£)], forS(h) € [0,1]  () 
H(h) = spl Tb — Fa— Fb) + (T—F)], for H(h) € [-1, 1] (2) 
C(h) = ap for c(h) € (0, 1] (3) 


Then, we introduce a ranking method based on the values of the score, accuracy, and 
certain functions. 


Definition 5. Let two LNCNs be hy = (([Sta1/Stoil, [Sta1/ S101], (Seat, Seo1]), (ST1,Sm,SF1)) and 
hy = (([8ta2,8T02], ($102, $1b2, [SFa2, $Fb2]), (ST2, $12, SE2) ). Then, their ranking method based on their score, 
accuracy, and certain functions are defined as follows: 


(1) If S(hy) > S(hy), then hy > ho; 
(2) If S(hy) = S(h2) and H(hy) > H(hp), then hy > ho; 
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(3) If S(hy) = S(hz), H(hy) = H(h2), and C(hy) > C(hz), then hy > ho; 
(4) S(hy) = S(ho), H(hy) = H(h2), and C(hy) = C(hz), then hy ~ hz 


Example 1. Let hy = (<[s4, 86], [s1, Sa], [51, 83]>, <85, 81, 82>), ho = (<I[s4, 85], [81, $2], [81, $2]>, <S4, $1, 81>), 
and h3 = (<[s¢, $7], [s2, 83], [s1, $3]>, <S6, $2, $3>) in the linguistic term set S = {s;| j € [0, 8]} are three LNCNs. 
Then, we need to compare them. 


By using Equations (1) to (3), the values of their score, accuracy, and certain functions are 
as follows: 

S(4y) = [82+ 4+6—-—(1+2+1+4+3)+164+5— (1 +2)]/72 = 0.7361, S(io) = [32+44+5—-—(1+24+1+4+ 
2)+16+4-— (1+ 1)]/72 = 0.7361, and S(h3) = [32+ 6+7 —(2+34+1+3)+16+6 — (2+3)]/72 = 0.7361; 
H(hy) = [4+ 6 — (1 +3) +5 — 2]/24 = 0.375, H(ho) = [44+ 5 — (1 +2) +4 — 1]/24 = 0.375, and H(h3) = 
[6+7 — (1+3) +6 — 3]/24 =0.5; and C(h,) = (4 + 6 + 5)/24 = 0.625 and C(hz) = (4+ 5 + 4)/24 = 0.5417. 

According to the ranking method of Definition 5, their ranking order is h3 > hy > hp. 


3. Two Weighted Aggregation Operators of LNCNs 
3.1. Linguistic Neutrosophic Cubic Number Weighted Arithmetic Averaging (LNCNWAA) Operator 
Definition 6. Let hj = (([s19j-srejl- [Staj,$1bj], [Stair Srojl), (s1-51)-5%j)) (j =1, 2,... , n) be a group of 


LNCNSs, then the LNCNWAA operator can be defined as follows: 


LNCNWAA (hy, h2,-++ fn) = se wh; (4) 
j=l 


where w; is the weight of hj (j = 1, 2,...,n) for w; € [0, 1] and pa wj = 1. 


According to Definitions 3 and 6, there is the following theorem. 


Theorem 1. Let h; = (((sraj-Sroj) [S taj, S1bj], [Sraj-SFojl ), (s1j-51j-5Fj)) (Gj =1,2,...,n) bea group of 
LNCNs, then the aggregation result obtained by Equation (4) is still a LNCN, which is calculated by the 
following aggregation formula: 


LNCNWAA (hy, hz, +++ , Mn) = Ey wjhj 
j=l 


ae Pe ae scale. [Sent Seed gSo Ge: cep hoap al| » [Be Gi eee ay Booms Seacene [0 Ng 
(bente-gr p-rl 0-) | etic pri (2) | ener prt (22) 1) (5) 
Is J= j= j= j= 


s n és gciGet nt ales 
¥. Wis I 

( p-PIL(-3) 7 pI Gh) 
j=l ee 


w,,S 1 ; 
ptt (Z) 


j=l 


w; 


where w; is the weight of h; (j = 1, 2,... , n) for w; € [0, 1] and Be wi =1. 
In the following, the mathematical induction is used to prove Theorem 1. 


Proof. (1) Set n = 2, according the operational laws of LNCNs, we have the following results: 





s 78 ,{s 78 ,{s 78 , 
p—p(1— Bh)" ppl ayn | aay any yey nan] 


S 79 4,8 
p—p(1— By p( Byer p( By 


why = 
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Then, there exists the following result: 


LNCNWAA (hy, hz) = wyhy ® Why 
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(2) Set n = k, by Equation (5) we obtain 
k 
LNCNWAA (hy, hp, - cay , lk) = ye w;hj 
j=l 
$s k w $s wrS k w, {7 |S wrk w , 
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(3) Set n =k + 1, based on Equations (6) and (7), we can obtain the following result: 


k+1 
LNCNWAA(Iy,fi2,-+> Meg) = D, wih; 
j=l 
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Based on the above results, Equation (5) can hold for any n. The proof is finished. 

Clearly, the LNCNWAA operator contains the following properties: 

(1) Idempotency: Let hj (j=1,2,...,n) be a group of LNCNs. When hj =h forj=1,2,...,n, there 
is LNCNWAA(hy,ho,-++ hn) =h. 

(2) Boundedness: Let h; (j = 1,2,... ,1) be a group of LNCNs and the minimum and maximum 


LNCNs be h~ = (( [min(srj)-min(sry)], |max(sij)-max(siy) | |max(sraj)-maxt) » (iin(srj),max(sy),max(sr)))) 


and ht = (( [max(srj)-max(srej) | min(sij)-min(s 1), | min(sroj)-min(sry)| : (smax(s1j)-min(sy))-min(sy)) 
j j j j j j j j j 
respectively. Then, there exists h~ < LNCNWAA(hy,hp,-++ hn) <ht. 
(3) Monotonicity: Let hj (Gj =1,2,...,n) bea group of LNCNs. When hj < hy forj=1,2,...,n, 
then there exists LNCNWAA (hy, hz,+++ , lin) < LNCNWAA(hi,h3,-++ hie). 
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Proof. (1) For h; =h(j =1,2,... ,n), we have the following result: 
i 8g 


LNCNWAA (hy, ho, +++ ,ftn) = 
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= (([Sta, Srp], [Sta S10], [Star Seo]), ee =h. 


(2) Since the minimum LNCN is h~ and the maximum LNCN is hi", there is h~ < hj < h". 


Thus, there exists . wih” < why < Paes Wj n+. According to the above property (1), there exists 


j=l j=l j=l 
n 
WS) why ht. Then, h~ < LNCNWAA(hy,hz,-++ , hn) < ht can hold. 
j=l 
n n 
(3) For hj < hy G = 1, 2, ..., n), there exists )° wjhj Se Wj ih; - Then, 


j=l j=l 
LNCNWAA (My, ho,- ++ , hn) < LNCNWAA (h¥, hi, --- 2%) can hold. 


Hence, we complete the proofs of these properties. 
Obviously, when w; = 1/n forj=1,2,...,n, the LNCNWAA operator is reduced to the LNCN 
arithmetic averaging operator. 


3.2. LNCNWGA Operator 


Definition 7. Let hj = (([s19j-srejl- [Staj,S1bj], [Sta Srojl), (51 51-5Fj)) (j =1, 2,..., n) be a group of 
LNCNs, then the LNCNWGA operator is defined as follows: 


LNCNWGA (hy, hz,-++ ,lin) =] J h,! (8) 


where w; is the weight of hj (j =1, 2, ... ,n) for w; € [0, 1] and vet w;=1. 


According to Definitions 3 and 7, we can introduce the following theorem. 
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Theorem 2. Leth; = (([s19j-srejl- [Staj,S1bjl, [Sra Srojl ), (51 j-51j-SFi))G = 1,2,...,n) bea group of 
LNCNs. Then, the aggregation result of Equation (8) is still a LNCN, which is calculated by the following 
aggregation equation: 


LNCNWGA(It,ho,-++ ,ttn) = TL h 


Son i wiyS 1 iw, |, |S n ‘aj w,5 n iw, |, |S n ‘aj wi7S n jw; , 
(leivear pl (@) | eee p-PTl (0) | beoho-gr pI (1-8) ) (9) 
= J I= IE Te 


Sin «wid n - w:,S n | we 

T Wis I Wis FE Ww 
PIL (3) 7 p-pIL-3)  p-pIL- 3)! 
j=l j=l fh 


where w; is the weight of hj (j =1,2,...,n) for w; € [0, 1] and a w; = 1. Obviously, when w; = 1/n for 
j=1,2,...,n, the LNCNWGA operator is reduced to the LNCN geometric averaging operator. 


Based on the similar proof manner of Theorem 1, we can prove Theorem 2. Hence, it is 
omitted here. 

Obviously, the LNCNWGA operator also contains the following properties: 

(1) Idempotency: Let hj (j =1,2,...,n) be a group of LNCNs. When hj =hforj=1,2,...,n, there 
exists LNCNWGA (hy, hy,--+ hn) =h. 

(2) Boundedness: Let hj (j=1,2,...,n) be a group of LNCNs and the minimum and maximum 


LNCNS be #~ = ((|min(sr),min(sry)], [max(sij)-max(sn)], |max(sraj)-max(sroj)] ), (min(sr,),max(sr))-max(sr)) 


and h* = (( | max(srj),max( sry) , | nin(stj)-min(s 1) : min(seqj),min(sepj) , max(s1)-min(sy),min(s)) 
respectively. Then, there exists h~ < LNCNWGA(hy,ho,-++ ,hn) <hr. 

(3) Monotonicity: Let hj (Gj =1,2,...,n) bea group of LNCNs. When hj < hy forj=1,2,...,n, 
there exists LNCNWGA(hy, hz, +++ , hn) < LNCNWGA(hi,h3,-++ hz). 

Based on the similar proofs of the properties corresponding to the LNCNWAA operator, we can 
also prove these properties of the LNCNWGA operator. Hence, these proofs are omitted here. 


4. Decision-Making Method Based on the LNCNWAA or Linguistic Neutrosophic Cubic Number 
Weighted Geometric Averaging (LNCNWGA) Operator 


This section proposes a decision-making method based the LNCNWAA or LNCNWGA operator 
to solve multiple attribute decision-making problems with LNCN information. 

If there is a multiple attribute decision-making problem, we consider Q = {Qy, Qo, ... , Qin} 
as a set of alternatives and R = {Rj, Ro, ... , Rn} as a set of attributes. The weigh vector of the 
attributes Rj (j=1,2,...,n) is specified as w = (w), W2,... , Wn). Then, decision-makers are invited 
to evaluate the alternatives Q; (i = 1, 2, ..., m) over the attributes R; G =1,2,...,n) by LNCNs 
from the predefined linguistic term set S = {s;! j € [0, p]}, where p + 1 is an odd number /cardinality. 
Based on the linguistic term set, the decision-makers can assign the uncertain linguistic arguments 
corresponding to the truth, indeterminacy, and falsity linguistic terms and the certain linguistic 
arguments corresponding to the truth, indeterminacy, and falsity linguistic terms in each LNCN as the 
linguistic evaluation of each attribute Rj (j=1,2,...,n) on each alternative Q; (i= 1,2,...,m) in the 
evaluation process. Thus, all the LNCNs can be constructed as a LNCN decision matrix D = (hij)m eae 
where hi = ((sraij rn) [Staij, S1bij], [staij-Sruijl ), (srijSiij8Fi)) (i = 1, 2: alot; mM; j = 1, 2, masiiecs n) is 
a LNCN. 

Thus, the decision-making method based on the LNCNWAA or LNCNWGA operator is described 
by the following decision steps: 


Step 1 Calculate h; = LNCNWAA(hj1, hyo, weey hin) or h; = LNCNWGA(hj1, hyo, ses; hin) (i = 1, 2; serie m) 
by using Equation (5) or Equation (9) and obtain the collective overall LNCN h; for Q; (i= 1, 2, 
..,M). 
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Step 2 Calculate the values of S(h;) (H(h;) and/or C(h;) if necessary) (i = 1, 2,... , m) for each collective 
overall LNCN h; (i= 1, 2, ... , m) by Equation (1) (Equation (2) and/or Equation (3)). 

Step3 Rank the alternatives corresponding to the ranking method of Definition 5, and then select the 
best one. 

Step4 End. 


5. Illustrative Example 


This section provides an illustrative example in order to demonstrate the application of the 
proposed decision-making method under a linguistic neutrosophic cubic environment. 

A manufacturing company needs to hire a mechanical designer. After all applicants are chosen 
preliminarily by the human resources department, four potential candidates Q1, Q2, Q3, and Q4 need 
to be further evaluated according to the three requirements /attributes: (1) R; is the innovation skill; 
(2) Ro is the design experience; (3) Rg is the self-confidence. A group of experts is required to conduct 
the interview and to choose the most suitable candidate. Then, the weigh vector w = (0.45, 0.35, 0.2) is 
considered as the importance of the three attributes. Herewith, the experts (decision-makers) need 
to evaluate the four potential candidates/alternatives Q; (i = 1, 2, 3, 4) corresponding to the three 
attributes R; (j = 1, 2, 3) by the form of LNCNs based on the given linguistic term set S = {s;| j € [0, p]}, 
where S = {sp = extremely poor, s; = very poor, 82 = poor, $3 = slightly poor, s4 = fair, s5 = slightly good, 
$6 = good, s7 = very good, sg = extremely good} for p = 8. Thus, all the LNCNs are given by the experts 
and constructed as the following LNCN decision matrix D(hjj)ax3: 





(([sa, 6], [51,52], [S1,83]), (s5,51,52)) (([4, $6], [51,83], [S1,83]), (85,52,52)) (([S4,87], [1,83], [52,83]), (S6, 52/53) ) 

D(hij) (([S3, $5], [1,2], [S1,82]), (S4/81/81)) (([85, 87], [$1, 82], [51,82], (86, 51,82)) (([S4, $6], [S2, 83], [81,82]), (85/93, 51)) 
17 4x8 (([sa,s7], [S152], [S2,83]), (85,52,83)) (([S6, $7], [51,83], [S1,83]), (S7,S2,82)) (([S5,87], [1,83], [82,83]), (85/52/53) ) 
(56, 87], [s2, 83], [S2,83]), (87, 83,83)) (([85, $7], [S1, 82], [81,82], (86, 81,82)) (([S4, $6], [$1, 82], [81,82]), (85,81, 51)) 


Thus, the proposed decision-making method can be applied to the decision-making problem with 
LNCN information. 

On the one hand, we can use the decision-making method based on the LNCNWAA operator, 
which is described by the following decision steps: 


Step1 By using Equation (5), the collective overall LNCNs of h; for Q; (i = 1, 2, 3, 4) can be given 
as follows: 


hy = (<[s4, 86.2589], [$1, $2.4997], [$1.1487, 83]>, <85.2337, $1.4641, $2.1689>), 12 = ([S4.0011, 86.1167], [$1.1487, 
$2.1689], [$1, $2]>, <$5.0371, 81.2457, $1.2746>), 13 = ([$5.0371, $7], [$1, 82.4997], [51.5692 $3]>, <85.9577, $2, 
$2,6031>), and hg = ([5.3523, $6.85131], [$1.366, 2.4003], [$1.366, $2.4003]>, <86.4122, $1.6395, $2.0896>)- 

Step 2 Calculate the score values of S(h;) (i = 1, 2,3, 4) by Equation (1): 


S(hy) = 0.7252, S(hz) = 0.7544, S(h3) = 0.7406, and S(i14) = 0.7688. 


Step3 The ranking order of the four alternatives is Q4 > Q2 > Q3 > Q; based on the score values. 
Thus, the candidate Qa, is the best choice among the four candidates. 


On the other hand, we can also use the decision-making method based on the LNCNWGA 
operator, which is described by the following decision procedures: 


Step 1’ By using Equation (9), the collective overall LNCNs of h; for Q; (i = 1, 2, 3, 4) are given 
as follows: 


hy = (<[s4, 86.1879], [51, $2.5725], [$1.2125, 83]>, <85.1857, $1.569, $2.2148>), M2 = (<[3.7998, $5.8338], [$1.2125, 

$2.2148], [51, $2]>, <S4.8203, $1.4556, $1.3677>), 43 = (<[S4.8203, $7], [51, $2.5725], [51.6674, $3]>, <85.6249, $2, 

$2.6705>), and hg = (<[85.1906, $6.7875], [$1.4691, 2.4726], [$1.4691, 82.4726 ]>, <86.20077 $1.98357 $2.2996>)- 
Step 2’ By using Equation (1), we calculate the score values of S(;) (i = 1, 2,3, 4) as follows: 


S(hy) = 0.7195, S(hz) = 0.7389, $(h3) = 0.7296, and S(I4) = 0.7502. 
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Step 3’ The ranking order of the four candidates is Q, > Q2 > Q3 > Q). Thus, the candidate Q, is still 
the best choice among the four candidates. 


Obviously, the above two ranking orders based on the LNCNWAA and LNCNWGA operators 
and the best candidate are identical. 

Compared with existing currant linguistic neutrosophic decision-making methods [16,17], 
the decision information in this study is LNCNs, while the decision information used in [16,17] 
is linguistic neutrosophic numbers. As mentioned above, since LNCN is composed of its uncertain 
neutrosophic number and its linguistic neutrosophic number, LNCN contains more information than 
the unique linguistic neutrosophic number in [16,17]. However, existing linguistic neutrosophic 
decision-making methods in [16,17] cannot handle such a decision-making problem with linguistic 
neutrosophic cubic information in this paper. Therefore, the decision-making method proposed in 
this paper can solve decision-making problems with both certain linguistic and uncertain linguistic 
neutrosophic information. It can also provide a new way for hybrid linguistic decision-making 
problems under certain and uncertain linguistic environments. 

Due to no related studies in the existing literature, this is the first study to propose a new concept 
of LNCN and a new linguistic neutrosophic cubic decision-making method. However, decision-makers 
can select one of two weighted aggregation operators of LNCNs to solve linguistic neutrosophic cubic 
decision-making problems according to their preference and actual requirements. 


6. Conclusions 


This paper originally proposed the concept of LNCN, including the internal LNCN and external 
LNCN, and the operational laws of LNCNs, and introduced the score, accuracy, and certain 
functions of LNCNs for comparing/ranking LNCNs. Then, we proposed the LNCNWAA and 
LNCNWGA operators to aggregate LNCNs and discussed their properties. Next, we developed 
a multiple attribute decision-making method based on the LNCNWAA or LNCNWGA operator for 
solving multiple attribute decision-making problems with LNCN information. Finally, an example 
illustrated the application of the developed method under a LNCN environment. The proposed 
decision-making method can solve decision-making problems with determinate and uncertain 
linguistic neutrosophic arguments. 

Obviously, the main advantages of this study are summarized as follows: 


(1) The LNCN expression is superior to existing linguistic expressions in the certain and uncertain 
linguistic environment. 

(2) The developed linguistic neutrosophic cubic decision-making method extends existing ones to 
deal with linguistic neutrosophic cubic decision-making problems with the hybrid information of 
both uncertain linguistic neutrosophic arguments and certain linguistic neutrosophic arguments. 

(3) The developed new method enriches linguistic neutrosophic expressions and linguistic 
neutrosophic decision-making methods. 


In the future work, we shall further introduce new aggregation operators of LNCNs and 
applications in group decision-making, pattern recognition, and medical diagnoses. 
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